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Preface: Painlevé’s Problem

Let K be a compact subset of the complex plane. Call K removable for bounded
analytic functions, or more concisely removable, if for each open superset U of K
in the complex plane, each function that is bounded and analytic on U \ K extends
across K to be analytic on the whole of U. In 1888 Paul Painlevé became the first
to seriously investigate the nature of removable sets in his thesis [PAIN]. Because
of this the removable subsets of the complex plane are often referred to as Painlevé
null sets and the task of giving them a “geometric” characterization has come to be
known as Painlevé’s Problem. In addition to being an academic, Painlevé was also a
politician and statesman who served as War Minister and Prime Minister of France
at various times in his life. For more on this interesting and multifaceted individual
see Section 6 of Chapter 5 of [PAJ2].

The notion of “geometric” here is unavoidably vague and intuitive. On the one
hand, a necessary but not sufficient condition for such a characterization is that it
should make no reference to analytic functions. On the other hand, a sufficient but
not necessary condition for such a characterization is that it be couched in terms of
the cardinality of K or the topological, metric, or rectifiability properties of K. At
the very end of this book the following question will command our attention: Should
a characterization involving totally arbitrary measures be counted as “geometric”?

The goal of this book is to present a complete proof of the recent affirmative
resolution of a special case of Painlevé’s Problem known as Vitushkin’s Conjecture.
This conjecture states that a compact set with finite linear Hausdorff measure is
removable if and only if it intersects every rectifiable curve in a set of zero arclength
measure. We note in passing that arclength measure here can be replaced by linear
Hausdorff measure since the two have the same zero sets among subsets of rectifi-
able curves. More importantly, we note that the forward implication of Vitushkin’s
Conjecture is equivalent to an earlier conjecture about a still more special case
of Painlevé’s Problem known as Denjoy’s Conjecture. This conjecture states that
a compact subset of a rectifiable curve with positive arclength measure is non-
removable. So to prove Vitushkin’s Conjecture, we must also prove Denjoy’s
Conjecture.

To understand this book a prospective reader should have a firm grasp of the first
14 chapters of Walter Rudin’s Real and Complex Analysis, 3" Edition (hereafter
referred to as [RUD]). Indeed, the author has somewhat eccentrically sought to make
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this book, when used in conjunction with [RUD], entirely self-contained. Thus any
standard result of analysis which is needed but is not contained in [RUD] is proved
in this book (e.g., Besicovitch’s Covering Lemma), and conversely, any standard
result of analysis which is needed and is contained in [RUD] is always given a
citation from [RUD] (e.g., Lebesgue’s Dominated Convergence Theorem). Another
eccentricity of the book is a deliberate exclusion of figures but an equally delib-
erate inclusion of verbal descriptions precise enough to enable an attentive reader
to reconstruct the excluded figures. To a great extent the author wrote this book to
convince himself of the truth of Vitushkin’s Conjecture “beyond a reasonable doubt”
and so has elected to err on the side of too much detail rather than too little. Finally,
the author believes his notation is fairly standard or obvious but has nevertheless
spelled out the meaning of a number of symbols upon first use and appended a
symbol glossary and list to the back of the book for the reader’s convenience.
We now turn to detailing the contents of the book, chapter by chapter.

Chapter 1 introduces and then proves various standard elementary results about
the notions of removability and analytic capacity. The analytic capacity of a compact
subset K of the complex plane is a nonnegative number y (K) which can be thought
of as a quantitative measure of removability/nonremovability since K is removable
if and only if y (K) = 0. This result does not solve Painlevé’s Problem since y (K)
is not a geometric quantity — its definition (see Section 1.2) involves suping over a
space of bounded analytic functions!

Chapter 2 introduces the notions of s-dimensional Hausdorff measure H* and
Hausdorff dimension dimy; — these are not dealt with in [RUD] — and then relates
them to removability. It turns out that a result of Painlevé implies that a compact K is
removable whenever dimy/(K) < 1 and a result of Frostman implies that a compact
K is nonremovable whenever dimy/(K) > 1. So Painlevé’s Problem is reduced
to determining the removability of those compact K for which dimy(K) = 1. At
the end of this chapter a natural conjecture presents itself which would finish off
Painlevé’s Problem if true. It is couched in terms of 7! but is summarily slain by a
counterexample!

Chapter 3 proves a special case of Garabedian duality needed for our proof of
Denjoy’s Conjecture. Analytic capacity, whose definition involves suping over a
space of bounded analytic functions, is an L> object. It has an L? analog and
Garabedian duality asserts that these two capacities, one L* and the other L2, are
related in a manner that makes it clear that they vanish for the same sets. The impor-
tance of Garabedian duality is that it thus allows us to use Hilbert space methods to
study an L problem — it is frequently easier to estimate an L? norm than it is to
estimate an L norm.

Chapter 4 introduces the notion of the Melnikov curvature of a measure and
the notion of a measure with linear growth. Garabedian duality is then used to
prove a result called Melnikov’s Lower Capacity Estimate. Given a compact set
supporting a nontrivial positive Borel measure with finite Melnikov curvature and
linear growth, this estimate gives a positive lower bound on the analytic capacity of
the set in terms of the Melnikov curvature, the linear growth bound, and the mass of
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the measure. Of course this quantitative result trivially implies a qualitative one: a
compact set which supports a nontrivial positive Borel measure with finite Melnikov
curvature and linear growth is nonremovable. A Fourier transform argument due to
Mark Melnikov and Joan Verdera is then given that shows that Lipschitz graphs
support many such measures. After some preliminaries dealing with arclength and
arclength measure, these two results combine to give a nice proof of Denjoy’s Con-
jecture. At the end of this chapter a natural conjecture presents itself which would
finish off Painlevé’s Problem if true. It is couched in terms of rectifiable curves
but meets the same fate as the earlier conjecture, i.e., it is summarily slain by a
counterexample!

Chapter 5 is a grab bag of the measure theory needed to carry us forward. Amaz-
ingly, up to this point in the book it has sufficed to just know that s-dimensional
Hausdorff measure is an outer measure defined on all subsets of the complex plane!
Not so for what follows where we must know that it is an honest-to-god measure
on a o-algebra of subsets containing the Borel sets. The chapter has more in it than
one would expect. The reason is that measures in [RUD] are typically obtained via
the Riesz Representation Theorem and, in consequence, always put finite mass on
any compact set. This is a property that s-dimensional Hausdorff measure on the
complex plane has only when s = 2. So we cannot simply rely on [RUD] here for
our measure theory.

Chapter 6 has a proof of Vitushkin’s Conjecture modulo two difficult results. The
next two chapters, comprising roughly half the book, are taken up with proving these
results.

Chapter 7 has a proof of the first difficult result, a 7 (b) theorem due to Fedor
Nazarov, Sergei Treil, and Alexander Volberg for measures that need not satisfy a
doubling condition. The complexity of this proof precludes us from saying anything
enlightening about it just now.

Chapter 8 has a proof of the second difficult result, a curvature theorem for arbi-
trary measures due to Guy David and Jean-Christophe Léger. The complexity of this
proof precludes us from saying anything enlightening about it just now.

With the end of Chapter 8, the goal of this book, the presentation of a com-
plete proof of Vitushkin’s Conjecture, has been achieved. But Vitushkin’s Conjec-
ture, although a big part of Painlevé’s Problem, is not all of it. With the affirma-
tive resolution of Vitushkin’s Conjecture, Painlevé’s Problem has been reduced to
determining the removability of those compact sets K for which dimy (K) = 1
but H!(K) = oo. A Postscript following Chapter 8 seeks to shed some light on
these sets. This Postscript deals with two items: first, the extension of Vitushkin’s
Conjecture to compact sets that are o-finite for 7', and second, a conjecture due
to Melnikov which essentially says that the qualitative consequence of Melnikov’s
Lower Capacity Estimate mentioned a few paragraphs ago is reversible. Both of
these matters are resolved affirmatively with the aid of a quite recent and deep
theorem, which we state but do not prove, due to Xavier Tolsa.

In writing this book the author has found three useful sources on Hausdorff mea-
sure and dimension: [ROG], [FALC], and [MAT3]. These items have been listed
in order of increasing depth. For the purposes of this book [FALC] proved to be
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ideal. The author was also helped by several excellent survey articles dealing with
the status of Painlevé’s Problem and the various subproblems it has spawned. These
are, in chronological order: [MARSH], [VER], [MATS5], [MAT6], [DAV2], [DAV3],
[TOL4], and [PAJ3]. The author is also indebted to two books that are of a much
more comprehensive scope than this one but deal with Painlevé’s Problem: [GAR2],
from the pre-Melnikov-curvature era, and [PAJ2], from the post-Melnikov-curvature
era. Finally, it should be noted that [MAT?3], a very comprehensive and deep book on
Hausdorff measure and rectifiability that appeared at the cusp between the two eras,
has an excellent chapter devoted to the status of Painlevé’s Problem at that time.
These sources also have superb and complete bibliographies. The bibliography of
this book, being restricted solely to those articles and books that the author found
necessary to cite, is spare by comparison.

The author would like to express his gratitude to the University of Tennessee at
Knoxville where, as a visitor during the 2002-2003 academic year, he was able to
present some of the material that made its way into this book in a faculty semi-
nar. At various times during the composition of Chapter 8, Jean-Christophe Léger
kindly responded to email inquiries about fine points of the proof of the curvature
theorem bearing his and David’s name. His responses were prompt, gracious, and,
most importantly, very helpful, thus earning the author’s heartfelt thanks. Last but
certainly not least, the author would like to thank his wife for many things, just one
of which is her making possible a leave of absence from teaching duties in order to
engage in the last push to the finish line with this book!

East Lansing, MI James J. Dudziak






Chapter 1
Removable Sets and Analytic Capacity

1.1 Removable Sets

For now and forevermore, let K be a compact subset of the complex plane C. This
will be restated for emphasis many times in what follows but just as often will be
tacitly assumed and not mentioned. For the sake of those readers who skip prefaces,
we repeat a definition: K is removable for bounded analytic functions, or more
concisely removable, if for each open superset U of K in C, each function that
is bounded and analytic on U \ K extends across K to be analytic on the whole
of U. These analytic extensions must be bounded on the whole of U since they
are continuous and so also bounded on K. Thus the definition may be equivalently
restated as follows: K is removable if for each open superset U of K in C, each
element of H* (U \ K) extends to an element of H°°(U). Of course, for any open set
V of C, H>*(V) denotes the Banach algebra of all functions bounded and analytic
on V. What can we say about a removable K ?

First, a removable K must have no interior. For if there were a point z¢ in the
interior of K, then the function z +— 1/(z — z¢) would be a function nonconstant,
bounded, and analytic on C\ K which, by Liouville’s Theorem [RUD, 10.23], would
not extend analytically to all of C.

An immediate consequence of this first observation is that the analytic extension
of any element of H>°(U \ K) to an element of H°(U) is unique and of the same
supremum norm, i.e., H*(U \ K) and H*°(U) are isometrically isometric. This
explains the terminology: “removing” K from U has made no difference to H*°(U).

Second, a removable K must have connected complement. For if C\ K had more
than one component, then the function which is one on the unbounded component
and zero on all the bounded components would be a function nonconstant, bounded,
and analytic on C \ K which, by Liouville’s Theorem [ RUD, 10.23], would not
extend analytically to all of C.

Third, a removable K must be totally disconnected, i.e., a removable K can con-
tain no nontrivial connected subset. To see this we suppose otherwise and deduce a
contradiction. So let C be a nontrivial connected subset of a removable K. Replacing
C with its closure, we may assume that C is closed. Let Uy, be the component of
C*\ C containing co. Of course, C* = CU{oo} denotes the extended complex plane
(also known as the Riemann sphere). By our second observation, Uy, contains all
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2 1 Removable Sets and Analytic Capacity

of C* \ K. It is an exercise in point-set topology, which we leave to the reader,
to show that C* \ Uy, is a nontrivial connected subset of C*. Fix zg € C* \ Uy
and set g(z) = 1/(z — zo). Then g(Ux) is a proper subregion of C for which
C*\ g(Ux) = g(C* \ Uy) is connected. Hence, by the many equivalences to
simple connectivity and the Riemann Mapping Theorem [RUD, 13.11 and 14.8],
there exists a one-to-one analytic mapping f of g(Us,) onto the open unit disc at
the origin. It follows that f o g is a bounded analytic function on C \ K. By the
removability of K and Liouville’s Theorem [RUD, 10.23], f o g is constant on
C\ K, and so too on U, \ {00} by the uniqueness property of analytic functions
[RUD, 10.18]. Clearly then, f does not map g(U) onto the open unit disc at the
origin. With this contradiction we are done.

As an aside, we note that the third observation subsumes the first two since any
totally disconnected K must have no interior and a connected complement. While
the first part of this assertion is trivial, the reader may find verifying the second part
one of those exercises in “mere” point-set topology that is a wee bit frustrating!

Turning to concrete examples, any single point is removable since bounded ana-
Iytic functions can be analytically continued across isolated singularities. This asser-
tion is simple [RUD, 10.20], but it is instructive to reproduce its proof. So suppose
f is bounded and analytic on int B(zo; 7) \ {zo}, a punctured open disc about z.
Using the boundedness of f, one easily sees that (z — z())2 f(z) extended to be zero
at z is differentiable there with derivative zero. Thus (z — z0)2 f (z) is analytic on
int B(zp; r) and so has a power series expansion there [RUD, 10.16]:

(z—20)*f(2) = a0 + a1(z — 20) + a2(z — 20)* + a3 (z — 20)° + - --

Since this extension and its derivative vanish at zg, ap = O trivially and a; = 0
by [RUD, 10.6]. Thus we may divide out a factor of (z — z)? in the above to
conclude that f, extended to be aj at zg, has the following power series expansion
on int B(zp; r):

f(2) =ax + a3z — 20) + as(z — 20)*> +as(z — z20)> + -+~ .

But then, by [RUD, 10.6] again, our extended f is differentiable at zo with derivative
as there, and so f has been extended analytically across zg.

Of course it follows that any finite set of points is removable. A little more non-
trivially, any countable compact set K is removable. One proof involves a transfinite
process which starting at Ky = K and any fy € H*(U \ K), generates transfi-
nite sequences {Ky} and {f,} by stripping an isolated point off Kz after extend-
ing fp across the isolated point when one is at a successor ordinal @ = B + 1,
while intersecting all previous sets Kg, 8 < o, and patching together all previous
extensions fg, B < «, when one is at a limit ordinal «. Note that we always have
fo € H®(U\ Ky). This process must break down at some ordinal « since K is not a
proper class. A little thought shows that this can only happen at a successor ordinal
a = B + 1 and only then when Kg has no isolated points. Since any nonempty
countable compact subset of the plane must have an isolated point by the Baire
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Category Theorem [RUD, 5.7], it follows that we must have some Kg = #. But
then f has been extended to fg € H°(U) and so K is removable. We note in
passing that this ordinal 8 must be less than w1, the first uncountable ordinal, since
K is countable. Those readers uncomfortable with transfinite induction/recursion
will be relieved to know that the removability of countable compact sets is a simple
corollary of Proposition 1.7 below whose proof does not use these tools from set
theory.

This is as far as one can go with topology and cardinality alone since the next
proposition shows that some uncountable, totally disconnected, compact subsets of
the complex plane are removable while others are not. The simplest such sets are
the linear Cantor sets. The standard middle-third’s Cantor set is removable, but not
all linear Cantor sets are. The next proposition shows this and indeed settles the
question of removability for all linear compact sets. It also shows that a nonanalytic
characterization of removability, if one is to be had, must involve metric notions
which measure the “size” of the set. Later we shall see that metric “size” alone does
not always suffice and that in certain situations the “rectifiability structure” of the
set is decisive.

Proposition 1.1 Let K be a linear compact subset of C. Then K is removable if and
only if the linear Lebesgue measure of K is zero.

Proof Without loss of generality, let the line in which K lies be the real line R.

Suppose that the linear Lebesgue measure of K is zero. Let U be any open super-
set of K in C and consider any f € H*(U \ K). A very useful general fact, which
we shall employ many times in this book, is that given any open superset U in C of
any compact subset K of C, there always exists a cycle I' in U \ K with winding
number 1 about every point of K and 0 about every point of C \ U [RUD, proof of
13.5]. Letting I" be such a cycle for the U and K now under consideration, set V
equal to the union of the collection of components of C\ I which intersect K. Then
V is an open superset of K. Since the winding number of I" about every point of V
is 1 [RUD, 10.10], V is a subset of U. Define a function g on V by

1o,

T 2mi r¢—=z

g(2) c.

Clearly g is analytic on V, so to show that f extends analytically across K it suffices
to show that f = gon V \ K.

Fixing z € V \ K, let ¢ > 0 be smaller than the distance of K to (C\ V) U {z}.
Then, since K is compact and has linear Lebesgue measure zero, K can be covered
by a finite number of open intervals of the real axis whose lengths sum to less
than ¢. By amalgamating intervals which intersect one another and then discarding
any intervals which miss K, we may assume that these intervals are pairwise dis-
joint and intersect K . Upon each such interval describes the counterclockwise circle
having that interval as a diameter. Let I, be the cycle consisting of the circles so pro-
duced. Clearly the length of I, is less than we. Applying Cauchy’s Integral Theorem
[RUD, 10.35] to the cycle I' — I'; in U \ K, one has that
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1 f© _ b f(©)
f(Z)—% r—rgﬁdg_g(Z) GETl

de.

The absolute value of the second integral above is at most

1 I/ lloo

27 dist, K)—e T F

which converges to zero as ¢ does. Thus f(z) = g(z), and so K is removable.
Now suppose that the linear Lebesgue measure of K, denoted /, is positive.
Define a function 42 on C \ K by

1 1
h(z) == | ——dt.
2 Jgz—t

(As an aside, the factor of a half in the definition of % is not necessary for this proof;
however, we will be reusing % in the proof of Proposition 1.19 below and there it
will be necessary!) Clearly £ is analytic on C \ K. Since as z — o0, h(z) — 0 yet
zh(z) — 1/2 # 0, h is nonconstant. For z = x + iy with y # 0,

1 1 +o0
i@ < [ pdr<s [ a=T
2 )k (x—0)+y 2) o U4y 2

In consequence, exp(ih) is a nonconstant element of H°(C \ K). By Liouville’s
Theorem [RUD, 10.23] such an element cannot be extended analytically to all of C.
Hence K is nonremovable. O

Our next goal is to state and prove a number of equivalences for removability. To
do this however, we first need a few words about analyticity at oo and a lemma.

Consider a function f analytic and bounded on {z € C : |z| > R}, a punctured
neighborhood of co. Note that g(w) = f(1/w) is bounded and analytic on {w €
C:0 < |w| < 1/R}, a punctured neighborhood of 0. Since we have shown single
points to be removable, g extends analytically to {w € C : |w| < 1/R}. By [RUD,
10.16],

g(w) =ay+aiw + aw? +a3w’ + - -

with the convergence being absolute and uniform for all w with |w| < 1/R’ for any
R’ > R. Clearly then,

al an as
f@Q=a+—+=+5+
Z Z e

with the convergence being absolute and uniform for all z with |z| > R’ for any
R’ > R. Set

f(o0) =g(0) =ap = Zl_i)rgo f(@
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and
f(00) =¢'(0) =a; = lim 2{f(2) = f(00)}.

We describe this situation by saying that f extends to be “analytic” at co with value
f(c0) and “derivative” f’(oco) there. Another typical example of our use of language
would be to say that f is “analytic at 0o” since it can be written as a “power series
about co”.

The last paragraph applies to any element of H>(C \ K) and extends it to a
function bounded and “analytic” on C* \ K. These extentions form a Banach alge-
bra which we denote H*°(C* \ K). Of course, it is isometrically isomorphic to
H*>(C\ K).We will frequently be cavalier about the distinction between these two
algebras.

Let us now back up a bit and consider any function f analytic on C \ K and
bounded on a deleted neighborhood of co. Then for I" a cycle in C\ K with winding
number 1 about every point of K and C a counterclockwise circular path centered
at the origin encircling K and I', one has

1 1
7o =5 [ r@dc == [ rwrae.
Tl Jc 2mi r

The first equality follows by plugging the power series about co above into the
integral and then integrating term-by-term while the second inequality follows from
Cauchy’s Integral Theorem [RUD, 10.35]. If, in addition, z¢ is any point of K, then

_ L[ f© _ O
f(oo)_zm' c(—Zodg_Zni r¢—20

de.

To see this, apply the integral representations for f’(co) above to the function
8(z) = f(2)/(z — z0), noting that g(00) = lim; . f(2)/(z —z0) = f(00)-0=0
and s0 g'(00) = lim;— 0 2f (2)/(z — 20) = f(00) - 1 = f(00).

Given U a punctured neighborhood of oo, let {f;;} be a sequence of functions
analytic and uniformly bounded on U that converges uniformly on compact subsets
of U to a function f. Of course f is then analytic and bounded on U [RUD, 10.28]
and so all functions here are analytic at co. Our integral representations now make
it clear that f,,(c0) — f(c0) and f, (c0) — f'(00).

Lemma 1.2 Let U be an open superset of a compact subset K of C. Then any ana-
lytic function f on U \ K can be written uniquely as g + h where g is analytic on U
and h is analytic on C* \ K with h(co) = 0. Moreover, if f is bounded on U \ K,
then g and h are bounded on U and C* \ K respectively.

Proof Given any z € U, choose a cycle I'g(z) in U \ (K U{z}) with winding number
1 about every point of K U {z} and 0 about every point of C \ U. Define

so=— [ L9
2mwi Ie(2) {—z

de.
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Cauchy’s Integral Theorem [RUD, 10.35] implies that this integral is independent
of the particular I'y (z) chosen. Thus g is well defined and, given any I',(z), we have

w — f@)
§ _2711 pg(z)g“—w

d¢

for all w in the component of C\ I'; (z) containing z since I'g (z) will serve as I'g (w)
for such w [RUD, 10.10]. We may thus differentiate under the integral in the last
displayed equation to conclude that g is analytic on U.

Given any z € C\ K, choose a cycle ', (z) in (U \ {z}) \ K with winding number
one about every point of K and zero about every point of C \ (U \ {z}). Define

IR (9
h(Z) a 2mi Iy (z) é' —Z

de.

Cauchy’s Integral Theorem [RUD, 10.35] implies that this integral is independent
of the particular I'j,(z) chosen. Thus % is well defined and an argument similar to
that just given for g shows that 7 is analyticon C\ K. Let I" be acycle in U \ K with
winding number one about every point of K and zero about every point of C \ U.
Then

L@
h(Z)_ 2mi r¢—z

d¢

for all z in the unbounded component of C \ I" since I" serves as ', (z) for such
z [RUD, 10.10]. The last displayed equation makes it clear that % is bounded in a
deleted neighborhood of co and so analytic at co. Moreover, letting z — oo in this
equation, we see that 4 (oc0) = 0.

Cauchy’s Integral Theorem [RUD, 10.35] applied to the cycle I'g(z) — ' (2)
implies that f = g + h on U \ K, so existence has been shown. Consider another
representation f = g + h as desired. Liouville’s Theorem [RUD, 10.23] applied to
g—8=h—h gives us uniqueness.

To finish, suppose f is bounded on U \ K. Choose an open set V with compact
closure such that K €V C¢clV C U. Since hisboundedon C\ V,g = f —his
bounded on U \ V. But then, since g is bounded on cl V, g is bounded on U. Finally,
h= f —gisboundedon U \ K and so alsoon C \ K. O

Now to all but one of the promised equivalences for removability.

Proposition 1.3 For a compact subset K of C, the following are equivalent:

(a) K is removable.
(b) There exists an open superset U of K in C such that each function that is
bounded and analytic on U \ K extends across K to be analytic on the whole

of U.
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(¢) The only elements of H>*(C* \ K) are the constant functions.
(d) Forevery f € H®(C* \ K), one has f'(00) = 0.

Proof (a) = (b): Trivial.

(b) = (¢): Given f € H*°(C* \ K), clearly one also has f € H>®(U \ K) and
so f extends analytically across K. Since the extension is still bounded, Liouville’s
Theorem [RUD, 10.23] now implies that f is constant.

(c) = (d): Trivial.

(d) = (c): We suppose that there exists a nonconstant g € H*(C* \ K) and
construct a function f € H®(C* \ K) with f/(c0) # 0. Since g is nonconstant,
there exists a point zg € C \ K such that g(z9) # g(c0). Set f(z) = {g(z) —
g(zo)}/(z — z0). Then f € H®(C* \ K) and f(o0) = lim; .00 f(z) = 0. In
consequence, f'(00) = lim; oo 2f(2) = g(00) — g(z0) # 0.

(c) = (a): Given any open superset U of K in C and any f € H®(U \ K), get
g and & as in the previous lemma. Then % is constant, and since h(co) = 0, this
constant must be 0. Thus g is an analytic extension of f to U. O

Our last equivalence for removability is a surprising apparent strengthening of the
way we have defined the concept. It has been stated separately because it requires a
finicky bit of topology which is the content of . ..

Lemma 1.4 Let X be a totally disconnected, compact, Hausdorff space. Suppose
C1 and Cj are disjoint closed subsets of X. Then X can be written as the disjoint
union of two closed subsets X1 and X, such that C; C X1 and C3 C X».

Proof Recall that a clopen subset of a topological set is one that is both closed and
open.

First Claim. Given any point x € X, let E, denote the intersection of all clopen
subsets of X containing x. Then E is connected. (Note: The total disconnectedness
of X is not used here!)

Indeed, supposing E| is the disjoint union of two closed subsets £ and E; with
x contained in Ej say, it suffices to show that E, is empty. Since X is compact
and Hausdorff, there exist two disjoint open sets Uj and U, such that E; C Uj and
E, C Uj. Since E,, € U1UU; and E is an intersection of clopen sets, finitely many
of these sets must have intersection  contained in U;UU, by compactness. But then
E, being a finite intersection of clopen sets, is itself clopen. Hence ENU, = E \Us
is also clopen and it clearly contains x. Thus by the definition of E, E, C E \ U3
and so E> N U, = @. Since E, C U, also, E; must be empty.

Second Claim. For any distinct points x, y € X, there exists a clopen subset £
of X suchthat x € E and y ¢ E. (Note: The total disconnectedness of X is used
here!)

This claim can be rephrased as £, = {x} where E| is as in the first claim. It thus
follows immediately from the first claim since the total disconnectedness of X just
means that the only nonempty connected subsets of X are the singletons.

Third Claim. For any closed subset C1 of X and any point y € X \ Cj, there
exists a clopen subset E of X suchthat Cy € Eandy ¢ E.



8 1 Removable Sets and Analytic Capacity

The proof of this claim is a simple compactness argument using the second claim.

Fourth Claim. For C1 and C; disjoint closed subsets of X, there exists a clopen
subset E of X suchthat C;{ € E and Co N E = (.

The proof of this claim is a simple compactness argument using the third claim.

The proposition now follows by setting X; = E and X, = X \ E where E is as
in the fourth claim. |

Proposition 1.5 A compact subset K of C is removable if and only if for each open
subset U of C, each function that is bounded and analytic on U \ K extends across
K to be analytic on the whole of U.

Note that the backward implication is trivial. The forward implication is also
trivial if K is totally contained in or totally disjoint from U. Thus the meat of the
proposition is when K is removable and “half” in/out of U.

Proof Suppose K is removable, U is open, and f € H*(U \ K).

Given ¢ > 0,set Ci(¢) = {z € K : dist(z, C\U) > ¢} and C; = K \ U.
By Lemma 1.4, K can be written as the disjoint union of two closed subsets K (¢)
and K»(¢) such that Cy(e) € Kj(¢) and C2 € K»(¢). The equivalence of (a) with
(d) in Proposition 1.3 makes it clear that any compact subset of a removable set is
removable. Thus K (¢) is removable. Then, since f € H®({U\ K2(¢)}\ K1 (¢)) and
U \ K3(¢) is an open superset of K (¢), f extends to a function f; that is analytic
onU \ Kx(e).

Given any z € U, note that f,(z) is defined whenever 0 < ¢ < dist(z, C \ U).
Since K is removable, it has no interior. Because of this, all the values of f(z) for
these various values of ¢ are equal since they are uniquely determined as the limit of
f(w)asw € U \ K approaches z. Thus we may properly define an extension fj of
f to U by setting fo(z) = fe(z) for any € such that 0 < ¢ < dist(z, C\ U). Clearly
fo is analytic on all of U and so we are done. O

The next result establishes the existence of a nonremovable kernel so-to-speak
for compact sets with no interior.

Lemma 1.6 Suppose that K is a compact subset of C with no interior. Then there
exists a compact subset K* of K with the following property: for each compact
subset J of K, every element of H*°(C* \ K) extends to an element of H*(C*\ J)
if and only if K* C J.

Proof Call a subset J of K good if it is compact and every element of H**(C*\ K)
extends to an element of H°°(C* \ J). Let K* be the intersection of all good sub-
sets of K. Note that we have just made the forward implication of the equivalence
we wish to prove true by definition. Also note that a compact subset of K which
contains a good subset is clearly good. Thus to prove the backward implication it
suffices to show that K* itself is good.

Solet f € H®(C*\ K) and z ¢ C*\ K*. Then z ¢ J for at least one and
possibly many good subsets J of K. There exist extensions f; € H*(C*\ J) of f
for these J. Now take note of our assumption that K has no interior. Because of this,
all the values of f(z) for these various subsets J are equal since they are uniquely
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determined as the limit of f(w) as w € C*\ K approaches z. Thus we may properly
define an extension f of f to C*\ K* by setting fi(z) = f(z) for any good subset
J of K that does not contain z. Clearly f, € H*°(C* \ K*) and so we are done. O

The final result of this section follows. Since single points are removable it has as
a corollary that every countable compact subset of C is removable. It will also come
in useful in the Postscript when we consider whether Vitushkin’s Conjecture extends
to compact subsets of C with infinite, but o -finite, linear Hausdorff measure.

Proposition 1.7 Let {K,,} be a sequence of removable compact subsets of C whose
union K is also compact. Then K is removable.

Proof Each K, being removable, has no interior in C. An argument by contra-
diction using the Baire Category Theorem [RUD, 5.7] now shows that K also has
no interior in C. Thus the last lemma applies and it suffices to show that K*, the
nonremovable kernel of K, is empty.

So we suppose that K* is nonempty and get a contradiction. Since K* is the
countable union of K, N K*, some K, N K* must have nonempty interior in K* by
the Baire Category Theorem [RUD, 5.7]. Thus there exists an open subset U of C
suchthat UNK* A#@Pand UNK* C K, N K*.

Consider now any f € H®(C* \ K). Via the last lemma extend it to an element
of H*®°(C*\ K*) which we will also denote by f. Note that K, N K*, being a com-
pact subset of the removable set K,,, is itself removable. Thus by Proposition 1.5,
f restrictedto U \ K* = U \ {K,, N K*} has an analytic extension g to U ...which
is also bounded since f is and K* has no interior. Let & denote the function on
C*\{K*\ U} ={C*\ K*} UU whichisequal to f on C*\ K* and g on U. This
function is well defined since f = g on {C*\ K*} NU = U \ K*. Clearly h is a
bounded analytic extension of f to C* \ {K*\ U}.

The last paragraph has shown that every element of H°°(C* \ K) extends to an
element of H°°(C*\{K*\U}). Thus by the last lemma we must have K* C K*\U,
i.e., U N K* = (. This contradiction finishes the proof. O

1.2 Analytic Capacity
For K a compact subset of C, the number
y(K) = sup{|f'(c0)| : f € H®(C*\ K) with || f[loc < 1}

is called the analytic capacity of K. Thus (d) of Proposition 1.3 could just as well
have been phrased as “y(K) = 0” and Painlevé’s Problem formulated as the task
of giving a geometric characterization of the compact sets K for which y (K) = 0.
Indeed, for the rest of the book we shall treat the two phrases “y(K) = 0” and “K
is removable” as synonymous. The notion of analytic capacity was introduced in
1947 by Lars Ahlfors in [AHL] where he proved the equivalence of removability
with analytic capacity zero [(a) < (d) of Proposition 1.3 above] and also introduced
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the Ahlfors function (see Proposition 1.14 below). Beyond this, analytic capacity
has turned out to be of great importance for rational approximation theory (see
Chapter VIII of [GAM1], [VIT2], and/or [ZALC]). Unfortunately it is difficult to
work with, a fact to which this book is an indirect testimonial. The last decade has
seen progress in understanding it. This section is devoted to an exposition of the
classical elementary properties and estimates of analytic capacity.

The proofs of the first three propositions below are simple and left to the reader.

Proposition 1.8 Analytic capacity is monotone, i.e., y(K1) < y(K2) whenever
K| C K.

Proposition 1.9 For o and B complex numbers, y (aK + B) = |a|y (K).

Proposition 1.10 The analytic capacity of K depends only on the unbounded com-
ponent of C* \ K. Thus, letting K denote the union of K with all the bounded
components of C* \ K,

y(K) =y (3K) = y(K) = y(3K).

The slightly different characterization of capacity provided by the next proposi-
tion will be used without mention in what follows.

Proposition 1.11 Suppose g € H*°(C* \ K) satisfies ||glloco < 1. Then there exists

an f € H®(C*\ K) with || fllo = 1, f(00) = 0, and | f'(c0)| = [g'(c0).
Consequently,

y(K) = sup{|f'(c0)| : f € H*(C*\ K) with || fllco < 1 and f(00) = 0}.
Proof On the one hand, if |[g(oo0)| = 1, then g is constant on the unbounded com-
ponent of C* \ K by the Maximum Modulus Principle [RUD, 12.1 modified to take

into account regions containing oo]. Clearly f = 0 works in this case.
On the other hand, if |g(c0)| < 1, then the function

8(z) — g(o0)

(2) = —
/e 1 — g(o0)g(z)

isin H>®(C* \ K) with || f|lco < 1 and f(oc0) = 0 [RUD, 12.4]. Moreover,
8" (00)]

w > |g/(00)|’

|f'(00)| = Jim jzf ()] =

so we are done. O

Proposition 1.12 Suppose K is a nontrivial continuum in C. Let f denote the one-
to-one analytic mapping of the unbounded component of C* \ K onto the open unit
disc at the origin for which f(00) = 0 and f'(00) > 0. Then y (K) = f’(0).
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Existence here is a consequence of the Riemann Mapping Theorem [RUD, 14.8]
which we are assuming to have been modified in the obvious way to encompass
simply connected regions in C*. Recall that a continuum is a connected compact
set.

Proof Extending f to be identically O on the bounded components of C* \ K, we
clearly have f € H®(C* \ K) with || f]lcoc = 1. Thus f/(c0) = | f'(c0)| < y(K).

For the reverse inequality, consider any g € H*°(C* \ K) with ||g|lcc < 1 and
g(00) = 0. It suffices to show that |g’(c0)| < |f’(00)|. Note that the function g o
£~ !is an analytic mapping of the open unit disc at the origin into itself which fixes
the origin. Thus by Schwarz’s Lemma [RUD, 12.2], |g(f_1(w))| < |w| whenever
lw| < 1, so |g(z)] < |f(z)| whenever |z]| is big enough. To finish, multiply this
inequality by |z], let z — oo, and then take the supremum over all the gs. O

Corollary 1.13 The analytic capacity of a closed ball is its radius and the analytic
capacity of a closed line segment is a quarter of its length.

Proof Considering closed balls first, by Proposition 1.9 we need only consider the
special case of K equal to the closed unit ball at the origin. Clearly the function
f(z) = z~! is a one-to-one analytic mapping of C* \ K onto the open unit disc at
the origin for which f(00) = lim, o0 f(z) = 0and f'(00) = lim,_,» 2f(z) = 1.
Thus f is the function of Proposition 1.12 for this K and so y (K) = f/(c0) = 1.
Turning to closed line segments, by Proposition 1.9 we need to only consider the
special case of K = [—2, 2]. Set g(w) = w + w™! for w € C \ {0}. An application
of the quadratic formula shows that for any z € C, z = g(w) for, and only for,
the values wy = {z & +/z2 — 4}/2. Note that these values are reciprocals of one
another. Thus either both |w. | and |w_| are equal to 1 or exactly one of |w4| and
|w_]| is strictly smaller than 1. In the first case, w1 = eT? for some real 6 and
SO 7 = g(eim) = 2cosf € [—2,2] = K. Hence for z € C\ K we must be in
the second case. But then clearly z = g(w) for exactly one w satisfying |w| < 1.
We conclude that g is a one-to-one analytic mapping of the punctured unit disc at
the origin onto C \ K. By [RUD, 10.33], g restricted to the punctured unit disc at
the origin has a one-to-one analytic inverse f that maps C \ K onto the punctured
unit disc at the origin. By our discussion of behavior at oo just after Proposition 1.1,

f extends to be analytic at co with f(co) = lim, o f(z) = limy_ow = 0
and f/(00) = lim, 00 2f(z) = limy_9g(w)w = 1. Thus f is the function of
Proposition 1.12 for this K and so y (K) = f/(c0) = 1. O

Proposition 1.14 Let K be a compact subset of C. Then there is a unique function
f analytic and bounded by one on the unbounded component of C* \ K such that
f(o0) =0and f'(c0) = y(K).

The unique function whose existence is guaranteed by this proposition is called
the Ahlfors function of K. Note that if K is a nontrivial continuum, then the Ahlfors
function of K is just the Riemann map of Proposition 1.12. We will frequently
consider the Ahlfors function of K to be an element of H°°(C*\ K) by canonically
extending it to be zero on any bounded components C* \ K may have. The very
clever and elegant proof of uniqueness given below is taken from [FISH].
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Proof We may choose a sequence of functions { f,,} analytic and bounded by one
on the unbounded component of C* \ K such that each f,(c0) = 0 and f, (c0) —
y (K). Since these functions form a normal family [ RUD, 14.6], by extracting a
subsequence we may assume that { f;,} converges uniformly on compact subsets of
the unbounded component of C \ K to a function f analytic and bounded by one
on this same unbounded component. Then f, (c0) — f(c0) and f; (00) — f'(00).
Hence f(o0) = 0and f'(c0) = y(K). This settles existence.

To establish uniqueness, suppose both f and g are analytic and bounded by one
on the unbounded component of C* \ K with values at co equal to 0 and derivatives
at oo equal to y(K). Setting h = (f + g)/2 and k = (f — g)/2, we have both
functions analytic and bounded by one on the unbounded component of C* \ K
with h(00) = 0, h/(00) = y(K), k(c0) = 0, and k’(00) = 0. Since f = h + k and
g = h — k, it suffices to show that k = 0.

Noting that |1|? + |k|?> &2 Re hk = |h & k|> < 1, we must have |h|> + |k|> < 1.
Thus

1 1 1
|h| + §|k|2 < [hl+ (1= 1h)?) < |h] + S A+ 1D = [A) < 3]+ (1 = |n) = 1.

If k is nonzero, then

1 dn an+1
Ekzzz_” s 4.
where a, # 0. Since k(co) = 0, n > 2. Choose ¢ > 0 sufficiently small so that
&lanllz]"™ ! < 1 on a neighborhood U of K. Set f = h+eanz"~ %2 /2 and note that
f is analytic on the unbounded component of C* \ K. Then |f| <|h|+1k*>/2<1
on U \ K and so on this same unbounded component by the Maximum Modulus
Principle [RUD, 12.1 modified to take into account regions containing co]. Hence
| F/(00)| < ¥ (K). However,

f(00) = 1'(00) + elan|* > y(K).

Because of this contradiction, we must have k = 0. O

Scholium 1.15 An inspection of the proof of Proposition 1.11 shows that one
actually has the stronger conclusion | f'(00)| > |g'(00)| when g(o0) # 0 and
g'(00) # 0. In consequence, when y(K) > 0, one may drop the requirement that
f(00) = 0 from the definition of the Ahlfors function and still retain its uniqueness.
When y (K) = 0, this however fails (consider the constant functions with modulus
less than 1).

Proposition 1.16 Let {K,} be a decreasing sequence of compact subsets of C with
intersection K. Then y (K,) — y(K).

Proof By Proposition 1.8, the sequence {y (K,)} is decreasing and bounded below
by y(K). Thus
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y(K) < lim y(Ky,) = liminfy (K,).
n—oo n—oo

Let f,, denote the Ahlfors function of K,. Since these functions form a normal
family on each C \ K,,, we may apply [RUD, 14.6] and a diagonalization argument
to conclude that a subsequence of {f;,} converges uniformly on compact subsets of
C\ K to a function f analytic and bounded by one on C \ K. Clearly then

liminfy (K,) = liminf f, (c0) < f'(00) = | f'(00)| < y (K).

Hence lim,_, o ¥ (K,) = Y (K). o

Scholium 1.17 With a little more work, one can exploit the uniqueness of the Ahlfors
function to show that in the situation above the Ahlfors functions of the sets K,
converge uniformly on compact subsets of C* \ K to the Ahlfors function of K.

We finish this section with a number of classical estimates of the analytic capacity
of a set in terms of its diameter, length (when the set is linear), and area. Recall that
the diameter of a subset E of C is

|E| = supf{lz — w| : z, w € E}.

Proposition 1.18 For K a compact subset of C,
y(K) < K|

If K is also connected, and thus a continuum, then

k) > KL
4

Proof Clearly any subset of the plane can be contained in a closed ball whose radius
is the diameter of the set. Thus the first estimate follows from Proposition 1.8 and
Corollary 1.13.

With regard to the second estimate, we may assume that K is nontrivial. Let
f be the Riemann map of Proposition 1.12. Given z; € K, set g(w) = y(K)/
(f~"(w) — z1). Then g is a one-to-one analytic map on the open unit disc at the
origin such that

yK) L v(K)
m =

£ :ul)iglog(w) ZuIJiElO fﬁl(w)—zl _z—>ooZ—Z1 0
and
¢'(0) = lim 8w) —g©0) — lim _ r& = lim _v&
w—0 w w0 w(f~Hw) —z1) 220 f(2)(z—2z1)
y(K)

= f(0) = f(00) a1
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Hence, by the Koebe One-Quarter Theorem [RUD, 14.14], the range of g contains
the open disc of radius one-quarter centered at the origin. For zo € K \ {z1},
y(K)/(z2 — z1) is not in the range of g. Thus y(K)/|zo — z1] > 1/4, ie,
y(K) > |z2 — z1]/4. Since z1,z2 € K with z; # zp are otherwise arbitrary,
y(K) > |K|/4. O

Jung’s Theorem states that any subset of the plane can be contained in a closed
ball whose radius is 1/+/3 times the diameter of the set. Many proofs of this can be
found in the delightful book [YB]. Thus the first estimate of the above proposition
is not sharp and can be improved to ¥ (K) < |K|/~/3. While the factor of 1/+/3
is known to be sharp in Jung’s Theorem (consider an equilateral triangle), it is not
sharp in the capacity estimate here. See the two paragraphs following the proof of
Theorem 2.6 for a demonstration of this and an identification of the sharpest constant
possible. With regard to the second estimate of the above proposition, consideration
of a line segment and use of Corollary 1.13 show the factor of 1/4 to be sharp.

Given a linear subset E of C, we denote the “length”, i.e., linear Lebesgue mea-
sure, of E by LY(E) (see Section 2.1 for our official definition of this).

Proposition 1.19 Let K be a linear compact subset of C. Then

1 1
£ < 28
4 T

Proof Without loss of generality, let the line in which K lies be the real line R.

The function 4 in the proof of Proposition 1.1 is analytic off K with A(co) = 0
and /' (c0) = L1(K)/2. While & is not bounded off K, its imaginary part is bounded
by /2 off K. So consider the one-to-one analytic map g of the horizontal strip
{{Im w| < /2} onto the open unit disc at the origin given by

e —1

ev+1°

gw) =

The function f = g o & is then an element of H*°(C \ K) with norm at most one
such that

f(o0) = zl_i)ngo g(h(z)) =g0)=0

and
oo = lim 2g(h() = lim 2hd) oL gy 1]
floo) = lim 2g(h@) = lim ch@) - — = g g =13
_ LYK)
==

Hence y(K) > f/(c0) = L1(K) /4.
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Now consider any f € H®(C* \ K) with || fllec < 1. Given ¢ > 0, by the
definition of linear Lebesgue measure and the compactness of K there exists a finite
collection of pairwise disjoint, open intervals covering K whose lengths sum to less
than £!'(K) 4 &/2. Upon each such interval describe a rectangle having that interval
as a bisector. Let I, be the cycle consisting of the counterclockwise boundary paths
of all the rectangles so produced. Clearly, if we make the thickness of our rectangles

small enough, then the length of I'; can be made less than 2£' (K) + 2¢. Then

2L (K 2
|f<oo>|—'—/ f(;“)dé‘ &

Suping over all our fs and then letting & |, 0, we get y(K) < L (K)/x. O

A result of Christian Pommerenke (see [POM], or Section 6 of Chapter I of
[GAR2]) states that the analytic capacity of any linear compact set is exactly equal
to a quarter of its length. We are content with the weaker estimates above since they
suffice for removability and most other considerations while Pommerenke’s proof
would cost us too much effort.

Given a subset E of C, we denote the “area,” i.e., planar Lebesgue measure, of
E by L2(E) (see Section 5.3 for our official definition of this).

Lemma 1.20 Let K be a compact subset of C. Then for each z € C\ K,

1
—dr?
‘/Kf—z ©

Proof Fix z € C\ K. By translating K and then rotating the resulting set by a
unimodular constant, we may assume that z = 0 and that the integral of the lemma
is nonnegative. Thus

[ etesec) = o] e b= f et
k¢—2 k¢ k¢ k ¢

and so it suffices to show that

// Re % dL2(¢) < VrL2(K).
K

<V L2(K).

Without loss of generality, £2(K) > 0. Choose a > 0 such that wa® = L*(K).
Set B = B(a; a). Then £L2(K \ B) = L*(B \ K). Writing ¢ = re'?, we see that
te€Bsr<2acosh < Re(l/¢) = (cosB)/r > 1/2a. Thus

2 2
// Reldﬁz(g) ﬁ(K\B) E(B\K) // dﬁz(g)
K\ ¢ B\K
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and so, adding the integral of Re(1/¢) over K N B to both sides of this inequality,

we get
[ [
// Re — dL (;)5//Re—d/j ©).
k ¢ B ¢

Finally, using polar coordinates we have

1 +m/2 p2acos6 0
// Re AL @) = / / €Y vdrdd = wa = 7 L2(K).
B 0 r

—/2

Proposition 1.21 For K a compact subset of C,

L2(K)
y(K) = —

Proof Define a function f on C \ K by

1
f(z)=// L.
k¢—z

Clearly f is analytic on C \ K. The lemma implies that f is bounded on C \ K
with modulus less than or equal to /7 £L2(K) there. Lastly, f(co0) = 0 and so
F/(00) = lim;—, o0 2f (z) = —L*(K). Hence

LK) = |f'(00)] <y (K)I flloo < ¥ (K)W7 L2(K)

which leads to the desired inequality. O

Consideration of a closed ball and use of Corollary 1.13 show this estimate to be
sharp.

If one wishes to show y (K) > ( i.e., K nonremovable, one must construct a non-
constant bounded analytic function on the complement of K. Propositions 1.1, 1.19,
and 1.21 exhibit the most common technique for doing this: one considers the
Cauchy transform

1
Z€C'—>ﬂ(z)=/—du(§)
c¢—z

of an appropriately chosen nontrivial finite Borel measure u supported on K. While
not well defined at every point of C, the Cauchy transform is always defined and
analytic off the support of © and so on the complement of K. It is nonconstant since
its derivative at infinity is —u(K) 7# 0. The catch is that the Cauchy transform
need not be bounded on the complement of K! The need to ensure boundedness,
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or to somehow get around unboundedness, accounts for the phrase “appropriately
chosen” four sentences ago.

Another technique for showing nonremovability is by means of the Riemann
maps introduced in Proposition 1.12. The lower estimate on capacity in Proposi-
tion 1.18 is an example of this. The author hazards to state that Cauchy transforms
and Riemann maps are ultimately the only means known to mortals for showing
nonremovability!



Chapter 2
Removable Sets and Hausdorff Measure

2.1 Hausdorff Measure and Dimension

At a fuzzy intuitive level, removable sets have small “size” and nonremovable sets
big “size.” A precise notion of “‘size” applicable to arbitrary subsets of C and appro-
priate to our problem is given by Hausdorff measure (and Hausdorff dimension).
So in this section we will simply introduce Hausdorff measure as a gauge of the
smallness of a set and as a necessary preliminary for another such gauge, Hausdorff
dimension. Surprisingly, the assertions 2.1 through 2.4 below are enough to get us
through to the end of Chapter 4. It is only after, in Section 5.1, that we shall need
to take up the fact that Hausdorff measure is indeed a positive measure defined on a
o -algebra containing the Borel subsets of C!

Given an arbitrary subset E of C and § > 0, a §-cover of E is simply a countable
collection of subsets {U,} of C such that E C | J, U, and 0 < |U,| < 8 for each n.
For any s > 0, define

H3(E) =inf{ > Uyl : (Uy}is a6-cover of E ¢ .

n

Clearly Hfs' (E) increases as § decreases and so converges to a limit in [0, co] as
8 | 0. This limit is called the s-dimensional Hausdorff measure (or s-dimensional
Hausdorff-Besicovitch measure) of E and denoted H*(E). Thus

HY(E) = im H3(E) = sup Hi(E).
310 50

Since the diameters of a set, its convex hull, its closure, and its closed convex hull
are the same, H*(E) may be computed by restricting ones attention to 3-covers of
E by convex, closed, or closed convex sets. Similarly, since any nonempty set U is
contained in the open set {z : dist(z, U) < ¢} whose diameter is |U| + 2¢ and since
{z : dist(z, U) < e} is convex whenever U is convex, H*(E) may be computed by
restricting ones attention to §-covers of E by open or open convex sets. Lastly, when

J.J. Dudziak, Vitushkin’s Conjecture for Removable Sets, Universitext, 19
DOI 10.1007/978-1-4419-6709-1_2, © Springer Science+Business Media, LLC 2010
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E is compact, H*(E) may be computed by restricting ones attention to §-covers of
E by a finite number of open or open convex sets.

The following results are fairly immediate from the definition of Hausdorff mea-
sure.

Proposition 2.1 For any s > 0, H® is a set function defined on all subsets of C and
taking values in [0, oo] such that

H ®) =0,

HY(E) < H*(F) whenever E C F C C,

and

H’ (U E,,) < Z ‘H*(E,) whenever {E,} is a countable collection
n

n

of subsets of C.

Proposition 2.2 Let E be a subset of C and let f be a mapping of E into C such
that there exists a constant ¢ > 0 for which | f(z) — f(w)| < c|z — w| whenever
z,w € E. Then H*(f(E)) < c*H (E).

Corollary 2.3 For o and B complex numbers and E a subset of C, H* (¢ E + B) =
la|*H  (E).

Ifr>5>0,0<68<1,and {U,} is a$-coverof E, then ), |U,|" <, |Usl*.
By infing over all §-covers and then letting § |, 0, we see that H(E) < H*(E). Thus
H*(E) decreases as s increases. But more can be said in this situation: ), |U,|" <
8'=% 3", 1Unl°, and so by infing over all §-covers,

HE(E) < 8" HS(E).

Letting § | 0, we see that if H*(E) < oo, then H'(E) = O for all t > s,
and that if H'(E) > 0, then H*(E) = oo for all s < t. In consequence, there
exists a unique nonnegative number called the Hausdorff dimension (or Hausdorff—
Besicovitch dimension) of E and denoted dim/(E) such that

s oo when s < dimy(E)
HE) = { 0 whens > dimy/(E).

What happens at s = dimy(E)? In this case, H*(E) can be 0, co, or anything
in between. When H*(E) = oo, it can even be the case that E is non-o-finite for
‘H?®, i.e., E cannot be expressed as a countable union of sets of finite 7{*-measure.
An example of this is the Joyce—-Morters set at the end of Chapter 4 (see Proposi-
tion 4.34).
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Almost all of the following is fairly immediate from the definition of Hausdorff
dimension and Proposition 2.1.

Proposition 2.4 The Hausdorff dimension dimyy is a function defined on all subsets
of C and taking values in [0, 2] such that

dimy (%) = 0,

dimy (E) < dimy (F) whenever E C F C C,

and

dimy (U E,,) = supdimy (E,,) whenever {E,} is a countable collection
n
n
of subsets of C.

The nonimmediate item is that dimyy(E) < 2 always. Because of this H*(E) = 0
for any subset of C whenever s > 2. Thus we will have no interest in H* for s > 2.

Proof To show that dimy(E) < 2 always, it suffices to show that dimy/(Q) < 2 for
any closed square Q in C whose sides have length 1. Given § > 0, let n be a positive
integer such that «/5/ n < 8. Cut up Q into n? squares whose sides have length 1/n
in the obvious way. Then Hg(Q) < nz(\/z/n)2 = 2. Upon letting § | 0, we get
H2(Q) < 2. Hence, dimy(Q) < 2. o

We close this section with a few examples to give the reader a feel for what
Hausdorff measure and dimension are.

When s = 0, H* is easily seen to be counting measure, i.e., HO(E) is just the
cardinality of E.

When s = 1, H® of a linear subset of C is just the linear Lebesgue measure of
the subset. To see this recall that for £ a subset of a line L, we have by definition
that

L (E) = inf {Z |1,] : {I,} is a countable cover of E by intervals in L} .

n

Also recall that in computing H é (E) we need only consider §-covers of E by convex
sets in the plane. Now an interval in L is a convex set in the plane and the intersection
of a convex set in the plane with L gives us an interval in L with smaller diameter
than the convex set. Hence

Hé(E) = inf :Z |1,] : {I,} is a §-cover of E by intervals in L} .

n
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Since any interval can be written as a finite union of intervals whose diameters are
all less than § and which sum to the diameter of the original interval, one clearly
then has H}(E) = L!(E). Letting § | 0 yields H'(E) = L!(E).

More generally, H' of a subset of a rectifiable arc in C is just the subset’s
“arclength measure.” This and more will be shown later (Sections 4.5 and 5.2) when
we consider rectifiable curves and define arclength measure on them. Thus one-
dimensional Hausdorff measure, 7!, may be thought of as a “generalized length”
defined for any subset of C and will be referred to more concisely as linear Haus-
dorff measure in what follows.

When s = 2, H* of any subset of C is just a multiple of the area, i.e., the planar
Lebesgue measure, of the subset. More precisely, H2(E) = (4/7)L*(E) for any
subset E of C. This will be shown later (Section 5.3) after we prove Vitali’s Cover-
ing Lemma and the Isodiametric Inequality. Clearly then dimy/(E) = 2, whenever
L?(E) > 0 in particular, whenever E has nonempty interior.

To get an example of a set of “fractional” Hausdorff dimension, consider the
standard middle-thirds Cantor set K. Recall that K is the countable intersection
of closed sets C,, where Cop = [0, 1], C; = [0,1/3]U[2/3,1], C3 = [0,1/9] U
[2/9,1/31U[2/3,7/9]1 U [8/9, 1], etc. Note that each C,, is the union of 2" closed
intervals of length 37" and that each C, 4 is obtained from C, by removing the
open middle-third from each of these constituent intervals of C,,.

Considering the obvious covering of K by the constituent intervals of C,,, we see
that for any § > 37", H3(K) < 2"(37")* = (2 x 37*)". We would like to let § | 0,
i.e., n — 00, and have this upper estimate for Hfs' (K) remain bounded. The smallest
value of s for which this happens occurs when 2x 37 = 1,i.e., whens = In2/1In 3.
So fixing s at this value and letting § | 0, we have that H*(K) < 1.

To show that H*(K) > 1/2 and so that dimy/(K) = s = In2/1n 3, it suffices to
prove that

|
2=

I1eC

for any finite covering C of K by open intervals. If this inequality fails, then among
all coverings for which it fails, there is one with a minimal number of intervals.
Denoting this minimal failing covering by C, we will obtain a contradiction by con-
structing a failing covering C’ with fewer intervals.

For any interval I of length 1/3 or more, |/|* > 37° = 1/2. Thus each interval
of C must have length less than 1/3 and so cannot intersect both K; = K N[0, 1/3]
and K, = K N[2/3, 1]. Let C; and C, consist of those intervals of C intersecting K;
and K, respectively. Then C; and C, are nonempty, have no common intervals, and
have cardinality strictly less than that of C. Moreover, C; and C, are coverings of K;
and K, respectively. If

YoHuP =y,

1€C 1eC,
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then, since the dilation x + 3x maps K; onto K, C' = {31 : I € C;} is the desired
failing covering of K with fewer intervals. It fails because C fails and

STUPF =D+ Y =2 (=) =Y |

I1eC 1€C 1eC, 1€C; 1€C; reC’

If C, has the smaller associated sum, then proceed similarly using the dilation x +—
3x —2 of K, onto K instead. In either case, we have produced the desired C’ and so
are done.

The elegant analysis above is taken from 8.2.22 of [KK]. A more refined analysis,
as in the proof of Theorem 1.14 of [FALC], which gives more attention to the lengths
of the constituent intervals and the distances between them, leads to the conclusion
that for this K and s, H*(K) = 1 exactly.

Note that the upper estimate on the Hausdorff measure of K was easy to come by,
whereas the lower estimate was difficult to establish. This is no accident but typical
of most sets and in the nature of things. According to the definition of Hausdorff
measure, to establish an upper estimate one need only come up with a single eco-
nomical §-covering, whereas to establish a lower estimate one needs to compute an
infimum over all possible §-coverings.

The analysis just given for K can be used to estimate the Hausdorff measure and
obtain the Hausdorff dimension of other Cantor sets. The energetic reader may take
the following two paragraphs as exercises to be worked out.

Given « strictly between 0 and 1/2, let K, be the linear Cantor set gotten by the
same procedure used to generate the standard middle-thirds set only now split each
constituent interval from a generation, each “parent,” into two constituent intervals
of the next generation, two “children,” each with length « times that of the parent
interval (so the standard middle-thirds Cantor set just considered is, appropriately
enough, Ky/3). Then (1 — 2a)° < H*(Ky) < 1 fors = In2/In(l/a) and so
dimy (Ky) = In2/1In(1/«). This shows that for any s strictly between 0 and 1,
there exist linear Cantor sets of Hausdorff dimension s. (The more careful analysis
in the proof of Theorem 1.14 of [FALC] can easily be adapted to show that for these
K, and s, H* (Ky) = 1 exactly.)

Given « strictly between 0 and 1/2, let C be the closed unit square [0, 1]x [0, 1].
Let C; be the union of the four closed squares contained in Cq each of which con-
tains a corner of Cp and has edges of length «. Let C> be the union of the sixteen
closed squares contained in C; each of which contains a corner of a constituent
square of C; and has edges of length «?. Continue in this fashion to generate a
sequence of nested closed sets {C,}, each C, consisting of the disjoint union of
4" closed squares with edges of length «”. Set K4 = (), Cy. Then (1 — 2a)® <
HS(Ky) < V25 for s = In4/In(1/) and so dimy(Ky) = In4/In(1/e). This
shows that for any s strictly between O and 2, there exist planar Cantor sets of
Hausdorff dimension s. (A more careful analysis which can be found in [McM]
shows that H! (Ki/4) = V2 exactly. We shall return to this set K1/4 and examine it
more carefully in the last section of this chapter.)
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2.2 Painlevé’s Theorem

The main concern of this section, Painlevé’s Theorem from [PAIN], will enable us
to dispose of sets of Hausdorff dimension less than one — they will all be shown
removable! Painlevé’s Theorem will follow easily from a more general quantita-
tive result which bounds y (K) by H. (K). (Note that H. (K) is just H} (K) with
6 = oo! It is usually referred to as the linear Hausdorff content of K.) For this
we need a lemma which constructs cycles surrounding K with length just a little
more than ZnHéO(K ). We give two proofs of this lemma: one, short but loose,
sufficient for those who are willing to take certain topological assertions as obvious,
and another, more rigorous but longer, addressed to those who are finicky about such
things.

Lemma 2.5 Let K be a compact subset of C and ¢ > 0. Then there exists a cycle
I' in C\ K of length at most 2717-[(1>O(K) + & with winding number one about each
point of K.

Proof (Loose) The definition of H}X,(K ) provides us with a finite cover {U,} of
K by bounded open sets such that ) |U,| < HL (K) + &/27. Without loss of
generality, each U, intersects K. Replace each U, by an open disk of radius |Up|
centered anywhere on U,,. Let the cycle I" be the counterclockwise boundary of the
union of the disks so produced. The reader may “easily” verify that I works. O

The next proof is a slight modification of the proof of [RUD, 13.5].

Proof (More Rigorous) The definition of HéO(K ) provides us with a finite cover
{Uy,} of K by bounded open sets such that ), |U,| < Héo(K) + ¢ /4. Without loss
of generality, each U, intersects K. Choose n > 0 so that 4} |U,| + 8Nn <
47—((1)0(1( ) + ¢ where N is the number of sets U, in our finite cover. Cover the plane
with a grid of closed squares whose interiors are nonintersecting and whose edges
have length n. Let R, be the smallest closed rectangle whose interior contains U,
and whose sides lie in the lines formed by our grid. Clearly the perimeter of R,
is at most 4(|U, | + 2n). Let Q1, ..., Qp be those squares of our grid contained
in Ry U---U Ry. Each square Q,, has four boundary intervals. Direct these four
intervals so that Q,,’s boundary is given a counterclockwise orientation. Let X be
the collection of the 4M directed intervals that result.

Then ¥ is a balanced collection of directed intervals, which means that for every
point p of the plane, the number of intervals of ¥ with p as initial point is equal to
the number of intervals of ¥ with p as terminal point. Remove those intervals from
% whose oppositely oriented intervals are also in X and denote the collection of
remaining intervals of ¥ by ®. The collection @ is still balanced and each interval
of @ is contained in the boundary of some R,,.

Construct a cycle I" from & as follows. Pick any y; from ®. Since @ is balanced,
there is an interval y» in @\ {y1} whose initial point is the terminal point of y;. Since
@ is balanced, there is an interval y3 in ®\ {y1, 2} whose initial point is the terminal
point of y». Continue in this manner until you reach an interval y; whose endpoint
is the initial point of y;. This must occur since @ is finite and balanced. Then the
intervals y1, 2, ..., ¥ form a closed path. The collection ®\ {y1, y», ..., yx} is still
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balanced so, if it is nonempty, we may repeat our procedure again. Continuing in
this manner until ® is empty, we see that the intervals of @ form a chain consisting
of closed paths, i.e., the intervals of @ form a cycle, I'.

If an edge of some Q,, intersects K, then it must be common to two adjacent
Owm’s since K C int UYA,:I: | Om. Hence ¥ contains the two oppositely oriented
intervals determined by the edge and so these intervals are not in . In consequence,
Iisacyclein C\ K.

Clearly the length of I" is at most the sum of the perimeters of the rectangles R,
and so less than 4HéO(K) +&.

For any z in K but not on the boundary of any Q,,, the winding number of I"
about z, being the sum of the winding numbers of the boundaries of the Q,,’s about
z, is 1. This and the constancy of the winding number of a cycle on each component
of the complement of its range [RUD, 10.10] make the last assertion of the lemma
clear. m|

Note that the more rigorous proof has produced a cycle with a better estimate on
its length: the 27 has been reduced to 4. We will say more about this after proving
the main result of this section which now follows quite easily . ..

Theorem 2.6 y(K) < H. (K).

Proof Let f € H>*(C* \ K) be such that || f|lc < 1. Given ¢ > 0, obtain a cycle
" as in the previous lemma. Then, by the integral representation for f’(00) in the
discussion just after Proposition 1.1,

1 2nHL (K) +¢
7ol = |5 [ @ ae| < T L,
2mi r 2
Letting ¢ | 0 and then suping over the f's in question, we see that y (K) < H!_(K).
O

Of course what has been shown is that if the cycle I' of the lemma has length
at most CH})O(K) + ¢, then y(K) < KH(IX)(K) where k = c¢/2m. The loose proof
led to ¢ = 27 and so k = 1; while the more rigorous proof led to ¢ = 4 and so
k =2/m = 0.6366---. If in the loose proof one uses Jung’s Theorem (recall the
paragraph after the proof of Proposition 1.18) instead of simply enclosing each U,
in a ball of radius |U,|, then one has ¢ = 27/+/3 and so k = 1/4/3 = 0.5773 ---. 1t
turns out that it is possible to take ¢ = 7 and so k = 1/2 = 0.5. To obtain this one
must do three things however: first, extend ones complex integration theory from
chains of segments and circular arcs to chains of rectifiable arcs; second, show that
the boundary of a bounded open convex set is rectifiable; and third, show a (sharp)
“peri-diametric inequality” to the effect that the perimeter of a bounded open convex
set is at most 7 times its diameter. We dispense with these complications and content
ourselves with the cruder estimate enunciated in the theorem above since from the
point of view of removability it suffices simply to have ¥k < oo!

However, before passing to Painlevé’s Theorem, let us take the estimate
x) Y(K) < Héo(K )/2 as established and play with it to see a few things. By
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using the trivial covering of K by itself we have (xx) HJX)(K ) < |K| always. Thus
(x *x x) y(K) < |K]|/2 always, which is a sharper form of the first estimate of
Proposition 1.18 and beats out the improvement of it via Jung’s Theorem noted
immediately after its proof. Next, invoking Corollary 1.13 we see that for K a closed
ball of radius r,

Hy(K) _ K]
-2

r=y(K) = =r,
and so (%), (xx), and (x * ») are all as sharp as possible.

The theorem which gives this section its title is more in the nature of a corollary
to the main result above since one trivially has HéO(K ) < H'(K), but we label it a
theorem due to its importance.

Theorem 2.7 (Painlevé) If H! (K) = 0, then K is removable.

Since any set of Hausdorff dimension less than 1 has linear Hausdorff measure
0, we immediately obtain the following.

Corollary 2.8 Ifdimy(K) < 1, then K is removable.

2.3 Frostman’s Lemma

Painlevé’s Theorem (2.7) has disposed of sets with dimension less than 1. The main
concern of this section, a potential-theoretic lemma from the thesis of Otto Frost-
man, will enable us to dispose of sets with dimension greater than one — they will all
be shown nonremovable! We prove only a simple version of this lemma sufficient
for our purposes. Throughout this book we shall denote the radius of a closed ball
B by rad(B). (Note that H3,(K) in the next lemma is just H3(K) with § = oo! It is
usually referred to as the s-dimensional Hausdorff content of K .)

Lemma 2.9 (Frostman) Given 1 < s < 2, set M = 9 x 4°. Then for any compact
subset K of C, there exists a regular positive Borel measure p on K with mass at
least H: (K) such that u(B) < M rad(B)* for all closed balls B in C.

Proof Call a square half-closed when it is obtained from its closure by removing
the top and right closed edges. Note that any half-closed square can be decomposed,
in the obvious way, into four pairwise disjoint, half-closed squares whose diameters
are half that of the original. We call these four squares the children of the original
square. In what follows we shall also use the terms parent, grandparent, and ances-
tor in a self-evident manner given the way the term children has just been defined.

Choose any half-closed square Q( containing K in its interior and set Go = {Qo}.
Let G consist of the four children of the single square of Gy. Let G consist of the 16
children of the 4 squares of G;. Continuing in this manner, we obtain the generations
Go, G1, G2, ... of the dyadic grid G = UnzO Gn.

Fixing n for the moment, let v, be the regular positive Borel measure on Qo
whose restriction to each Q € G, is equal to « times the restriction of L%t Q
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where k = |Q|*/L£2(Q) if Q intersects K and 0 otherwise. Clearly v,(Q) < |Q|*
for every Q € G,, and v,(Q) = |Q|* for every Q € G, which intersects K.

Let v,,_1 be the regular positive Borel measure on Qg whose restriction to each
Q € G, is equal to « times the restriction of v, to Q where k = |Q* /v, (Q) if
|0]° < v,(Q) and 1 otherwise. Note that the measure v,,_ just defined has been
gotten by uniformly reducing v, or by leaving it undisturbed on each square of G,, 1.
In consequence, v,—1(Q) < |Q|* forevery QO € G,,—1 UG, . Furthermore, given any
square from G,, which intersects K, we have v,_1(Q) = |Q|* for Q the square or
its parent.

Let v,_> be the regular positive Borel measure on Qg whose restriction to each
Q € G, is equal to k times the restriction of v, to Q where k = |Q|*/v,—1(Q)
if |Q]° < v,—1(Q) and 1 otherwise. Note that the measure v, just defined has
been gotten by uniformly reducing v,_1 or by leaving it undisturbed on each square
of G,_». In consequence, v,_>(Q) < |Q|® forevery Q € G,_» U G,_1 UG,. Fur-

thermore, given any square from G, which intersects K, we have v,_»(Q) = |Q|*
for Q the square, its parent, or its grandparent.
Continuing in this manner, we obtain measures vy, v,—1, Vy—2, ..., V], and

vo. Denote the measure vy by w,. Then (x) wu,(Q) < |Q|° for every Q in
Go UGy U ---U G,. Furthermore, given any square from G, which intersects K,
we have u,(Q) = |Q]°® for Q the square or one of its ancestors. In consequence,
each point of K is contained in a unique largest square Q. in Go UGy U ---U G,
for which u,(Q) = |Q|*. The collection {Q, : z € K} is actually finite and so can
be written {Q1, Q2, ..., Oum}. Since these squares are pairwise disjoint and K 1is
contained in their union, we have on the one hand

M M
Gox) (€1 Q0) = D~ pn(Q) = D 10ml* = HE(K),

while on the other hand we obviously have (x x %) w, (cl Qo) < |Qol®.

Unfix n now and realize that, by (x x x), we have produced a sequence {u,} of
uniformly bounded linear functionals on the Banach space of continuous functions
on cl Qp. Moreover, this space is separable (consider the polynomials in z and z
with rational coefficients and invoke Stone-Weierstrass). We may thus apply [RUD,
11.29] and [RUD, 6.19] to obtain a subsequence {ii,, } of {i,} which converges
weakly to some regular complex Borel measure p on cl Q.

Given a compact subset C of cl Qp, consider the functions fx(z) =
max{l — N dist(z, C), 0}. By the weak convergence and positiveness of the mea-
sures i, [ fy dpn > 0forall N > 1. Letting N — oo and invoking Lebesgue’s
Dominated Convergence Theorem [RUD, 1.34], we conclude that u(C) > 0. If C is
also disjoint from K, then the same argument shows that . (C) = 0 since each u,, is
supported on the closed | Qg|/2"-neighborhood of K. The inner regularity of © now
implies that w is a positive measure supported on K. Of course (xx) and the weak
convergence imply that 4 has mass at least 7 (K). So it only remains to verify the
growth condition on .
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We first show that for any n, u,(B) < M rad(B)* for all closed balls B such that
BN Qol > |Qol/2" . Let m be the integer between 0 and n such that

| Qol | Qol
omt1 < |BOQ0|§2—m~

For this m, B N Qy is contained in the union of at most nine squares from G,,. Thus
by (%) we have

1n(B) = 1tn(B N Qo) <9 {%} <9Q21BN Qol)' < Mrad(B)'.

Now consider any closed ball B. Without loss of generality, B intersects cl Q.
Given N > 1, set gn(z) = max{l — N dist(z, B), 0} and let By be the closed ball
concentric with B and of radius rad(B) + 1/N. Then

n(B) < /gN du = lim /gN diy, <limsup p,, (By) < Mrad(By)*
k—o00 k— o0

= M{rad(B) + 1/N}°.

Letting N — oo, we are done. O

The second ingredient needed for the main result of this section is an estimate
on the Newtonian potential of a regular positive Borel measure satisfying a growth
condition as in Frostman’s Lemma.

Lemma 2.10 Let 0 < M < coand 1 < s < 2. Suppose | is a nontrivial regular
positive Borel measure on a compact subset K of C such that u(B) < M rad(B)*
for all closed balls B in C. Then for any z € C\ K,

[ dnter = S !
¢ —z| s—1

Proof By Fubini’s Theorem [RUD, 8.8],

1 1
/|;—z| du@):/{/lg_zlt—zdr}du(;)
1
:/{/o t_QX{IZ—zlﬁ} df}dﬂ@)
o0 1
:/0 {/;Xuz—zm} du(é)}dt

:/"o nB@:1) .
0

t2
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We now wish to plug in our growth estimate on w(B(z; t)), but only for ¢ not too
large. Obviously past some point it is better to estimate pu(B(z; ¢)) simply by u(K)
rather than by M#*. This change-over point is the 7' such that M T° = u(K), i.e.,
T = {u(K)/M}'/. This leads to

1 T M © 1(K) MTS™ ' w(K)
/I;‘—zl H(O_/o 12 +/T 12 s—1 + T

Substituting in our choice for 7' and doing a bit of algebra, we obtain what we want.
O

The main result of this section now follows quite easily.

9 .
Proof Without loss of generality, H (K) > 0. (As an aside, we note that
HL(K) < |K|® < oo always.) Get a measure p as in Frostman’s Lemma (2.9).

Clearly p is nontrivial since (K) > H2,(K). Consider the function f equal to [,
the Cauchy transform of . Thus

1
Theorem 2.11 For 1 <5 <2, y(K) = {
S

1
£ =/—du(§)-
—z

Clearly f is defined and analytic on C \ K since u is supported on K. By the last
lemma,

1/s
s sql/s 1-1/s 4s 9
1flloo = =19 x 4}/ u(K) S_s—l{Hgo(K) (k).

But f(00) = lim; .o f(z) = 0,0 | f/(00)| = lim;_s 0 |2/ (z)| = (K). Thus

S0 _ 51 {H&(K)}”ﬂ

K
v 2 e T e 9

Corollary 2.12 Ifdimy (K) > 1, then K is nonremovable.

Proof Let s be any number strictly between 1 and dimy(K). Then H*(K) = oo,
so there exists a § > 0 such that H3(K) > 0. Then for any countable cover of K
by bounded sets {U,} we must have )" |U,|* > Hj(K) if {U,} is a §-cover and
>, 1Unl* = 8° otherwise. Thus Hi (K) > min{Hj(K), 5*} > 0. By the theorem
we are done. m|

Note how the theorem is quantitative: given H: (K) > 0, it allows us to con-
clude y(K) > 0 and even to estimate how much bigger than zero y(K) is in
terms of H} (K). The corollary however is merely qualitative: although we see
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that y (K) > 0 when dimy/(K) > 1, we do not obtain an effective estimate of how
much bigger than zero y (K) is in terms of dimy/(K). This is to be expected since
under a similitude y (K) scales linearly (Proposition 1.9) while dimy/(K) clearly
remains invariant. In the proof this shows up as a lack of effective control over
the quantity min{7§(K), §*}; although positive it could be arbitrarily small since &
could be arbitrarily small!

2.4 Conjecture and Refutation: The Planar Cantor Quarter Set

The results of the last two sections, which settle the question of removability for
all compact sets except those of dimension one, are all consistent with the con-
jecture that Painlevé’s Theorem (2.7) is reversible. If true, one would have that a
compact subset K of C is removable if and only if 7'(K) = 0. This beautiful
conjecture, which would end our quest in a quite tidy manner, is false however!
The first example of a removable compact set with positive, and even finite, lin-
ear Hausdorff measure was due to Anatoli Vitushkin (see [VIT1], or Section 3 of
Chapter IV of [GAR2]). His example is quite complicated, slaying other conjec-
tures than just the one of interest to us here. Later John Garnett (see [GARI1], or
Section 2 of Chapter IV of [GAR2]) realized that a planar Cantor quarter set is a
much simpler example of a set with positive finite linear Hausdorff measure but zero
analytic capacity. Since then other proofs that this set works have been published
(see [JON1], [MAT1], and/or [MUR]). We give Garnett’s original proof below, it
being the most elementary.

So consider the planar Cantor quarter set, i.e., the set Ki/4 of the last para-
graph in Section 2.1. Recall that K14 = (), Cn Where Cj is the closed unit square
[0, 1] x [0, 1], Cy is the union of the four closed squares contained in Cp each
of which contains a corner of Cy and has edges of length 1/4, C; is the union of
the 16 closed squares contained in C; each of which contains a corner of a con-
stituent square of C; and has edges of length 1/16, etc. As noted in Section 2.1,
the coverings of K4 by the 4" closed constituent squares of C, with edges of
length 1/4" lead easily to the upper estimate ! (Ki/4) < V2 =1.4142- .-, while
the more difficult self-similarity argument given there leads to the lower estimate
H! (K1/4) = 1/2 = 0.5. As an easy and nice application of Proposition 2.2, we
now substantially improve this lower estimate. Note that the orthogonal projection
of the plane onto the line y = x/2 takes each of the sets C;, and so too K4, onto
the closed segment with endpoints (0, 0) and (6/5, 3/5). Since orthogonal projec-
tion onto any fixed line decreases distances, it can only decrease linear Hausdorff
measure by Proposition 2.2. Recall that in Section 2.1 we also showed the coinci-
dence of H! and £! for linear sets. Hence we obtain our substantial improvement:
Hl(K1/4) > 3\/5/5 = 1.3416 - - - . Of course, as noted already in Section 2.1, there
is a more careful and difficult analysis in [McM] which shows that HYK, /4) = V2
exactly.

The rest of this section is devoted to the task of showing that y (K1/4) = 0. A
number of lemmas are required. The first is a version of Cauchy’s Integral Theorem
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for functions analytic at co. We use n(I"; z) to denote the winding number of a cycle
I' in C about a point z in C \ T".

Lemma 2.13 Let K be a compact subset of C and let f be an analytic function on
C* \ K. Suppose that T is a cycle in C \ K with winding number one about every
point of K and that z is a point off K UT.

Then

n(l;z) =0

f@if

1

oo - o [ 18 4c |
7w Jr ¢ =z 0 if n(z)=1

Proof Consider any R large enough so that K U I U {z} is encircled by Cg, the
counterclockwise circle about the origin of radius R. Cauchy’s Integral Theorem
[RUD, 10.35] applied to the cycle Cr — I implies that

1 f©) J 1 o f@if n;z)=0
i =5 d¢ = .
2ri Jep ¢ — 2 2mi Jr ¢ —z 0 it (o) — 1

Thus, to finish we need only show that the first integral in the above equation
converges to f(o0) as R — oo. Since n(Cg; z) = 1, we have

! f© R IENCY)
s ., d e o) = Bt
1 swpllf @) = f L ECR)
T 27 R —|z]
R
= ——— -sup{lf(©) = f(o)] : ¢ € Cr).
— Izl

Since the last quantity converges to 0 as R — oo, we are done. (An aside: Being
the only term involving R in the penultimate displayed equation, the integral over
Cr does not really depend on R. Thus we have shown not merely that this integral
converges to f(co) as R — oo but that it is actually equal to it for all large R!) O

When we proved Painlevé’s Theorem (2.7) we essentially verified (d) of Propo-
sition 1.3 for sets of linear Hausdorff measure 0. As an exercise the energetic reader
may reprove Painlevé with the help of this last lemma by verifying (c) of Proposi-
tion 1.3 for sets of linear Hausdorff measure 0!

For convenience’s sake, denote K4 simply by K for the remainder of this sec-
tion. Let Gp denote the collection consisting of the single square which is Cop, let
G denote the collection consisting of the four squares whose union comprise Cj,
let G, denote the collection consisting of the 16 squares whose union comprise Co,
etc. Next, let G be the collection of all squares appearing in one of these genera-
tions, so G = J,, G». Continuing, for every square Q from G, set Ko = K N Q,
G(Q)={ReG:RC Q},and G,(Q) = {R € G, : R C Q}. Note that each K¢
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is geometrically similar to K with similarity ratio /(Q), the common length of the
edges of Q. Finally, given a square Q from G, a square R from G(Q), and a function
f from H*°(C* \ K¢) which vanishes at co, define a function fgp g on C*\ Ky by

_ I f ()
fo.r(@) =5~ S d

¢
where " is any cycle in C\ (K ¢ U{z}) with winding number 1 about every point
of K and 0 about every point of (Ko \ Kg) U {z}.

Lemma 2.14 With the conventions and definitions as above, we have

(a) Each fg g is a well-defined element of H*°(C* \ Kg) which vanishes at oc.

®) 1 fo.rllc < M| flloc where M =1+ 6/7.

(¢) Fix n > m, where m is the integer such that G, contains Q. Then on the set
C\ K¢ one has

f= Y for

ReGy(0)

(d) Let ¢ be a similitude of the complex plane onto itself involving no rotation, so
©(z2) = az + B where @ > 0 and B is a complex number. Suppose there are
squares Q* and R* from G such that 9(Q*) = Q and ¢(R*) = R. Then

fo.roe = (fop)o r+.
(e) For any square S from G(R), (fo,rR)R.s = fo.s-

Proof (a) The functions fp g are well defined because of Cauchy’s Integral The-
orem [ RUD, 10.35]. Analyticity and vanishing at infinity are clear. Boundedness
follows from the next item.

(b) Let I" denote the counterclockwise boundary of the square concentric with R
and with 3 times the diameter. Then by Cauchy’s Integral Theorem [RUD, 10.35]
applied to the cycle I' — I'g g, for z close to but not on Kz we have

1
fo) = — f(Tg)Zdé‘—i-fQ,R(Z).

_27'[1 r

Suppose z, not on K, is within a distance ¢ > 0 of K. Then

1 oo
for@| < 1F @]+ = - Ll

6 I(R)
2t I(R)—¢ 121(R) = {H_

= m—_g} £ llso-

By the Maximum Modulus Principle [RUD, 12.1 modified to take into account
regions containing oo],
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6 [(R)
I fo,Rlloo < {14—; . Z(R)——E

} Il lloo-
Letting ¢ | 0, we have our estimate.

(c) Apply the last lemma to the cycle which is the sum of the cycles I'g g for
R € Gu(Q).

(d) Let z* be such that ¢(z*) = z. Simply use the change of variables { = ¢ (&)
in the equation defining fp r(z) = (fo,r © ¢)(z*) and then notice that we are
done since the cycle (p’l (I'g,r) will serve as a cycle I' g« g+ as in the definition of
(f o @) o+ r*(2).

(e) What follows is a pain but (e) is absolutely crucial to our success! Fixing
z € C\ Kg, we must show that (fo r)r,s(2) = fo,5(2).

Choose a cycle I'g s in C \ (Ko U {z}) with winding number 1 about every
point of K and 0 about every point of (K¢ \ Ks) U {z}. Then I'g g is a cycle in
C\ (Kr U {z}) with winding number 1 about every point of K and 0 about every
point of (Kg \ Ks) U {z} and so

_ -l fo.r()
*) (fo.R)R,s(2) = 271 Jrs Tz deg.

Let U be the open set of points in the plane where the winding number of I'g g is
1. Choose acycle I'g.s in U \ Kg with winding number 1 about every point of K
and 0 about every point of C\U. Then I"g s is a cycle in C\ (K o U{z}) with winding
number 1 about every point of K g and 0 about every point of (K¢ \ Ks)U{z} and so

1
(%) fo.5(2) = — /F R

2mi Jrys§ —2

Let V be the open set of points in the plane where the winding number of I'g s
is 0. Choose a cycle I" in {V \ (Ko \ Kg)} \ (Kg \ Kg) with winding number 1
about every point of Kz \ Kg and zero about every point of C\ {V \ (Ko \ Kg)}.
ThenTT'g g =g s+ T isacyclein C\ (Ko UT'g,s) with winding number 1 about
every point of K and 0 about every point of (Ko \ Kg) UT'g s and so for every ¢
inI'gs,

1 fé&
(x*x) fo r(E) = i Fox a d§.

Lastly, note that by simple algebra,

1 / 1 1 1 / 1 1 / 1
L de = — i — dc .
2mi FR45(§ - S)(; _Z) S —z | 2mi I'r.s { _S 2mi FR,S;- -z

The two integrals on the right-hand side of this equation are winding numbers.
Taking into account the way we have constructed our cycles, we thus obtain
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(k* k%) —

1
/ 1 Tz When’g‘ € FQ’S
2mi

I'gr.s (C - S)(é‘ - Z)
0 whené eT.

The desired equality is now just a computation: substitute (x x *) into (x), use
Fubini’s Theorem [RUD, 8.8] on the double integral obtained, simplify by means of
(% * % %), and then recognize the result as what we want via (). O

Denote the southwest corner and the center of any square S from G by zg and cg,
respectively.

Lemma 2.15 For Q € G, the following assertions hold:

I(R)? .
(a) The sequence A,(Q) = Z — >, defined for n > m, is bounded
RGr(0) 1R T 20
by 3.
I(R)-R —
(b) The sequence B,(Q) = Z (R) - Re(cr ZZQ), defined for n > m, is
R lcr — zol
€Gn(0)
unbounded.

Proof (a) Let Qg denote the southwest square of G,,,11(Q), so Qg is the unique
square in G,,4+1(Q) which contains zg. Then for n > m,

1(R)? I(R)?
o= Y Ry IR
lcr — 20l lcr — zol
ReG,(Qsw) ReGn(O\Gn(Qsw)

Let R* denote the result of applying the similitude with center zp and similarity
ratio 4 to a square R. Then l(R)2/|cR — ZQ|2 = l(R*)2/|cR* — ZQ|2 and as the Rs
range over all of G, (Qsw), the R*s range over all of G,,_1 (Q). Thus the first sum in
the above is just A,,—1(Q).

The number of Rs involved in the second sum in the above is (3/4)4"~™ and for
each of these Rs, [cr —zg| = (1/2)I(Q) = 47" /2, so the second sum in the above
is at most (3/4)4"~" - (472 /(47" /2)% = (3 x 4™M)47",

Hence A,(Q) < A,—1(Q) + (3 x 4™)47" for all n > m, which implies that the
sequence A, (Q), n > m, is bounded and bounded by 3.

(b) For n > m, split B,(Q) up into two sums just as we splitted up A,(Q).
Handle the resulting first sum in the same manner to conclude that it is B,—1(Q).
With the resulting second sum throw away the terms, all positive, arising from Rs
lying above Qgy, i.e., Rs lying in Qnyw so to speak. For each of the Rs remaining,
i.e., Rs in Qpe or Qe so to speak, we have Re(cg — z9) = (1/2)I(Q) = 47"/2
and |cg — zg| < V2 1(Q) = ~/247", so the resulting second sum is at least
(1/2D4"" - (44 /2)/ (V2 47™)2 = 1/8.

Hence B, (Q) > B,—1(Q) + 1/8 for all n > m, which implies that the sequence
B,(Q), n > m, is unbounded. O
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Given Q, R, and f as in Lemma 2.14, define gp r(z) = f’Q,R(oo)/(cR — 2).
(Warning: An ambiguous expression like “ f/Q’ g(00)” is to be interpreted as
“(fo,r) (00)” and not as “(f')g,r(00)”!) For n > m where m is the integer such
that G,,, contains Q, define

fh.(00)
sen@= ) gor@= ) .
ReG,(Q) ReG,(0) K

Lemma 2.16 For Q € G,,, the sequence go ,(z0), defined for n > m, is bounded.

Proof Sethg r = fo.rR+80,r andlet B = B(cg; [(R)). Using (b) of Lemma 2.14
and Proposition 1.9, one sees that for any z € B \ R,

l(ck — 2)* fo. R < LRI fo.Rlloe < LR)*MI| flloo

and

ek — 27808 = |(ck — 2) ) (o) < I(R)Y (Kp)l| fo.R lloo
<IR* Y (K)M| £ loo-

So, setting M1 = {1 + y(K)}M on B \ R, one has |(cr — Z)th,R(Z)I <
[(R)*M1 ]| f lloo-

By the way gp g has been defined, hg g € H*(C* \ R), hg r(c0) = 0, and
h’ R(oo) = 0. Hence the function (cg — z)th r(2), besides being analytic on
(C \ R, is also still analytic at oco. Thus, by the Maximum Modulus Principle [RUD,
12.1 modified to take into account regions containing o], the supremum norm of
this function on C* \ R is the same as its supremum norm on B \ R. We conclude
that for any z € C* \ R,

I(R)*Mi | flloo

) |ho,r(2)| = ox 22

For z any point strictly southwest of zg, note that (xx) |cg — z| > |cg — z¢]| for
all R € G(Q). Hence by (c¢) of Lemma 2.14, (%), (*%), and (a) of Lemma 2.15, we
have

L(R*M || £
lgon@I < Y. lhor@I+If@I< Y ————= 4l
REGr(Q) ReG o) |k ~ 70!
< Mzl flloo
where M = 3M, + 1. Finally, letting z — z ¢, we are done. |

Lemma 2.17 Suppose Q € G, and f € H*®(C*\K o) with f(c0) = 0.If f'(c0) #
0, then for some R € G(Q), we must have
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(R
£ x(00) # %f/(oo)-

Proof We proceed by contradiction. Assuming the nonexistence of Rs as in the
lemma’s conclusion, we have

I(R) f'(c0)
gonzo)= Y —
regrio) (@) R~ 20

and so

I I(R
Re{&gQ)n(zQ)}:Re y W

/ —_
f(e0) reGu0) K T 0
I(R) -Re(cg — z0)
Z lcr — zol? == 5.
ReG,(0) k=20

We are now in a pickle: on the one hand, the leftmost item in the above must be
bounded by the last lemma, while on the other hand, the rightmost item in the above
must be unbounded by (b) of the next to last lemma. O

Lemma 2.18 For M < oo and a > 0, there exists a § > 0 such that for any Q € G
and any f € H*(C*\ Kg), if | fllooc < M, f(00) =0, and | f'(00)|/1(Q) > a,
then there exists an R € G(Q) such that

M > (1 +5)|f/(;’°)|.

[(R) [(Q)

Proof Given M < oo anda > 0, we first find a § > 0 that works only for the largest
square in G, i.e., the square Qo = Cp for which [(Qp) =1, Ko, = K, G(Qp) =G,
and G, (Qo) = G,. If the lemma fails for this square Q, then there exist sequences
8r 4 0 and {fi} from H*(C* \ K) such that || fxllcc < M, fr(c0) = 0, and
| f(00)| > a,and yetforall k and all R € G

|(fk) g, g (29I
% < (14801 f{(00)].
Since the functions { fx} form a normal family [RUD, 14.6], a subsequence of them
converges to a function f € H®(C* \ K) satisfying || fllcc < M, f(c0) = 0,
| f/(c0)| > a, and |f’Q0’R(oo)| < I(R)|f(00)| for all R € G. Now there are 4"
squares R € G, = G,(Qop) and for each of these squares we have /(R) = 47",
Hence by (c) of Lemma 2.14, we have for every n that
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1f/ )= > foor@)| = D £y r(00)

REgn(QO) REgn(QO)
< > ATSfe) =1f (o).
ReG,(Qo0)
This forces f’QO)R(oo) = 47"f'(00) = {I(R)/I(Q0)}f'(c0) for all R €

Un G,(Q0) = G(Qop), which, being a contradiction to the last lemma, shows that
there exists a § > 0 that works for Qo.

Now we show that the § > O just gotten for Qg actually works for any Q € G.
To this end, let f € H*(C* \ Kg) be such that || fllo < M, f(c0) = 0, and
| f/(00)|/1(Q) > a. For the similitude ¢(z) = I(Q)z + zg, the square 0* for which
@(Q*) = Qisjust Qp. Thus fogp € H®(C* \ K) is such that || f o ¢|lcc < M,
(fop)(00) =0,and |(fop) (00)| = |f'(00)|/I1(Q) > a. So, by the last paragraph,
for some square R* € G we must have

|(f ©9)/p, g+ (0]
[(R*)

> (1+)I(f 0 9) (00).

By (d) of Lemma 2.14, (f o ¢)g,.r* = fo,r o ¢ for R = ¢(R*). We also have
(fo.r 0 9)'(00) = [ g(00)/1(Q), I(R*) = [(R)/1(Q), and (f o ¢)'(00) =
f'(00)/1(Q). Applying all these equalities to the inequality above and doing a bit
of algebra, we obtain our conclusion. O

Theorem 2.19 The planar Cantor quarter set has positive finite linear Hausdorff
measure, yet is removable.

Proof We only need to suppose that y(K) > 0 and deduce a contradiction. So let
f € H®(C*\ K) be such that || f|lco < 1, f(0c0) =0, and | f'(c0)| > 0. Let s > 0
be gotten from the last lemma with M = 1 + 6/7 [as in (b) of Lemma 2.14] and
a = | f'(00)|. Since the last lemma applies to Qg and f, we get Q1 € G(Qp) such

that

| o0, (2]
Q1)

Since the last lemma applies to Q1 and fp, o, [to see this use (a) and (b) of
Lemma 2.14 here], we get Q2 € G(Q1) such that

> (1+8)[f(00).

0100009 _ 100,
1(Q2) 1(Q1)

Combining the last two inequalities and using (e) of Lemma 2.14, we have

£ y.0,(00)]

1+ 8)%| £ .
1(0y) > (1 +8)7|f (c0)]
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Continuing in this manner, we obtain a sequence of squares {Q,} from G such
that

/00,0, ()] 0y o
W > (1 +8)"f (c0)].

However, by Proposition 1.9 and (b) of Lemma 2.14,
| £09.0, ) = ¥ (K011 f05.0, lls0 < 1(Qn)y (K)M.

From the last two inequalities we immediately obtain (1 + 8)"| f/(c0)| < My (K)
for all integers n. This is patently absurd given that § > 0 and | f’(c0)| > 0! O



Chapter 3
Garabedian Duality for Hole-Punch Domains

3.1 Statement of the Result and an Initial Reduction

In the last chapter we learned from Painlevé’s Theorem (2.7) that linear Hausdorff
measure zero implies removability and from the planar Cantor quarter set that the
converse fails in general (Theorem 2.19). However, by one of our early results,
Proposition 1.1, the converse does hold if the compact set in question lies in a line.
A line, or rather line segment, is the simplest example of a rectifiable curve. One can
define arclength measure on a rectifiable curve and show that its zero sets coincide
with those of linear Hausdorff measure on the curve (see Sections 4.5 and 5.2). This
leads to what is known as Denjoy’s Conjecture: A compact subset of a rectifiable
curve is removable if and only if it has arclength measure, i.e., linear Hausdorff
measure, zero. In 1909 Arnaud Denjoy claimed to have proved this in [DEN]. His
proof however had a gap in it, thus giving rise to the eponymous conjecture which
was resolved affirmatively only in 1977 by Alberto Calderén’s famous and justly
celebrated paper [CAL] on the L?-boundedness of the Cauchy integral operator
on Lipschitz curves. The interested reader may consult [MARSH] for a proof of
Denjoy’s Conjecture from Calderén’s result and more history on this topic.

Much later Mark Melnikov introduced the notion of the curvature of a measure in
[MEL] which he and Joan Verdera then immediately used to provide an alternative
proof of Denjoy’s Conjecture in [MV]. Their proof is more geometric in nature
and does not rely on singular integral theory. In addition, the notion of curvature
it employs has proven enormously useful in the further study of analytic capacity.
Thus their proof is the one we will present in the next chapter.

Necessary to this proof is an alternative characterization of analytic capacity
known as Garabedian duality that is of interest in itself and thus the subject of this
chapter. We will only establish Garabedian duality for a restricted class of domains,
the so-called hole-punch domains, since these domains suffice for our purposes and
let us avoid technicalities concerning conformal maps and their boundary values.
The proof mainly follows [GAR2] with changes inspired by [GAM?2] and [GS].
These changes allow us to avoid the notion of an H” space, | < p < oo, on a
multiply connected (or even simply connected) domain.

J.J. Dudziak, Vitushkin’s Conjecture for Removable Sets, Universitext, 39
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Notational Conventions. For the course of this chapter, the following setup will be
in force. First, K denotes the union of a finite number of pairwise disjoint closed
balls B; = B(cj;r;), j = 1,2,..., N. Second, the open subset U = C*\ K of
the extended complex plane will be called, and is, our hole-punch domain. Third, I
denotes the cycle comprising the I'; for 1 < j < N where I'; is the counterclock-
wise circular boundary of B;. This last bit of notation will be abused somewhat to
also denote the ranges of the corresponding cycles. Fourth, A denotes the interior
of K. Thus C* = U U K = U UT U A disjointly. Fifth, consider a point z € I, so
z=c;+ rje’P for some j and 6. Given a > 1, define z, to be ¢; + ozrjeig. Sixth,
for a subset (or subpath) E of I', define £, = {z4 : z € E}. Lastly, for the rest of
the chapter choose and fix a number o bigger than but close enough to 1 so that the
closed discs with boundary circles (I'j ), are still pairwise disjoint.

Throughout this book, given a topological space X, we shall use C(X) to denote
the algebra of continuous functions on X.

Let A(U) denote the Banach algebra of continuous functions on the closure of
U whose restrictions to U are analytic. Thus A(U) = C(clU) N H*®(U). The
subalgebra of those functions in A(U) which vanish at co will be denoted Ay (U).
Equip both these spaces with the supremum norm. The continuous analytic capacity
of our K is defined by

a(K) = sup{| f'(c0)| : f € Ao(U) with || flloc < 1}.

Note the parallel with the analytic capacity of our K which can be written, by Propo-
sition 1.11, as

y(K) = sup{|f'(c0)| : f € H5(U) with || flloc < 1}.

Here H(S’O(U ) is, of course, the subalgebra of those functions in H°°(U) which
vanish at oco. It is trivially true that «(K) < y(K).

We remark that the definitions just given of A(U), Ag(U), and H(‘)>O (U) make
sense for U any open subset of C* containing oo and not just a hole-punch domain.
Consequently the definition just given of «(K) also makes sense for any compact
subset K of C if we set U = C* \ K. However, there is a last quantity to be intro-
duced which really requires K to be more than just a compact subset of C. In order
to make sense, this definition also requires K to have a rectifiable boundary. Clearly
this is the case for K = C* \ U with U a hole-punch domain. This quantity is the
L? continuous analytic capacity of our K which is defined by

a2 (K) = sup{| f'(00)| : f € Ag(U) with || fll2 < 1}.
Here the L2 norm in question is given by

1
I£1I5 = Z—/FIf(C)IZ d¢|.

T
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There is also the notion of the L? analytic capacity of our K, denoted y»(K).
However, this requires the introduction of H? spaces over our multiply connected
U and the assignment of nontangential boundary values to functions from these
spaces so that the L? integral over I' continues to makes sense. Since a(K) will
suffice for our purposes, we will dispense with y»(K) in order to keep things as
simple as possible. This chapter is devoted to proving the following.

Theorem 3.1 (Garabedian Duality) Ler K = C* \ U where U is a hole-punch
domain. Then

y(K) = a(K) = a3 (K).

A more general version of Garabedian duality has the boundary circles T';
replaced by analytic loops and adds a fourth term, yzz(K ), to the chain of equalities
in the conclusion (see [GAR2]).

Useful for much to come is the following Cauchy Integral Formula for A(U).

Proposition 3.2 For f € A(U), (») f(o0) — i ;(C)z
rC—

f(z) whenz € U
d;:{

0 whenzeA.

1
Moreover, (xx) i /F f &) d¢ = f'(o0).

Proof By Lemma 2.13, we know that (x) holds with I" replaced by I'y, for all «
between 1 and g (and less than 1 + dist(z, K)/r; for 1 < j < N in the case
z € U). The same can be said of (xx); indeed, we showed this after Proposition 1.1
when discussing analyticity at co. Letting o | 1, the proposition now follows by the
uniform continuity on clU of any f from A(U). O

We will see a proof of the first equality of Theorem 3.1 soon; it is not hard to
show and will end up being a by-product of our construction of something called
the Garabedian function for K. Just now we concentrate on the second equality
of Theorem 3.1 which is the real meat of the result. It is a consequence of the
following.

Reduction 3.3 There exists a function ¢ € A(U) such that p(c0) = 1 and
lell3 = a(K).

Proof of the Second Equality of Garabedian Duality (3.1) from the Reduction (3.3)
For any f € Ag(U), we have

1
f(00) = f'(00)p(00) = Jim zf ()¢ (2) = (f@)(00) = i /r F(©e(2) d¢

with the last equality following from the last proposition. Thus, by the
Cauchy—Schwarz Inequality [RUD, 3.5],

|f' @) = I fll2 el = I fll2 Ve (K).
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Hence, suping over all f € Ao(U) with || f|l2 < 1, we conclude that a2 (K) <

Ja(K). Moreover,

|f'(00)] = [(f¢) (00)| = c2(K) I foll2 = aa(K) || flloc ll@ll2 = 2 (K) || flloo vt (K).

oy (K) /a(K). Thus v/a(K) < ap(K) and so we are done. |

The function ¢ of Reduction 3.3 will be gotten, after much hard work, as an ana-
lytic square root of something called the Garabedian function for K. Construction
of the Garabedian function necessitates two interludes, to which we now turn.

Hence, suping over all f € Ap(U) with || f]lc < 1, we conclude that «(K) <

3.2 Interlude: Boundary Correspondence for H°(U)

To every function of H*°(U) a function of L°°(T") will be associated in a natural
and well-behaved way. This will be achieved by relying on the pointwise bounded
density of A(U) in H*°(U) which is the content of the following.

Lemma 3.4 There is a number M > 0 such that for any f € H*(U), there exists a
sequence of functions { f,} from A(U) such that || fullco < M|l fllco for each n and
fn(2) = f(2) foreachz € U.

Proof We will use D to denote the open unit disc of C centered at the origin. Given
f € H*° (D), consideration of f,,(z) = f ({1 — 1/n}z) shows that A(DD) is strongly
pointwise boundedly dense in H>°(ID), i.e., pointwise boundedly dense in H (D)
with M = 1.

Setting U; = C* \ B}, consideration of the mappings ¢; : cID - cl U; defined
by z + rj/z + c¢; now shows that each A(U;) is strongly pointwise boundedly
dense in H*(U}).

Let § > 0 denote the smallest distance between the pairwise disjoint closed balls
Bi,1 <k < N.Given f € H*(U) and z € U}, choose « greater than 1 but smaller
than o so that (@ — 1)ry < /4 forall 1 < k < N and (@ — D)r; < dist(z, Bj).
The last condition ensures that z lies outside the closed ball with counterclockwise
boundary circle (I';)q. Set

-1
£i@) = =& f©)

i Jrp. § -2

de.

By Cauchy’s Integral Theorem [RUD, 10.35], each f; so defined is independent of

the particular @ chosen and thus well defined on U;. Clearly each f; is analytic on

U; and vanishes at co. By Lemma 2.13, all the f;s sumto f — f(co) on U.
Consider any z € U; within a distance §/4 of B;. Then

1 I/ Nloo
I fi (@] = If(z)—f(OO)|+E [ ()] < 2||f||oo+§ T s A L 2Tk
= 25— (5/4+8/4)
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Letting « | 1, we see that for such z,

Tk

i@l =271+ 2 41 llo.
k#j

By Maximum Modulus [RUD, 12.1 modified to take into account regions
containing oo], this bound extends to all z € U;. We conclude that each f; is an
element of H§°(U;) with norm at most 2{1 + >, 7t /8}| f llco-

The conclusion of the lemma now follows with M = 2N{1 + ), r/8} + 1. O

A bit of notation. Given a function f defined on a set E and ¢ > 0, let
osc(f, E; ), denote the oscillation of f on E with gauge €. Thus

osc(f, E;e) =supf{|f(z) — f(w)|: z,w € E with |z — w| < €}.
Another bit of notation. We use spt( f) and spt(u) to denote the support of a function
f or measure pu, respectively.

Lemma 3.5 Let u be a regular complex Borel measure on C and V be an open
subset of C. If . = 0 L*-a.e. on V., then || (V) = 0.

Proof Given a continuously differentiable, compactly supported function f on C
and z any point of C, we have the following representation (an easy consequence of
Green’s Theorem, or see [RUD, 20.3] for a simple direct proof sans Green):

1 9
f(z)=——// 0/)¢) dL(¢)
T c ¢—2z

where

. _L(of of

Integrating this representation with respect to w and using Fubini’s Theorem

[RUD, 8.8], we see that
1 PRI
[ ran=- [[@nnac
7 JJc

Thus the hypothesis of the lemma implies that & annihilates all the continuously
differentiable functions compactly supported in V. However, to get the conclusion
of the lemma it would suffice to show that 1 annihilates every continuous function
compactly supported in V [RUD, 6.18 and 6.19]. So one way to finish is to show
that any continuous function f compactly supported in V is a uniform limit of
continuously differentiable functions f;, compactly supported in V. This we do via
a standard approximate identity argument which we now present.
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To this end, define
G3n?/7) (1 = n2|z|?)’ when |¢] < 1/n

gn(¢) = .
0 when [¢]| > 1/n

Note that each g, is a continuously differentiable function compactly supported in
B(0; 1/n) which is nonnegative on C and whose integral over C with respect to £2
is equal to 1. Next define

fn<z>=/cf(z—;>gn(<:>dz:2(c>=[Cf<s>gn<z—5)d£2(s>.

Using the first integral defining f,,, we see that

If @) — fu@| =

[C @) = = O)en(@) dL2@)
= swplf @) — fa—0)]: 1¢] < 1/n)

for any z € C. Thus, taking the supremum over all z € C, we see that

If = fallo < o0sc(f,C; 1/n).

But osc(f,C; 1/n) — 0 as n — oo since any continuous function compactly
supported on C is uniformly continuous there. Thus the uniform convergence of
Jn to f has been shown.

Since g, is continuously differentiable with compact support, difference quo-
tients of g, with respect of x converge boundedly to the x partial of g, by the Mean
Value Theorem (similar comments will hold for the y partial). Thus Lebesgue’s
Dominated Convergence Theorem [RUD, 1.34] allows us to differentiate under the
second integral defining f; to conclude that f,, has an x partial given by

8 n
U )—/ £ T -6 dLE).
Moreover, this representation shows that

an n
i()—i( )

< I flloc 0sC (% C;lz— wl) L2(B(0; 1/n)).

But osc(dg,/dx,C; |z — w|]) — 0 as |z — w| — O since any continuous func-
tion compactly supported on C is uniformly continuous there. Thus the continuous
differentiability of f, has been shown.

Finally, note that spt( f,) < spt(f)+ B(0; 1/n). Thus f;, is compactly supported
in V as soon as n is large enough so that 1/n < dist(spt(f), C\ V). O
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When we speak of “L°°(I")”, and later of “L1(I")”, the measure involved is
understood to be arclength measure on I', which is simply the sum of arclength
measure on the finitely many boundary circles I";. To be precise and totally unam-
biguous, the arclength measure of a subset E of I is just

N
D L' ({0 €10,27) : cj +rje’? € EY).
j=1

Proposition 3.6 For f € H>*(U), there exists a unique f* € L°°(T") such that

* f(z) whenz € U
1
) floo) — — [ O

2mi r¢—z

d¢ = .
0 whenze A

This correspondence is an isometric algebra homomorphism on H*°(U) that is
the identity on A(U).
Moreover,

1
(%) 3 ./f*(C)d;‘:f’(OO)-
Tl Jr

Proof Existence and (xx). Given f € H*(U), let { f,} be as in Lemma 3.4. Recall
that the dual space of L'(I") is L%°(I") [RUD, 6.16]. Thus we may view {f,} as
a sequence of linear functionals on L!(I") whose norms are uniformly bounded by
M|| f |l oo- By the Stone—Weierstrass Theorem, the polynomials in z and z with ratio-
nal coefficients are uniformly dense in C(I"). Since C(I") is dense in L' (I") [RUD,
3.14], it follows that L!(I") is a separable Banach space. Thus we may apply [RUD,
11.29] to L'(T"). This authorizes us to assume, after dropping to a subsequence, that
{fu} converges weakly to an element f* € L°(I") with norm at most M || f|co-
The relations (%) and (xx) of the proposition now follow by letting n — oo in the
relations (x) and (xx) of Proposition 3.2 applied to the f;s.

Uniqueness. Suppose that f** € L°(TI") satisfies the relation (x) of the propo-
sition (with f** in place of f* of course). Then the measure du(¢) = {f*(¢) —
™ (0)}der has i = 0 everywhere off I'. By the last lemma, u = 0, i.e., f* = f**.

Linearity and Identicality on A(U). Exploit the Uniqueness that has just been
shown.

Multiplicativity. Given g € H*(U), get {gn} whose relation to g is as that of
{fu} to f in Existence and (%) above. Letting first m — oo and then n — 00 in
relation (x) of Proposition 3.2 applied to the f,g,,s, we obtain relation (x) of the
proposition for fg with f*g* in place of (fg)*. By Uniqueness above, we must
have (fg)* = f*g*.

Isometricality. We know from our proof of Existence and (xx) above that
lg*llo < M||glloo for all g; in particular for g = f”. Thus, by Multiplicativity
above,
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1515 = 1) oo = 1) oo < MU f" oo = MIIf 5.

Taking n'™ roots and then letting n — oo, we see that || f*[lco < || f llco-

A similar argument will establish the other direction. Turning to the details, fix
z € U and zp € A. Then, applying (%) to z and zg, we have

[f @) = 1f(2) = f(oo)] + | f(c0)]

+L/f(§)d§'
r

2mi £ —20

_ '_L £7©)

d
2wi Jr ¢ —z é“

IA

1 lleo 22m+i I/ *lloo sz
27 dist(z, ') /, 77 2 dist(zg, T) - J

={ 2T, Ll }nf*uoo.

dist(z, I')  dist(zg, I')

Replacing f by f", utilizing Multiplicativity, taking n'" roots, and then letting
n — oo, we see that |f(z)] < ||f*[loo. Suping over all z € U, we obtain

I flloo = 1Lf*lloo- O

Scholium 3.7 For any f € H>®(U), there exists a sequence of functions { f,,} from
A(U) such that || fullco < M|| f|lco for each n, f,(z) — f(z) for each z € U, and

fa — [f* weakly in L°°(T"). (The constant M here is as in Lemma 3.4.)

Given a > 1 and a function f defined on I'y, define a new function f;, on I' by
Ju(2) = f(z4). We finish this section with a proposition giving another slant on our
boundary correspondence. Necessary for its proof is the following.

Lemma 3.8 Let {«,} be a sequence decreasing to 1. Suppose that f € H*(U) and
h e L°°(T") are such that f,, — h weakly in L°°(TI"). Then for any function g
defined and continuous on a neighborhood of T,

/F F©O)5(0) dt — /r h(©)g(©) de.

Proof A simple computation shows that / f(©g@)de = oz/ fu($)ga(¢) de,
Ty r

so it suffices to show

*) fr Fan (©)8an (©) d — /r hO)g () de.

Let V be the neighborhood of I" on which g is defined and continuous. Choose
an open set W with compact closure such that I' € W C cIW < V. Given our
hypotheses, (x) is now a simple ¢ /2-argument since, for n large enough, the absolute
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value of the difference of the two integrals in () is, after adding and subtracting
/i r Jo, (£)g(¢) d¢ and performing some routine estimates, less than or equal to

1 o ose(gi 1 W (=) )Y 2nr,-+’/Ffan(¢>g<;)d; —/Fh@)g(;)dc'.
J

The first term can be made smaller than /2 since g, being continuous on the com-
pact set cl W, is uniformly continuous there. The second term can be made smaller
than ¢/2 by the assumed weak convergence of fy, to k. O

Proposition 3.9 For f € H*(U), fy — f* weakly in L*°(T") as « | 1.

Proof If not, then there exists a sequence {«,} decreasing to 1, a function g €
L! (I'), and a number ¢ > 0 such that for all »,

> &.

) ‘ /F Fau (©)8(0) dt — /r FHO8(0) de

Then, using [RUD, 11.29] as in the first paragraph of the proof of Proposition 3.6,
we may assume, after dropping to a subsequence and relabeling, that for some /& €
L)

(*%) fo, — h weakly in L(T).

Next, by the last lemma applied to the function g(¢) = 1/(¢ — z) where z ¢ T,
we have

1O g [ 1O 4
r

r,, $ —2 {—z

Applying Lemma 2.13 to I'y,, and letting n — oo, one thus concludes that

1 h
Fe0) = 5 © 4 —

{f(z) when z € U
Tl FC—Z

0 whenze A~

Uniqueness in Proposition 3.6 now implies that # = f*. This makes (x) and (xx)
patently contradictory. O

3.3 Interlude: An F. & M. Riesz Theorem

This section for the most part follows the treatment of Section 7 of Chapter II of
[GAMI1]. We will use T to denote the boundary of . For convenience we will write
dm in place of d6/2m on T. The following properties of A(ID), known as the disc
algebra, will be needed:
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(a)Forany f € AD), [ fdm = f(0).

(b) For any regular complex Borel measure u on clD, i L A(D), ie., [ fdu =0
for every f € A(D), if and only if [z dju(z) = O for all integers n > 0.

(c) Re A(D) is uniformly dense in the space of real-valued continuous functions
onT.

To prove both (a) and (b) one needs to know that the functions analytic in a
neighborhood of cl D are uniformly dense in A(ID). (To see this, given f € A(D),
consider the functions f;,(z) = f({1 — 1/n}z).) With this fact in mind, (a) and (b)
now follow from Cauchy’s Integral Theorem [RUD, 10.35] and the representability
of analytic functions as power series [RUD, 10.16], respectively. To establish (c) it
suffices to show that any real annihilating measure p of A(ID) which is supported
on T must be the zero measure. But for such a p one clearly has f Z"du(z) =0
for all n > 0. Upon taking complex conjugates one also has f "du(z) =0
for all n > 0. By Stone—Weierstrass, ; now annihilates C(cl1D) and so must
be 0.

Lemma 3.10 (Forelli) Suppose {K ;} is a sequence of compact subsets of T such
that m(K ;) = 0 for each j. Then there exists a sequence {f,} of functions from
A(D) such that || fulleo < 1 for each n, f,,(z) — 0 for each z € U?ozl K;, but
Jn = 1l m-a.e. on'T.

Proof Choose ¢, € C(T) such that ¢, > O on T, ¢, = n on U;l':l K;,

and [¢, dm < 1/ n?. The following will do nicely for N, chosen sufficiently
large:

N)l

1. "
on(2) =n 1—§d1st(z,U1Kj)
]:

Then, by (c), choose h, € A(D) such that |Re h;,, — ¢,| < l/n2 on T and set
gn = hy+1/n? —iIm [ h, dm. Note that g, € A(D), 9, < Reg, < ¢, +2/n* on
T,Im [ g, dm = 0,and 0 < Re [ g, dm < 3/n>.

Set f, = exp(—gn). Clearly f, € A(D) and | f;,| = exp(—Re g,) < exp(0) =1
on T and so too on clD by the Maximum Modulus Principle [RUD, 12.1]. Given
n > j,|fal = exp(—Re g,) < exp(—n) on K; and so f,(z) — 0 for each z €
U;ozl K. Using (a) and the fact that g,(0) = [ g, dm has imaginary part 0, we
see that

Ref fadm = Re f,(0) = Re e 81(0) — p~Re[gndm - l—Re/g,,dm > 1-3/n>.
Hence

/|1—f,,|2dm=l—i—/lf,llzdm—2Re/fndm52{1—Re/fndm}§6/n2
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and so
6
fZ|l—fn|2dm:Z/|l—ﬁ,|2dm52;<oo.
n n n

We conclude that Z 1 — f,,|2 < oo m-a.e. Hence f, — 1 m-a.e.onT. O

n

Lemma 3.11 (F. & M. Riesz Minus for A(ID)) Let i1 be a regular complex Borel
measure on T that annihilates A(D). Suppose |1 = g + s Where u, <K m and
ws L m. Then both 11, and jus annihilate A(D).

Proof Choose a sequence of compact subsets {K ;} of T such that i, is concentrated
on the union of the K ;s and each m(K ;) = 0. Get { f,,} as in Forelli (3.10). For any
g€ AD), gfn € AD)andso [ gfpdua+ [ gfudus = [ gfadp = 0. Since p, K
m, gfn — g Ma-a.e. and boundedly, and so [ gf, diua — [ g da by Lebesgue’s
Dominated Convergence Theorem [ RUD, 1.34]. Since u; is concentrated on the
union of the Ks, gf, — 0 ug-a.e. and boundedly, and so fgfn dus — 0. We
conclude that [ g dp, = 0 and thus [ g duy = 0 also. O

Proposition 3.12 (F. & M. Riesz for A(D)) Let u be a regular complex Borel mea-
sure on T that annihilates A(D). Then 1 << m.

Proof Call a nonnegative integer N nice if and only if 77V g L A(ID). By the last
lemma, N = 0 is nice.

Assume N is nice and set i = z= NV — cm where ¢ = [ 27V dpu(2).
By our choice of c, f 0 di(z) = 0. But then for n > 1, using the niceness of N we
see that [ 2" dji(z) = [z D"Ndu, —c [ 7" dm = 0. By (b), i L A(D). By the
last lemma, iy L A(D). However, iy = W H)us, so we have shown that N + 1
is nice.

Induction now shows every nonnegative integer N to be nice. In particular, since
z=z"'onT, [zV dus(z) = [z dus(z) = 0 for all nonnegative integers N.
By the Stone—Weierstrass Theorem, the linear span of powers of z and 7 is dense in
C(T). Hence uy = 0 and so . = g < m. m]

Corollary 3.13 (F. & M. Riesz Plus for A(D)) Let i be a regular complex Borel
measure on clD that annihilates A(D). Suppose v = v+ o where v is concentrated
on D and o is concentrated on T. Then o <K m.

Proof Let C be T traversed counterclockwise. Given f € A(ID), Cauchy’s Integral
Theorem [RUD, 10.35] and a little limiting argument based on the uniform conti-
nuity of f on clD show that

1 VAC9)

2w c¢—2

f@

de.

Integrating both sides of this with respect to v and then using Fubini’s Theorem
[RUD, 8.8], we see that
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-1 R
f@)dv(z) = i F@w@)ds.
Tt Jc

Adding f f(z) do(z) to both sides, we conclude that the measure %f)({) d¢c +
do (¢) annihilates A(ID) since u does. But this measure, unlike u, lives on T, and
so by the last proposition is absolutely continuous with respect to m. It follows
that o < m. O

Theorem 3.14 (F. & M. Riesz for A(U)) Let u be a regular complex Borel mea-
sure on I that annihilates A(U). Then [ is absolutely continuous with respect to
arclength on T'.

Proof Consider the mapping ¢ : cID — cl(C* \ By) defined by z — ¢ + r1/z.
Define a measure /& on clD by /I(E ) = /L((p(E )). Split 1 up into the part of itself,
v, that lives on C* \ B; and the part of itself, o, that lives on I'j. Obtain v and
o from v and o just as i was obtained from u. Note that i annihilates A(ID)
since, by the usual approximation argument that starts with characteristic functions,
[ fdii= [ fop~'dpu forany f continuous on cl . Also note that i = b+&, ¥ is
concentrated on D, and & is concentrated on T. Thus, by the last corollary, 6 < m.

The arclength of a subset E of Iy is just ry m(¢~'(E)). Hence, if E has arclength
zero in Iy, then m(¢~'(E)) = 0, and so 6 (¢~ ' (E)) = 0 too. But 6 (¢~ (E)) =
W(E), so w(E) = 0. Thus we have shown that p restricted to I'; is absolutely
continuous with respect to arclength on I';. A similar consideration of the other
boundary circles of I" finishes off the job. O

3.4 Construction of the Boundary Garabedian Function

The proof of Proposition 1.11 shows that in defining «(K) one can leave out the
condition that the functions in A(U) being suped over vanish at co. Thus «(K) is
simply the norm of the continuous linear functional f € A(U) — f'(c0) € C.
Because of the Maximum Modulus Theorem [ RUD, 12.1 modified to take into
account regions containing co], we may view A(U) as a closed subspace of C(I").
Thus, by the Hahn—-Banach and Riesz Representation Theorems [ RUD, 5.16 and
6.19], there exists a regular complex Borel measure p on I with |u|(I") = a(K)
such that [ f dp = f/(00) for all f € A(U). But then the measure du — zdeF
annihilates A(U) by Proposition 3.2 and so must be absolutely continuous with
respect to arclength measure on I" by Proposition 3.14. We conclude that dju < d¢r.
By the Radon-Nikodym Theorem [RUD, 6.10 and 6.12], du(¢) = ¥*(¢) d¢r for
some ¥* € L'(I"). This function y* is called the boundary Garabedian function
for K. Its crucial properties are the following:

/Ff(w*(o dg = f'(c0) forall f € A(U) and /F V@) 1de| = a(K)
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with the last item being a consequence of [RUD, 6.13]. It easily follows from
Scholium 3.7 that

/Ff*(é)lﬂ*(;“)dé“ = f'(c0) forall f € H*(U).

Proof of the First Equality of Garabedian Duality (3.1) Let f be the Ahlfors func-
tion for K;so f € H{°(U), || fllo = 1, and f’(00) = y(K). Then

y(K) =/rf*(§)w*(§)d§ s/r|f*<c>| O] lde |
< ||f*||oo/F O] 1dg ] = a(K).

Since the reverse inequality is trivial, we must have y (K) = a(K). m|

Since the chain above has its end members equal, the two inequalities of the chain
must actually be equalities. This lets us extract a little more information which will
prove crucial in what follows!

Scholium 3.15 For f* the boundary Ahlfors function for K and ¥* the boundary
Garabedian function for K, we have

&) fHOY©)der = 0and ox) [f5(O] =1 ¥ (O)ldir|-a.e.

The first inequality of the chain being an equality gives us (%) by [RUD, proofs
of 1.33 and 1.39(c)]. The second inequality of the chain being an equality gives us
(%) by [RUD, 1.39(a)].

3.5 Construction of the Interior Garabedian Function

Eventually we wish to prove that ¥*, defined on T, can be extended analytically
to a neighborhood of clU = U U T'. For this paragraph only we assume such an
analytic extension exists in order to see how its definition on U, which we will
denote by 1, is forced. Thus the function that is ¥ on U and ¥* on I is an element
of A(U) and so Proposition 3.2 applies to it. The part of the proposition dealing with
z € U forces

1 *
WD) = pioo) — —— [ L

de.
27Ti[‘§'—Z d

So it only remains to assertain what 1 (oco) is. However, the part of the proposition
dealing with z € A forces

1 V()

Z% r¢—z

¥ (00)

de.
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Recall that * integrated against a function from A(U) yields the function’s deriva-
tive at co. But for z € A, the function { +— 1/(¢ — z) is in A(U) with derivative at
oo equal to 1. Thus v (co) must be 1/2mi!

Our motivational session is now ended and has led to a definition: Let 1 denote
the analytic function on U defined by

1 1 *
@ = — o [ L

2wi 2mi Jr §—2z2

de.

This function v is called the interior Garabedian function for K.

Proposition 3.16 For f € H*(U),
1 (o)t
() (00 (00) = 35— ST OVQ) {f(z)Iﬂ(z) when z € U

r -z 0 whenz € A~

Moreover,

(x%) fr FHOPE) dg = f(00).

Proof By Scholium 3.7, it suffices to prove the proposition for f € A(U). But (xx)
for such f is just one of the crucial defining properties of ¥*, so only (x) remains.

Fix z € U. Clearly the function { — {f(¢) — f(2)}/(¢ — z) is in A(U) with
derivative at oo equal to f(co0) — f(z). Thus, by the same crucial property of *,
we must have

f@) - f@
Y () d¢ = f(o0) — f(2).
r ¢—-z
Breaking the integral up into two pieces and using a little algebra along with the
definition of i, we obtain (x) for z € U.
To obtain (x) for z € A, one proceeds in a similar manner using the function

¢ = f(&)/(& — z) instead. 0

3.6 A Further Reduction

We observe the usual convention when we speak of a function specified only almost
everywhere as being continuous: we mean that it becomes continuous when changed
appropriately on a set of measure zero.

Reduction 3.17 Let vy and y* denote the interior and boundary Garabedian func-
tions for K. Then the function defined on clU which is ¥ on U and ¥* on T is
in A(U) and even extends analytically to a neighborhood of clU. Moreover; this
extension has an analytic logarithm.
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Proof of Garabedian Duality (3.1) from this Further Reduction We only need to
construct a function ¢ as in Reduction 3.3. Let & denote the analytic logarithm
spoken of in Reduction 3.17. Set ¢ = « exp ($/2) where « is a complex number
with modulus +/277 and with argument chosen so that ¢(c0) > 0. Since  is analytic
in a neighborhood of cl U, clearly ¢ € A(U). Also, |go(oo)|2 = |oz|2 |exp ®(oc0)| =
27 |y (00)| = 1, which forces ¢ (00) = 1. Lastly,

1
lll3 = E/F el Jexp ®(0)] ld¢| = fr [ ()] 1d¢] = a(K).

m}

The rest of the chapter is devoted to proving Reduction 3.17. This necessitates
an interlude, to which we now turn.

3.7 Interlude: Some Extension and Join Propositions

Notational Conventions. For the duration of this section, y will denote an open
proper subarc of a circle. Thus we may write y = {co + roet? 10, <6 < 6>}. The
endpoints of y are clearly ¢ = co + roe®t and ¢, = co + roe'®?. The measure d¢,
will be oriented from ¢ to ¢». The sets R4 and R_ are to be open “bent” rectangles
abutting y with each one being the Schwarz reflection of the other. Thus for some
ap > 1, we may write

Ry = {co+reé? i rg <r <aproand ) < 0 < 65}
and
R_= {co+rei9 :ao_lro <r<rgandf; <0 < 6r}.

We set R = R4 Uy U R_ and note that R is Schwarz symmetric about y .

In what follows, we will see contour integrals beginning fah where a and b are
points of cl R. The question arises of which path from a to b is here meant. We will
consistently use a canonical path defined as follows: starting from a, move steadily
along the circle that passes through a and is centered at ¢ until one reaches the ray
through b with vertex cp (one proceeds around the circle in the direction that lets
one always stay in cl R); then move steadily along this ray in the direction that will
bring one to b until one does indeed reach b.

The first main result we are shooting for is the following.

Proposition 3.18 (Continuous Extension) Let g be an element of L (y)ando bea
regular complex Borel measure putting no mass on R. Define a continuous function
h on y and a regular complex Borel measure v by
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§
h(€) =/ g(&)dt and dv(¢) = —g(i)dCV +do(£).

&

Suppose that v = 0 on R_. Choose H analytic on R, such that H' = V there (this
can always by done by [RUD, 13.11]). Then there exists a constant ¢ such that the
Sfunction which is defined to be H 4 c on R and h on y is continuous on Ry U y.

The proof of this result will require three lemmas, but first some notation is nec-
essary. For a point z € C\ {co}, let z* denote the Schwarz refection of z through the
circle that y lies in. Thus for z = ¢ + rel?, we have z* = ¢o + (rg/r)e“’. Given
any ¢ € C, let

& dw
/ —— when ¢ € [z, %]

Z

w—{¢

I(z;¢) =

0 when ¢ € [z, 7*]

Lemma 3.19 For z and 7 € Ry, let & and & denote the intersection points of y with
[z, z*] and [Z, 7*], respectively. Then

H(Z)—H(Z)=h(€)—h(§)+/1(12 Z)dV(;‘)—/I(Z;C)dV(C)-

Proof Let C be the cycle that is the sum of four of our canonical paths: the one from
Z to z, the one from z to z*, the one from z* to Z*, and the one from Z* to z. Then

2*

Hiz—H®Z) = fH’(w)dw=[Zﬁ(w)dw=[2ﬁ(w)dw+/ D(w) dw

:/{/%'I—w /c }d”@)
:/{/ng__ww_z*g_w /g_ ]dv(;)

=/{—2ﬂin(C;§)+1(Z;§)—I(Z;Z)}dV(é“)

=/n(C; §)g(§)d§—2ﬂi/n(C;§)dG(§)
Y

+/1<z; ;)du(;)—/uz; £) dv(©)
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S ~
=£ s@dc =0+ [ 10 v - [ 1G 0 avo

=h($)—h(§)+/1(z;€)d\1(§)—/1(2; £) dv(f).

Sweeping around from ¢; to >, one encounters either & first, £ first, or both simul-
taneously. The reader should check that the penultimate equality above works out
correctly in all cases. O

Lemma 3.20 Suppose that {z,,} is a sequence in R that converges to a pointnony.
Then [ I(zp;¢) do(£) — 0.

Proof Since o puts no mass on R, it suffices to show that I (z,; ¢) — 0 uniformly
for { € C\ R. The hypothesis on the sequence {z,} implies that there exists a
number § > 0 such that |w — ¢| > § forall n, all w € [z,, )], and all { € C\ R.
Thus |1(zn; ¢ < lzn — 251/8 — In — nl/8 = 0 and the convergence is clearly
uniform for ¢ € C\ R. O

Lemma 3.21 Suppose that {z,,} is a sequence in R that converges to a pointnony.
Then [, 1(zu: £)g(5) dg — 0.

Proof By Lebesgue’s Dominated Convergence Theorem [RUD, 1.34], it suffices to
show that 7(z,;¢) — Oforall ¢ € y \ {n} and that there exists a number M such
that |1(z,;¢)| < M for all n and all ¢ € y. The first assertion is clear: for any
¢ #n, 1 (zns O] < lzn — 231 /dist(E, [za, 2;]) — |n — nl/dist(¢, n) = 0.

To tackle the second assertion concerning boundedness, note that by translating
and dilating (or contracting), we may assume that y € T. We may also assume that
1 < |za| < e always. Since I(z;¢) = I(|z]; e ®€2) it thus suffices to find a
number M such that |1 (r; ¢!?)| < M whenever | < r < eand 0 < 6 < 2. The
case 8 = 0 poses no problems because /(r; 1) = 0; so, without loss of generality,
0<6 <2m.

Since r* = 1/r, the path over which we are integrating in the definition of
I(r; ') is just [1/r, r], a segment in the real axis. Under the change of variables
w = ¢(x) = (1 +x)/(1 — x), the reader may check that r = ¢(a) and r* = ¢(—a)
where a = (r — 1)/(r + 1), that ¢? = @(iy) where y = tan(6/2), and that
dw = 2dx /(1 — x)2. Thus

i | a 1 2
I(r;e'") = dw = — . 5 dx
W —C _a{i-s-x_lﬂy} (I—x)
—Xx

1—iy
4“1 1—i
:/ — - ty dx.
_aXx—1iy 1—x

From this it follows that

: a1 4 1 1—i 11—
I(r;elg)—/ . dx:/ - Y ol dx
_a X — iy ax—iy | 1—x 1—x
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a1 1
:/ dx = n< +a>=1nr.
al—x 1—a
However,

a ] a H a
/ — dx =/ %dx:%/ %dx:% arctan(a/y).
—a X — 1Yy —a X°tYy 0 X“+Yy

Putting this all together (and expressing a and y in terms of r and ), we conclude
that

. -1
I1(r; €%y =1Inr +2i arctan{(r )cot(G/Z)} )
r+1

The boundedness of I(r;e'?) for1 < r < eand 0 < @ < 2x is now clear

(M = 1+ 2 will do). O

Proof of the Continuous Extension Proposition (3.18) Fix Z € R, and let £ denote
the intersection point of y with [Z, Z*]. Set ¢ = —H (2) + h(&) + [ 1(Z; ¢) dv(¢).
Given any sequence {z,} in R that converges to a point 1 on y, it suffices to show
that H(z,) +c¢ — h(n).

Let &, denote the intersection point of y with [z,, z]. Applying Lemma 3.19
to z, and Z, we have H(z,) + ¢ = h(,) + fl(zn; ¢) dv(¢). Note that {&,},
a sequence in y, converges to 7, a point in y, and thus, since A is continu-
ous on y, we have h(§,) — h(n). Finally, by Lemmas 3.20 and 3.21, we have
J 1n: ©) dv(g) — 0. 0

The following lemma enunciates the property of Schwarz reflection that we need;
it is elementary, but does not appear in [RUD] in just the form we need, so we prove
it!

Lemma 3.22 Suppose that f(z) is analytic at 7o € C\ {co}. Then F(z) = f(z*) is

analytic at z.

Proof We begin with the following Claim: If f(z) is analytic at zp, then
F(z) = f(2) is analytic at zg. To see this note that the analyticity of f at zo implies
that

fl2)= Zan(z —z0)"

n>0

for all z in some neighborhood of zg [RUD, 10.16]. But then

F()=) an(z—2)"

n>0

for all z in some neighborhood of 7, and so F is analytic at Zo [RUD, 10.6].
Consider the two biholomorphic maps
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: eC\{-1land gy :2€Cr>cog£tropzeC
14z

(.

where + or — is chosen in the definition of ¢, to ensure that ¢, 1(zO) # —1.
Clearly the function f(¢2(¢1(z))) is analytic at the point (pl_l(<p2_ 1(z())). Then

by the Claim the function f(¢2(¢1(z))) is analytic at the point ¢ 1((p; ](Zo))-
Our hypothesis zg # c¢o implies that (pl_l(tpz_ l(ZO)) # i. Hence the function
£ (92 (91 (@1 "@; '@ ))) is analytic at the point g2 (¢1 (0703 ' o)) ) ).

But this last assertion is actually what we want to prove since a computation shows
that for z = co + re'?,

r2

@ (wl(cof](w{](z))))—co+ D6l = o,
O

Proposition 3.23 (Analytic Extension) Given the situation of the Continuous
Extension Proposition (3.18), suppose in addition that g(¢) d¢, is a real measure.
Then v on Ry extends to an analytic function G defined on all of R. Moreover,

G(¢) =g(5) diy-ae.

Proof Our extra assumption on g implies that the function & of the Continuous
Extension Proposition is real, i.e., i = h. Define a function H on all of R as follows:

H(z) +¢ whenz e Ry

H(z) = { h(z) = h(z*) whenz € y
H(z*) +c¢ whenze R_

By the Continuous Extension Proposition, H is continuous on R, U y. But then H
is continuous on R_ U y, and thus on all of R. Our H being analytic on R+, the
lemma implies that H is analytic on Ry U R_. A routine use of Morera’s Theorem
[RUD, 10.17] now shows that H is analytic on all of R. It follows that G = H' is
an analytic extension of ¥ from Ry to R.

To tackle the second assertion concerning the coincidence of G and g on y, note
that by translating and dilating (or contracting), we may assume that y C T with
endpoints ¢; = /1 and ¢, = €/%2. Then for 6 € (61, 6,), we have

o ) — A F(ei®) — Fi(ei®
G’ = f(*) = tim TOTACD oy, A Z AT
;—el? ¢ —e? p—0 ely — et

h ip h i0 19 d ) d
IC ) o _ ity [
o—0 o —0 do do
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d [ . d ¢ . _
20 gy de [ ie” 70 g(e'?) ie""dga/ie“’
& 01

Note that the first equality of the last line holds for £'-a.e. 8 € (01, 6,) [RUD, 7.11].
It follows that G(¢) = g(¢) d¢y-ae. |

Proposition 3.24 (Analytic Join) Let g be an element of L' (y) and o and o_ be
two regular complex Borel measures putting no mass on R. Define regular complex
Borel measures vy and v_ by

-1 +1
dvi(§) = 7—=8() dy +doy(¢) and dv—(¢) = ——

i

zm.g(é“)diy +do_(0).

Suppose that vy = 0 on R_ and v— = 0 on Ry. Then the function which is V1 on
R4 and V_ on R_ extends to an analytic function G defined on all of R. Moreover,

G() =) diy-ae.

Proof Choose H analytic on R such that H' = v, there. Then, by the Contin-
uous Extension Proposition (3.18), there exists a constant ¢ such that the function
which is defined to be Hy + c4 on Ry and & on y is continuous on R U y. Choose
H_ analytic on R_ such that H = b_ there. There is an obvious variant of the
Continuous Extension Proposition gotten by systematically interchanging the R, s
and the R_s. It is valid provided one also changes the factor of —1/27i in the
definition of v to a factor of 4+-1/2mi (this change is necessary in order to insure that
the conclusion of Lemma 3.19 remains true as stated). By this obvious variant, there
exists a constant c_ such that the function which is defined to be H_ 4+ c_ on R_
and /& on y is continuous on R_ U y.
Define a function H on all of R as follows:

H+(Z) +ct when z € R+
ﬁ(z) = h(z) when z € y

H_(z) +c— whenz € R_

Clearly H is continuous on all of R and analytic on R4 U R_. A routine use of
Morera’s TAI}eorem [RUD, 10.17] now shows that His analytic on all of R. It follows
that G = H' is the analytic extension we seek.

The assertion concerning the coincidence of G and g on y follows as in the proof
of the Analytic Extension Proposition (3.23). O
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3.8 Analytically Extending the Ahlfors and Garabedian
Functions

Notational Conventions. For the course of this section, f and i will denote the
interior Ahlfors and Garabedian functions of K, respectively. Recall that both are
defined on U and have boundary values f* and v* defined arclength-a.e. on I'. Let
y denote an arbitrary open proper subarc of one of the boundary circles making
up I'. We carry over all the notation associated with y in the last section. Lastly,
let the parameter g involved in the definition of the regions R and R_ associated
with y be the number «( associated with K chosen at the beginning of this chapter.

We wish to show that each of the functions f and ¥ extends analytically across
I" with its extension being equal to its boundary values d¢r-a.e. As a first step, we
show the same for their product.

Proposition 3.25 The function fr extends analytically across I'. Moreover, denot-
ing the extension by G, we have G(¢) = f*(O)¥*(¢) dir-a.e.

Proof 1t suffices to prove our proposition locally, i.e., it suffices to prove our propo-
sition for y instead of I". Set g = f*y¥* on y and do (¢) = %f*(;)w*(g) dir\y.
Then the measure v of the Continuous and Analytic Extension Propositions
(3.18 and 3.23) is just dv(¢) = %f*(g)w*(g) dr. By Proposition 3.16, b = 0
on A D R_and fyy on U D R, (recall that f(co) = 0). Also, g(¢) d¢r is a real
measure, positive even, by (x) of Scholium 3.15. Hence, the Analytic Extension

Proposition (3.23) applies and gives us what we want. O

Examination of this last proof along with a consideration of how ¢« was chosen
show that the extension G of f just obtained is defined on the set

N
Uleg) = C*\ | Bcjiag'r)).
j=1

By decreasing «g slightly, we may, and do, assume that G is defined in a neighbor-

hood of the closure of U («g) (which is needed in the proof of the next proposition).

In what follows, in expressions like “y;”" or “¢y,” the Schwarz reflection oper-

ation is to be considered as applied after the expansion operation “,” (in the

other order the Schwarz reflection operation would be superfluous since it is the

identity on the circle containing y). Recall that the “*” in “g*” has nothing to do
e k9

with Schwarz reflection: “g*” just denotes the boundary values of a function g from
H®(U)! To extend the Garabedian function we need the following.

(T2 1]

Lemma 3.26 Suppose that g € H*°(U). Then for any function h defined and con-
tinuous on a neighborhood of the closure of the subarc vy,

/ g(&™h()ds — /g*(§)h(§)d§
129 4

o

aso | 1.
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Proof A simple computation shows that/ g(&™h()dt = a”! / g (Oh(Ly) d¢,
124 Y
so it suffices to show

) / S @) dt — / T OhE) de
Y Y

as o | 1. Let V be the neighborhood of the closure of y on which # is defined and
continuous. Choose an open set W with compact closure such that cly € W C
clW < V. Given our hypotheses, (x) is now a simple ¢/2-argument since, for
« close enough to 1, the absolute value of the difference of the two integrals in
(%) is, after adding and subtracting f Y g4(¢)h(¢) d¢ and performing some routine
estimates, less than or equal to

llglloc-0sc(h; cl W; (1—a ™ )rg)-ro(02—61)+

8a(O)h(g) dt —/g*(i)h(f)dC‘-
v v

The first term can be made smaller than /2 since &, being continuous on the com-
pact set cI W, is uniformly continuous there. The second term can be made smaller
than ¢/2 since g, — g* weakly in L°°(I") as & | 1 by Proposition 3.9. O

Proposition 3.27 The function  extends analytically across I'. Moreover, denoting
the extension by V, we have W(¢) = ¥*(¢) dir-a.e.

Proof 1t suffices to prove our proposition locally, i.e., it suffices to prove our propo-
sition for y instead of I". Set g = Y™ — 27” ony and doy(§) = o L{v*() —
2m} diryy. Then the measure vy of the Analytic Join Proposition (3.24) is just
dvyi(¢) = 2m Liy*(c) — 2m} dtr. By Proposition 3.16, 7 = Oon A 2 R_
and ¥ — ﬂ on U O R,. To finish, by the Analytic Join Proposition (3.24) it
suffices to come up with a measure o_ which puts no mass on R and for which the
corresponding v = 0 on R.

Given o > 1, let C(«) be the sum of the following three paths: the straight line
segment from ¢, = ({2); to &5 «> the path ~Very» and the straight line segment

from 7, to ¢f . Define do_(£) = S{f(€)G(&) — 5=} dtcq). Fix z in Ry
Then the assertion b_(z) = 0, which we must verify, is just

()—

2mi

/ VO, L[ @60 -0y,
27‘[1 c) é'—Z

The function f($*)G(¢) is analytic on the loop y, +C () and the region it encloses
by Lemma 3.22 and the previous proposition. Hence Cauchy’s Integral Theorem [
RUD, 10.35] implies that

- L
Wi ogr g L g =0
21i Je(w) {—z

()—

2mi

/ f@*)G(C) 1 F(E)GE)
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for any o between 1 and «g. We obtain () by letting & | 1 in (xx). The only limit
that is nonobvious is

(***)f f(C*)G(i) /Vf (C) Casa | 1.
v §-2

Applying Lemma 3.26 with g(¢) = f(¢) and h(§) = G(§)/(§ — z), we obtain
maz%/wcigasai 1.
y _

ve §-2

But this is just (x » ) since f*(2)G () = |f*()[*¥* () = ¥*() dir-ae. by
Proposition 3.25 and (x«) of Scholium 3.15. O

Note that our extension W is defined on U ().

Proposition 3.28 The function f extends analytically across I'. Moreover, denoting
the extension by F, we have |F| = 1 everywhere on I.

Proof Clearly G/ VWV is a meromorphic extension of f across I' which is analytic at
all points of I" except possibly those where W vanishes. Since I' is compact and W
is analytic on I', these points are finite in number and result in isolated singularities
of G/ W that are at worst poles [RUD, 10.18]. Let zg € I" be such that ¥ (zp) = 0.
Forany z € U, |G(2)/W(2)| = |f(2)| = I and so |G(z)/ ¥ (2)| /> o0 as z — zp.
It follows that the singularity of G/ W at z is not a pole and so must be removable
[RUD, 10.21 and the paragraph after it]. Thus G/ W is an analytic extension of f
across I which we henceforth denote by F.

Since W has only finitely many zeros on I' and ¥ = ¢* d¢r-a.e., we have
[Y*] > 0 d¢r-ae. Thus F(£) = G()/W () = fHOY™ (/Y™ (@) = f*()
d¢r-a.e. and (xx) of Scholium 3.15 can be strengthened to | f*(¢)| = 1 d¢r-ae.
Hence |F(¢)| = 1 d¢r-ae. Since F is continuous on I, it follows that |F| =
everywhere on I'. O

Notational Conventions. Our extension F' is meromorphic on U («p) but only ana-
Iytic on a neighborhood of the closure of U. By decreasing «q slightly, we may,
and do, assume that both F' and W are analytic on the neighborhood U («p) of the
closure of U. For the rest of the chapter, we simply use f to denote each of f, f*,
and F. Similarly, we simply use i to denote each of ¢, ¥*, and ¥. Summarizing
the results of our work to this point, we have the following.

Scholium 3.29 The Ahlfors function f for K and the Garabedian function ¥ for K
extend analytically across T" to the neighborhood U («) of the closure of U in such
a way that

) f(OY(&)der > 0and (x*) | f| = 1 everywhere on T.
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3.9 Interlude: Consequences of the Argument Principle

In this section any subarc of a circle occurring in a line integral is to be traversed
in the counterclockwise direction. Denote the number of zeros (counted according
to multiplicity) of an analytic function g on a set £ by Z(g; E). Our first goal is to
establish a version of the Argument Principle valid for our hole-punch domain U
which takes into account zeros at oo and on I'.

Lemma 3.30 Suppose that g is a function analytic at zo and having an isolated
zero there of multiplicity n. For all sufficiently small ¢ > 0, let the arcs y(¢) =
{zo + €€'? 1 01(e) < O < 05(e)} be such that 0>(¢) — 01(e) — w as e | 0. Then

1 g'©) n
lim — d .
el0 2mi Jy, ) 8(5) 2

Proof For some &9 > 0, we may write g(¢) = (£ — z0)"h(¢) where h is analytic
and nonzero on a neighborhood of B(zp; &9). By the Product Rule, g/'(¢)/g(¢) =
W () (&) +n/(C — z0), and so

- _—_1f W) o o) —bi(e)

*) 5 = >— d¢
27i Jy () 8(5) 271 Jy ey R(E) 21

for any ¢ greater than O but smaller than &(. There exists a positive finite number M
such that |A'(¢)/h(¢)| < M for all £ € B(zo; &0). Thus

L/ h(g)d{‘ L M - 2me = Me
2mi y(e) ]’l(é’) 2

(%)

for any ¢ greater than O but smaller than &¢. Letting ¢ | 0 in (%), we obtain what we
want with the help of (xx) and the hypothesis on 62(g) — 61 (¢). O

Proposition 3.31 Suppose g is a function analytic on a neighborhood of the closure
of U whose distinct zeros on T are z1, 22, . . ., Zm. For all sufficiently small ¢ > 0,
let T'(e) denote the chain of closed circular subarcs of T" comprising the set
'\ Ui~ int B(zx; €). Then

g'(©)
Z(g;U) + = Z :T) = lim d
(&:U) (6:1) elw 2mi Jre) g(¢)

Of course, if g has no zeros on I', then

g(z)d

et = r g()

Proof We prove only the first assertion. Let Cr denote the counterclockwise circle
about the origin of radius R. For all sufficiently small ¢ > 0, let I'(¢) denote the
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chain of circular subarcs of the d B(zx; €)s comprising the set cl UNJ;_, 9 B(zx; €).
By the usual Argument Principle [RUD, 10.43 (a) — it is stated for closed paths but
the proof works for cycles] applied to the cycle Cr — I'(¢) — I'(¢), we obtain

/ 1 /
8 (%) d g d

1
() Z(g: UNint BO; R)) = 5— e 80 27 Jie) 8(¢)

1 /
b / g ¢
271 Jre) 8(8)
for all sufficiently large R and all sufficiently small ¢ > 0. Let n be the order

of the zero of g at co. Thus g(¢) = ¢ "h(¢) with h analytic and nonzero on a
neighborhood of co. By the Product Rule, g'(¢)/g(¢) = h'(¢)/h(¢) — n/¢, and so

()—

2mi

8 27 Je, h(Q)

/ §© L[ O,
C

Now A(Z) = h(c0)+h' (00) /¢ +ar/¢2 4+, so B (L) = 0— I (00)/c2 —2a2 /3 +
-. Hence
CH(§) _ —h(00) =2ay/s +---  —H(00)
h() h(¢) h(oco)

as { — oo. It follows that there exists a positive number M such that
|£2h'(¢£)/h(¢)| < M for all ¢ with modulus large enough. Thus for all R sufficiently

large,
/h/(g‘)d 1 M
2mi cr h(©)

< .2 aRr=2.
27 R?

(% * %)

SIS

By the last lemma,

-1 gw
(****) Lli’l(’)l %ff(g)mdg = ——Z( F)

Letting R — oo and ¢ | 0 in (x), we obtain with the help of (xx), (x x x), and
(% % x %), the result

1 g'(©)
Z(g; U = — ——Z ;M) — lim d
(g; U \ {o0}) n (g: 1) 0 2 Jre 20
Since Z(g; U) = Z(g; U \ {o0}) + n, we are done. O

Lemma 3.32 Suppose that g is a function analytic and never vanishing on a neigh-
borhood of an arc y = {co +roe'? : 61 <0 < 6,}. If g(¢) d¢, > O, then
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-1 / 1 4 i0y

_/ §'(©) dc =_{(92_91)+iln‘g(00 roe'”) }
v 2

2ri J, g(¢) g(co + roei®n)
Proof The hypothesis g(¢) d¢, > 0 unwinds to g(co + roe'?)(irge? d0) > 0 for
0 € [601, 6>]. From this one sees that

(%) 1g(co +roe?)| = glco + roe’)(ie'?)

for 6 € [01, 03]. Define h(0) = In|g(co + roei9)| — 16 for 6 € [01, 62]. Then, after
using (%) to obtain an absolute-value-free expression for /2, one may differentiate
and verify that

g'(co +roe'?) .

4 o) = (iroe'”)
do g(co + roe'?) '

Hence

_ / 1 b i0 '
_1/g(§) dC:_lfzg(co—i-roe )(ir()eledQ)
y

2ri J, 8(%) 27i Jo,  g(co 4 roe'?)
-1 62 g
= — | Znoae
2i Jo, db

—1
57 1 (B2) — h(O1)}
Tl

g(co + roe'®?)
g(co + roel)

1
—{(92—91)+iln‘
2w

|

Proposition 3.33 Suppose g is a function analytic on a neighborhood of the closure
of U such that g(¢) d¢r > 0. Then

O

1
Z(g:U) + EZ(g; I)=N.
Recall that N is the number of holes we had to punch out of the extended complex
plane C* to get our hole-punch domain U.

Proof Since the left-hand side of the conclusion of Proposition 3.31 is clearly real,
we may restate its conclusion as

2 U)+ Lz Ty = limre —- [ &9,
2 el0 27l Jre g(0)

The chain I'(¢) appearing in Proposition 3.31 is comprised of nonoverlapping cir-
cular subarcs. Applying the last lemma to each of these subarcs, we then get
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Angular Spread of y

Z(g;U) + 12( r) =li Z
; 5Z(g:T) =lim
§ 2 § £l0 2

y a Subarc of I'(¢)

As ¢ | 0, these subarcs from I'(¢) expand to fill out all of the N boundary circles
making up I with the possible exception of only finitely many points (the zeros of
g on I'). Thus the sum of the angular spreads of these subarcs from I"(¢) converges
to2rN ase | 0. |

Lemma 3.34 Let y be a counterclockwise circle. Suppose that g is a function ana-
lytic on a neighborhood of y with |g| = 1 on y and |g| < 1 just outside y. Then

-1 [ £@

2ri J, 8(%)

dc > 1.

Proof Using the change of variables £ = g(¢), we see that

L_/&dgzL L e
2ri J, 8(¢) —z 270 Jgoy £ — 2

The second line integral in the above is just the winding number n(g o y; z) of
the path g o y about the point z. Thus the line integral of the conclusion of the
lemma is just the negative of n(g o y; 0), an integer. Hence it suffices to prove that
n(goy;0) # 0and thatn(g o y;0) <O0.

Since range(g o y) C T, it follows by elementary properties of winding numbers
[RUD, 10.10] that if n(g o y;0) = 0, then n(g o y;z) = O forall z € C\ T.
But n(g o y; z) = fi(z) for the measure du(§) = d&goy /27i. Thus by Lemma 3.5,
u = 0, i.e., g is constant on y. But then g is constant near y by the Uniqueness
Property of Analytic Functions [RUD, 10.18]. This contradicts our hypotheses on
g.son(goy;0) #0.

Being an integer, n(g o y; 0) is real, and so

L[ L[ =ig @)
0y;0) =Re >— d=Re | TROE
() n(goy;0) € i , 2(0) ¢ s v 1g@)?

l PR
:T/kmewﬂ}
T Jy

d¢

with the last equality using the hypothesis that |g]| = 1 on y. Suppose that y is
parametrized as y(0) = co + roe!? for 0 < 60 < 27. Let u and v denote the
real and imaginary parts of g. In what follows when we write u and v or their
partials, they are all to be understood as being evaluated at co + roe’?. Plugging in
our parametrization, we see that

(%) Re {—ig'(£)g(¢) d¢} = Re {—i(uy + ivy)(u — iv)irg(cos @ + i sin0)d6o)}
= {(uyu + vyv) cos O + (uyv — vyu) sinb}rodo.
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For any fixed 6, consider the real function r > 0 — |g(co + re'?|?. Since |g| < 1

just outside y, this function has a nonpositive derivative at r = rg. Hence
(Quuy + 2vvy) cos 0 + (2uuy + 2vvy) sind < 0.

Dividing by 2 and using the Cauchy—Riemann equations [RUD, 11.2], this may be
rewritten as

(k% %) (uyxu + vyv)cosO + (uyv — vyeu) sind < 0.

From (%), (*x), and (x x x), we conclude that n(g o y; 0) < 0. |

Proposition 3.35 Suppose that g is a function analytic on a neighborhood of the
closure of U with |g| = 1onT and |g| < 1 on U. Then

Z(g;U) = N.

Proof By Proposition 3.31 and Lemma 3.34 applied to the I'js, we have

R Y V(3 WA B (o Lo
Z(g,U)—%/;‘%df—;%/;‘jmdgzgl—N.

3.10 An Analytic Logarithm of the Garabedian Function

Lemma 3.36 For f and  the Ahlfors and Garabedian functions for K, respec-
tively, we have Z(f;U) = Z(f;clU) = N and Z(y; U) = Z(;clU) = 0.
Moreover,

V()
r; ¥()

dt =0

forj=1,2,..., N.
Proof On the one hand, setting g = f in Proposition 3.33 and invoking () of

Scholium 3.29, we have

1
) Z(fy:U) + EZ(flﬁ; I)=N.

On the other hand, by (xx) of Scholium 3.29, we know that f, which is analytic in
U, extends continuously to cl U with | f| = 1 everywhere on dU. Also, f(co) =0
by Proposition 1.14, so f is clearly not constant. Thus |f| < 1 everywhere
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on U by Maximum Modulus [ RUD, 12.1 modified to take into account regions
containing oo]. Hence, setting g = f in Proposition 3.35, we have

%) Z(f;U) = N.

The relations (x) and (xx) now force the conclusions we seek concerning the
numbers of zeros of f and ¥ on U and cl U, so it only remains to verify the con-
clusion concerning the integral of 1/’ /v over the I';s.

Setting g = f in Proposition 3.31, we have

N

Z__l '@ dr = - f'©)
2ri Jr; f(©) 2ri Jr f(8)

dt =Z(f:U)=N.
j=1

But by Lemma 3.34 applied to g = f and y = I';, each of the terms in the above
sum is greater than or equal to 1. This forces

(***)_— &d

=1
i I, 7o ¢

for each j. By Lemma 3.32 applied to ¢ = f and y = I';, we have

—1 [ W@

. de =1
2mi Jr, (F)Q)

for each j. But by the Product Rule, (fv) /(f¥) = f'/f + '/, so

—1 f'©) —1 V()

(k* * *x) —— d¢ + — dc =1
2mi Iy, 1O 2ni Jr, (@)
for each j.
The relations (x x %) and (* * » x) now force the integral of ¥/ over each I'; to
be 0 concluding the proof. O

Completion of the Proof of Reduction 3.17 It only remains to show that i/ has an
analytic logarithm on a neighborhood of the closure of U. By the previous lemma, v
has no zeros on a neighborhood of the closure of U. Thus, by decreasing «g slightly,
we may, and do, assume that

(%) ¥ is analytic and zero-free on a neighborhood of the closure of U («).

In case the reader has forgotten it, the set U («tp), another hole-punch domain “con-
centric” with U, was defined just after the proof of Proposition 3.25. The boundary
circle of U (ap) that corresponds to the boundary circle I'j = 0B(cj;r;) of U is

given by r j=0B(cj;ay lrj). Note that Fj and I'; have the same winding number
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about every point of the complement of the domain of analyticity of v. Thus by
Cauchy’s Integral Theorem [RUD, 10.35] and the previous lemma, we have

I/’@dgz md;:Oforj:l,z,...,N.

(x%)
F @) 3

Fix a point zg € U(ap) and choose c¢ so that e = 1 (z(). Define a function ® on
U (ap) by

RAG)
v V)

D (z) d¢ +c

where y;, is any path in U («p) beginning at zo and ending at z. Since U («g) is path
connected, the requisite paths y, exist in abundance. By (%), the integral of ¥’/
over any such y, is absolutely convergent and so exists nicely. To know that ®(z)
is well defined, i.e., to know that the integral of /v over any such y, is actually
independent of the particular y, chosen, it suffices to know that the integral of ' /v
over any cycle y in U («p) is 0. But this is now easy. Note that y and Zj n(y;cj) f/
have the same winding number about every point of the complement of the domain
of analyticity of ¥. Thus by Cauchy’s Integral Theorem [RUD, 10.35] and (x*), we
have

V@) V'@
dc = Le; dc =0
| L) f gy 4

Fixing a point z € U («g), we have

CD/(z) = glim M = lim 1 ’W({) dr — v'(2)

Ve R v T U0

with the last equality holding by the continuity of '/ at z. Thus, by the Product
Rule,
Ip_/
{exp(—®) - ¥} = exp(—®) - /' + ¥ - exp(—P) { ‘E} -

Since U («) is path connected, exp(—®) - ¥ must be constant there. Setting z = 2o,
we see that this constant is 1. Hence, exp ® = 1 on U (), a neighborhood of the
closure of U, i.e., ® is the sought-after analytic logarithm of . O



Chapter 4
Melnikov and Verdera’s Solution to the Denjoy
Conjecture

4.1 Menger Curvature of Point Triples

The Menger curvature of a noncollinear triple of points in the complex plane is
simply the curvature of the circle that passes through the three points; put in other
words, it is simply the reciprocal of the radius of the circumcircle of the triangle
determined by the points. A result of elementary geometry states that this circum-
circle is unique and nontrivial. The Menger curvature of any noncollinear triple is
thus well defined and positive. We consider any line to be a circle of infinite radius
and so zero curvature. The Menger curvature of a collinear triple of points is thus
appropriately defined to be zero. With this last stipulation the Menger curvature
of any triple (¢, n, &) of points has been defined and will be denoted c(¢, n, §).
The following proposition summarizes various alternative geometric descriptions of
Menger curvature for the noncollinear case.

Proposition 4.1 Let T denote the triangle determined by noncollinear points ¢, 1,
and & of the complex plane. We adopt the following labeling conventions: the mea-
sures of the angles of T at the vertices ¢, n, & are denoted o, B, v respectively; the
lengths of the sides of T opposite the vertices ¢, n, & are denoted a, b, c respec-
tively; and the lengths of the altitudes of T dropped from the vertices ¢, n, & to their
corresponding opposite sides are denoted hy, hy, he respectively. Then

2sin« _ 2sin B _ 2siny _ 2h, _ 2hyp . 2h,
b ¢ be  ac  ab’

c(&.n.§) =

Moreover, denoting the area of T by A, we have

4A acosa + bcos B + ccosy

C s N = — =

¢, n.8) “he 7A

Finally,
2(acosa + bcos B+ ccosy)
2
c“(¢n, §) = .
abc

J.J. Dudziak, Vitushkin’s Conjecture for Removable Sets, Universitext, 69
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We shall be cavalier about the distinction between a geometric object and its
appropriate measure. Thus, for example, although a has been defined above as the
length of the line segment [n, £], we will frequently use it also to denote the line
segment [7, &] itself.

Proof Denote the circumradius and circumcenter of 7 by r and p, respectively. A
result of elementary geometry states that the angle subtended by an arc of a circle
from the center of the circle is double the angle subtended by the arc from any point
of the circle not on the arc. Thus the triangle 7, determined by p and the side a
has angle at p equal to 2«. The triangle T, is also isosceles with its sides [p, 1]
and [p, &] of length r. Considering either of the two congruent right triangles into
which 7, is decomposed by the perpendicular from p to the side a, we see that
rsine = a/2 and so 1/r = 2(sina)/a. Since in T we have bsinae = h, and
ch, = 2A, we also obtain 1/r = 2h./ab = 4A/abc. Working similarly with the
two triangles Tp and T, determined by p and the two sides b and c, respectively, we
have established the first displayed line and the first equality of the second displayed
line of the proposition.

The triangles T,, Tp, and T, have areas A, = a(r cosa)/2, Ap = b(r cos f)/2,
and A, = c(rcosy)/2, respectively. These areas are signed areas with the signs
ensuring that A, + A, + A, = A in all possible cases: p in, on, or outside 7". Thus,
adding these three areas together, we get A = r(a cos «+b cos f+c cos y)/2 which
can be rearranged to give us the second equality of the second displayed line of the
proposition. The third displayed line of the proposition follows immediately from
the second. O

The next proposition deals with the manner in which Menger curvature will arise
in an estimate of analytic capacity that is the goal of the next section. To state this
proposition however, a notational convention must first be introduced:

(*) Z F@&n8)=fCnE+fE&EnN+ .88+ f(0.8.0)

Perm

+fE .m+ fE Q).

Thus the sum defined by (%) is just the sum of the six terms gotten from f(¢, n, &)
by permuting the letters ¢, 1, and £ in all possible ways.

Proposition 4.2 (Melnikov’s Miracle) Let ¢, n, and & be noncollinear points of the
complex plane. Then

1 2
Z —_———— = C (g, T],E)
= c-nC-6

Proof Here we are considering () With f&,n, & =1/{(¢—n) —&)}. One may
write n — ¢ = ce'? and € — ¢ = be'? where o = |0 — ¢|. Then the sum of the first
two terms in () is just
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— T — = + —
C—mC =8 @¢—6@C&—n beel®? = bcel@)

1 ; . 2cosa
_ | ile—gl —t|0—<p|} _ ceosa
bc {e te bc

Similarly the sum of the middle two terms in (%) is just 2(cos 8)/ac and the sum of
the last two terms in (%) is just 2(cos y)/ab. Hence

Z 1 _2cosa+2cosﬂ+2c0sy_2(acosa+bcosﬂ+ccosy)
@ =M —8) bc ac ab abc
The previous proposition now completes the job. O

4.2 Melnikov’s Lower Capacity Estimate

The Melnikov curvature of aregular positive Borel measure i on C, denoted c(i), is
the well-defined element of [0, co] uniquely determined by the following equation:

cAu) = f / /C &, E) du(©) dp(n) dpc®).

The goal of this section is to prove the following result from [MEL] which will
be essential for solving the Denjoy Conjecture.

Theorem 4.3 (Melnikov’s Lower Capacity Estimate) Let K be a compact subset
of C. Suppose that w is a nontrivial regular positive Borel measure supported on K
for which there exists a positive finite number M such that w(B(c; r)) < Mr for all
ceCandallr > 0. Then

M p*(K)

V) =M K + )

Here m is a small positive constant: 1/375,000.

Given a positive finite number M, a regular positive Borel measure u satisfying
w(B(c;r)) < Mr forall ¢ € C and all r > 0 is said to have linear growth with
bound M. We say u has linear growth when it has linear growth with bound M
for some positive finite number M. Notice that even when we have a nontrivial
regular positive Borel measure ¢ on K with linear growth, the theorem will yield a
nontrivial lower estimate on y (K) only when, in addition, the measure u has finite
Melnikov curvature!

Before proving Melnikov’s Theorem, we deduce a corollary from it and then
establish two lemmas necessary to its proof.
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Corollary 4.4 In the situation of the previous theorem,

m w3 (K)
v(K) > 7 \/MZM(K) Tt

Proof Suppose, on the one hand, that cz(u) < Mz,u(K). Then {Mz,u(K) +
cz(,uy)}l/2 < \/EM/,LUZ(K). Thus, applying the theorem to w, we see that y (K)
must be larger than m times

Mu*(K) Mu'?(K) 12 (K)
M2u(K) + () MZM(K) F W2 IM2(K) + ()}

w3 (K)
f M2 (K) + ()

Suppose, on the other hand, that cz(u) > MZM(K). Then for a =
M/Ll/z(K)/C(pL), we have a < 1 and so the measure apu still has linear growth
with bound M. Thus, applying the theorem to au, we see that y (K) must be larger
than m times

WK Map(K) _ MK [e()
M2ap(K) +a’c2(n)  M2u(K) +acX(n)  M2u(K) + M?u(K)

B IR wHK)
2w 2\ M2u(K) +c2(p)

Clearly we are done. O

Any a < 1 could have been used in the last proof and would result in a valid
lower bound for y (K). The reader may wish to check that the particular choice of
a made in the proof is the one that maximizes the lower bound obtained in this
manner!

Lemma 4.5 Let 1 be a nontrivial regular positive Borel measure supported on K
and let § > 0. Then there exist closed balls D; = B(cj; 8), finite in number, that
satisfy

(a) u(Dj) > 0 for each j,
®) Y w(D)) = - p(K), and
, 17 =025 ’

J
(c) the distance between distinct balls D and Dy is at least 23, i.e., [c; — cx| = 45
whenever j # k.

Proof Tile the complex plane with closed squares whose edges are of length +/25.
Let F be the family of all squares Q from this tiling for which ©(Q) > 0. Since u©
is compactly supported, F is a finite family. Given Q from the tiling, let B(Q) be
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the family of twenty-five squares from the tiling closest to Q. Thus B(Q) consists
of Q and the twenty-four squares from the tiling that form a “belt” two squares deep
around Q.

Choose a square Q| with maximal pu-measure from F and set 71 = F N B(Q1).
Choose a square O, with maximal pu-measure from F \ F; and set 7, = {F\ F1}N
B(Q3). Choose a square Q3 with maximal p-measure from F \ (F; U F>) and set

= {F\(F1UF)}NB(Q3). Continuing in this manner, we find that after a finite
number of steps, say N, we can proceed no further since F\ (F1UFU- - -UFy) = 0.
The desired c;s are the centers of the N squares Q ; just generated.

(a) Since D; 2 Q; € F, we have u(D;) > u(Q;) > 0.

() w(K) < > (@ =Y > Q)= Zzst,) <25 ZM(D ).
QeF J QeF;

(c) Without loss of generality, kK > j. Thus Qk g F1u---u .7-' 2> FNB))
and so Qx ¢ B(Q;). But then it is clear that ¢, gets closest to ¢; when it is
in the third “belt” of squares about c¢; and either directly above, directly below,
directly to the left, or directly to the right of cx. In these situations the distance
between c; and ¢y is exactly three edge lengths, i.e., 34/26. Since 3v/2 > 4, we
obviously have |c; — cx| > 46 always. O

Lemma 4.6 Let (v be a nontrivial regular positive Borel measure supported on K
that has linear growth with bound 1. Given § > 0, let the closed balls D; =
B(cj; 8) be as in the last lemma. Then the following assertions hold:
. 1
(a) If ¢ € Dj and n € Dy where j # k, then | —n| > §|cj — ckl-
S (D 7
(b) For any fixed j, Z M < -.
= lej —ckl> =5

(c) For any fixed j and C > 0, suppose that for each k # j we have numbers Ay
and By satisfying

Cou(Dy)

|Ag — Bi| <
lc Cj _Ck|2

Then

2 2
ZAk <2 ZBk +4C?.

k#j k#j

Proof (a) By the Triangle Inequality,

1
e = cul < lej = ¢l 418 = nl+In—cel < 1¢ = nl+26 < g =l + 5lej — cil

with the last link in this chain of inequalities following from (c) of Lemma 4.5.
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(b) Set I (1) = {k : 48 < |c; — cx| < 4"+15}. By (c) of Lemma 4.5 each k lies in
I(l) for a unique / > 1 and the D s are pairwise disjoint. Thus

Su(Dy) Su(Dy) Su(Dr)
Z |C _ k|2 Z Z | cj— k|2 Z Z {415}2
I>1 kel() I>1 kel ()
o(al+l I+1
SZ,L(B(cj,@ +1)5)§Z4 +1

168
I>1 I>1

with the last link in this chain of inequalities following from the hypothesis that the
u-measure of any closed ball is at most its radius. To finish, note that the very last
term in the above is easily expressed as the sum of two geometric series which can
be evaluated to deliver the trumpeted estimate of 7/5.

(c) Using the hypothesis on |A; — By| and (b) just proven, we have

ZAk ZBk +Z|Ak—Bk|< ZBk +CZ (M(Dk)'z_ ZBk + C

[y [y =y ey jlei—adl® g

To finish, just use the trivial inequality (x 4+ y)> < 2x2 4 2y? and note that
2(7/5)? < 4. O

Proof of Melnikov’s Lower Capacity Estimate (4.3) By replacing u by u/M, we
may assume that M = 1.

For this paragraph, fix § > 0 and let the ¢;s and their associated D s be as in the
penultimate lemma. Set r; = w(D;), B; = B(cj;r;), and K5 = U; B;. Note that
rj < & and so the Bjs, being contained in the Djs, are pairwise disjoint. The set
C* \ Kjs is thus a hole-punch domain and the notational conventions from the last
chapter will be applied to it. In particular, letting I'; denote the counterclockwise
boundary of Bj, the boundary of K is the union of the I'js. Consider the following
rational function f from Ay(C* \ Kj):

.
f@y=y —
MR

Clearly f'(c0) = limi—oo ({f(¢) — f(00)} = limioo¢f(Q) = 3 ;1) =
1(K)/25 by (b) of the penultimate lemma. The bulk of the proof will consist in
showing that ||f||% < 600{u(K) + c2(u)} (the L? norm here is taken over the
boundary of Kj). From this, we will deduce with the crucial help of Garabedian
Duality (3.1) that

/ 2
y({z € C: dist(z, K) < 28}) > y(K5) = a3 (Ks) > |f”(fo;2)|
2
R S T (.9)
~ 600 x 252 n(K) +C2(,u).
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If we now unfix § and let it decrease to 0, we will be done by Proposition 1.16
since 600 x 252 = 375,000. So to finish we must estimate || f ||% appropriately.
Fixing j, we have

2
1 1 rj Ik
z—f NGRIEE 2—/ —+) jdz |
T r; T l—‘j{_cj k;éjé-_ck
2
1 i 1 d
:_/ O dgrome Yo L[
27 Jr, ¢ = ¢l = e @ = -
Tk
- ld¢].
r; k#
The first term in the above is easily seen to be r; because | — ¢;| = r; for all

¢ eI'j. Since |d¢|/(¢ —cj) = di¢/(ir;) for all ¢ € T';, the integrals appearing in
the second term above are all equal to rj_l -n(I'j; cx) = 0. Thus we obtain

2

() —/ F@OP1de] =1 +—/ * | el
Oy il & ¢k

For ¢ € I'j and k # j, by (a) of the last lemma we have

' Tk / du(m | / dp(n) / dp(n) </ m—cl
- = - < | o durm
é‘_ck Dy, §—U Dké‘_ck Dy, C—U Dk|§—ck||C—U|
_ Au(Dy)
T ej — el

But then, by (c) of the last lemma we get

2

2
Z/ du(n) 464
Dy,

k#j a

ZC—k

k#j

Integrating both sides of this estimate with respect to [d¢|/2m on I'; and using (x),
we obtain

2
d
(**)—/ F©P 1dg| < 65r; + —/ Z/ “(”) dz .

Fi lkj
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For ¢, ¢’ € Dj and k # j, by (a) of the last lemma we have

f du(n)_/ dp(n) </ & — ¢’ du(n) < 2300
Dy ¢—n Dkf/_n N Dk|§_’7||§/— _|C _Ckl2

But then, by (c) of the last lemma we get

d 2
D 1 4 956,
k) Dy, C -1

2
du(mn)

Z/Dks“—n

k#j

Integrating both sides of this estimate with respect to |d¢|/m on I'; and then with
respect to dy(¢") on D, we conclude that

2 2

1 d d
f DOD g or; < Zf Z/ HOD1 e’y 4 256r; § 2.
r e &= D iz pr ¢ —nm

b .
i ki

Dividing an r; out of this estimate, changing each ¢’ into a ¢, and then using the

result in (x%), we obtain
2

/M (¢
Dy C—T] .

1
ex®) =— | |f@OI|dg| < 57Tr; +4f
27 Jr; Dj i)

Now note that the integral on the right-hand side of the above can be written

d o du®)
(****)/ Z/ i / “(5) (@) =
Di | iz Dk &=

d 2 duE) d
/ “(n)‘du(§)+/ / f du®)du() 20,
Dy -n D; kl#j & k£l Dy J Dy (C - U)(C E)

For ¢ € Dj, by the Cauchy—Schwarz Inequality [RUD, 3.5] and (a) of the last
lemma we have

du(n)2<{/ du(n)}{/ 2y ()} 484 (Dy)
=l = Uncle =] Un, lej — el
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But then, by (b) of the last lemma we get

J

Dj k)

From (% x ), (x x x %), and (* x x x %), one may immediately conclude that

1
> / | £ ()% |dg| < 600r; +
JT i

4 dp (&) du(n) du(o).
2 ///D,@—n)(; T A

ki) &kl

Unfix j now and sum the above over all the js. Since each r; = w(B;) and the
Bjs are pairwise disjoint, Zj rj < u(K). Hence we get

1
) 113 < 600u(K) + 4 f [ / 4@ dpt) dp©

where the “# (j, k, [)”” under the sigma indicates that one is to sum over all distinct
triples, i.e., over all (j, k,[) with j # k, j # [, and k # [. Further below, “j < k <
I”” under a sigma indicates that one is to sum over all increasing triples, i.e., over all
(j,k,l)with j < kand k < .

Let us consider a particular distinct triple, say (j, k, /) = (4,7, 2), for purposes
of illustration. One may use Fubini’s Theorem [RUD, 8.8] to change the order of
integration so that from left to right at the front end of the integral appearing in
(1) one encounters the discs in “ascending” order, i.e., D; first, D4 second, and D7
third. Note that at the back end of the integral one then encounters the differentials
in the order du(n) du(¢) du(€). Now relabel the variables ¢, 1, and & so that this
back end becomes d(¢) du(n) du(€). In the particular case under consideration
one merely needs to interchange ¢ with n and leave & as is. The result is

1
/D4fD7[DZ C—nG =8 w(&) du(n) du(g)

1
—————du@)dun) d )
/Dz /134 /D7 =) —8) (&) dp(n) du(é)

So our prescription for changing the distinct triple (4,7, 2) into its associated
increasing triple (2,4, 7) has merely permuted the variables ¢, n, and £ in our
integrand. The same is obviously true for any other permutation of (2, 4, 7) with all
possible permutations of (2, 4, 7) producing all possible permutations of ¢, n, and
& in our integrand. Thus the sum of the six integrals corresponding to all possible
permutations of (2, 4, 7) becomes the integral over the common increasing triple
(2,4, 7) of the sum of the six terms gotten by permuting the variables ¢, n, and & all



78 4 Melnikov and Verdera’s Solution to the Denjoy Conjecture

possible ways in our integrand. Clearly nothing is special about (2, 4, 7) here. Any
distinct increasing triple could have been used. This justifies the first equality in the
following chain of in/equalities:

d d
@ Y / / /D c—n)@ 7 41 duln) du©)

#(J.k,D)

1
—d d d
Zf / /D o O A @)

Jj<k<l

=y f / /D (¢, &) dp(@) dpu(n) dp()
1

Jj<k<l

1
=< 2 / / /DCZ(C,n,é)du(é“)du(n)du(é)
1

#(J k1)

1
5/ f / A, &) d(©) din(n) du(g)
U;D; JUr Dy JU Dy

<1()
< gcln

IA

The second equality follows from Melnikov’s Miracle (4.2). The third equality’s jus-
tification is similar to that of the first; it is a consequence of Fubini’s Theorem [RUD,
8.8] and relabeling variables with the addition now of an appeal to the invariance of
Menger curvature under all permutations of its variables. The two inequalities that
follow are trivial.

From () and (%), one may conclude that

2
I £13 < 600(K) + §c2<m < 600{w(K) + > (1)}

This finishes the proof. O

4.3 Interlude: A Fourier Transform Review

In the next section we shall prove a theorem of Melnikov and Verdera asserting the
finiteness of the curvature of some measures associated with Lipschitz graphs. The
proof is essentially a clever computation involving Fourier Transforms. Thus this
section.

When speaking of “L?(E)” where E C R, the measure is understood to be linear
Lebesgue measure £! on R restricted to E. In what follows, rather than writing our
differentials as “d £! (1), “d Y (u),” etc., we shall more simply write “dt,” “du,” etc.
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The following is the first of the two basic results from real analysis that will prove
very useful to us.

Proposition 4.7 If g is an absolutely continuous function on [a, b], then g’ exists
almost everywhere on [a, b], g’ € L([a, b)), and for all t € [a, b] we have

t
(1) — ga) = / o (u) du.

a
Proof See [RUD, 7.20]. O

Recall that given f € L'(R), the L' Fourier transform of f, denoted by f, is
the function well defined for all £ € R by the formula

dt
«/2;1'

The following three results gather together all that we need to know about the L'
Fourier transform.

fe = / e S ()

Proposition 48 For f € L'(R) and o € R, set g(t) = f(t + ). Then §(&) =
e’ f (&) for every & € R.

Proof Simply use the definition of the transform and an appropriate change of vari-
ables. O

Proposition 4.9 Suppose that g is absolutely continuous and compactly supported
onR. Then (g')(&) =i &g(&) forevery & € R.

Proof Let g be supported on [a, b]. Then by Proposition 4.7 and Fubini’s Theorem
[RUD, 8.8],

dt
21

i§ b —i&t ! ’
= =) e {/{; g(u)du} dt
1 b b )
= 7/ {/ ige™i8! dt} g (u) du
VLT Ja u
b
= ;2 / [e*ié” — e*iéb} g (u)du
A 2T Ja

o du e~isb b
= e U (4) — — "(u) du
[oo § v 27‘[ A 27‘[ a &

i£g(&) = i& f e Hlg(n)

_ eish _
frd ! — b — = 4 .
&)~ —=lz®) ~g@) = EE)
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The following is the second of the two basic results from real analysis that will
prove very useful to us.

Theorem 4.10 (Plancherel) Let f € L'(R)NL2(R). Then f € L*(R) and || f > =
£l

Proof See [RUD, proof of 9.13]. |

Given f € L?(R), let f, denote the function agreeing with f on the interval
[—n, n] and equal to 0 otherwise. Each f;, isin LY R)NL2(R) and the sequence { f }
converges in L>(R) to f by Lebesgue’s Dominated Convergence Theorem [RUD,
1.34]. Thus L' (R) N L2(R) is dense in L2(RR). But then Plancherel (4.10) allows us
to uniquely extend the map f € L'(R) N L%(R) — f € L2(R) to a linear isometry
A on all of L?(R) as follows: given f € L?(R), define A (f) to be the limit in L*(R)
of { f,} where { f,,} is any sequence from L' (R) N L2(R) converging in L2(R) to f.
Simple Cauchy sequence arguments show that this definition is proper and are left
to the reader to supply. The map A is known as the L? Fourier transform. We will
simply write “ f ” instead of “A(f)” when “f” denotes a function from L2(R) and
depend on context to figure out whether any given f » denotes an L' or L? Fourier
transform. Note that f is defined pointwise everywhere on R when f € L!(R)
while f is only defined pointwise almost everywhere on R when f € L?(R). The
following two results gather together all that we need to know about the L? Fourier
transform.

Proposition 4.11 For f € L*(R) and o € R, set g(t) = f(t + ). Then §(&) =
e'“ f(&) for almost every & € R.

Proof Let {f.} be a sequence from L'(R)N LZ(R) that converges in L*(R) to f.
Then f is the limit in LZ(R) of the sequence { fn} Set g,(t) = fu(t + ). Then
{gn} is a sequence from L'(R) N L?(R) that converges in LZ(R) to g, and so g is
the limit in L>(R) of the sequence {g, }. Without loss of generality, by dropping to a
subsequence and relabeling, we may assume that the sequences {ﬁ,} and {g,} con-
verge pointwise almost everywhere to f and g respectively [RUD, 3.12]. Involking
Proposition 4.8, we then see that for almost every &

§) = lim g(5) = lim i&fu(§) = i f(©).

O

it

Proposition 4.12 The function E(t) = is in L2(R) and has Fourier trans-

form
E = VZ?TX(QJ).

Proof That E € LZ(R) is a consequence of two facts: |E(¢)| < 2/|t| for all t # 0
and E(t) —> last — 0.
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Let E;, denote the function agreeing with E on the interval [—n, n] and equal to
0 otherwise. Then E is the limit in L2(R) of the sequence of functions {E }. Hence
to finish off the proposition, it suffices by [RUD, 3.12] to show that

lim ne*iff.eit__l di [ /27 when0 <& < 1
e don it 2r | O when& <Oorg>1"

What follows is very similar to [RUD, 10.44]. Consider the real variable ¢ in the
integral above to be a complex variable z. Then by Cauchy’s Integral Theorem
[RUD, 10.35], the left-hand side of the above is unchanged when the straight-line
path from —n to n is replaced by the path I';, which comprises the straight-line path
from —n to —1, followed by the lower half of the unit circle at the origin traversed
from —1 to 1, and finished by the straight-line path from 1 to n. Hence, with a bit of
algebraic fiddling, it in turn suffices to show that

1

. | 1 when0 < £ < 1
_— igz € _ w
nlggozni Fne z d {OWhen§<Oor§>1'
isz
Setting ¢, (s) = dz, it finally suffices to show

2mr Z

n

: 1 wh 1
@ Jimendl =6~ = [ T

Consider s > 0 and complete I',, to a cycle by the semicircular path y (6) = n e'?,

0 < @ < 7. The function ¢*?/z is analytic everywhere except z = 0 where it has a
simple pole with residue 1. Hence by the Residue Theorem [RUD, 10.42],

1 [7 .
@n(s) + —/ exp(isne'®)do = 1.
2w 0

Now |exp(isn ey = exp(—sn sinf) which is less than / and decreases to O as
n — oo whens > 0and 0 < 6 < m. Hence letting n — oo in the above, by
Lebesgue’s Dominated Convergence Theorem [RUD, 1.34] we obtain

(x%) lim ¢,(s) =1 whens > 0.
n—o0

For s < 0, a similar argument involving completing I',, to a cycle by the semicir-
cular path y(0) = n e % 0 < 6 < m, shows that

(x*%) lim ¢,(s) =0 whens < 0.
n—oo

The relation (x) follows immediately from (xx) and (x x *). O
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4.4 Melnikov Curvature of Some Measures on Lipschitz Graphs

To operate with maximal generality for a paragraph, suppose that (X, dy) and
(Y, dy) are metric spaces, E is a subset of X, f is a function whose domain contains
E and whose range is contained in Y, and M is a positive finite number. Then we
say that f is a Lipschitz function on E with bound M when dy(f (u), f(v)) <
M dx(u, v) forall u, v € E. If we make no reference to the set E, then E is assumed
to be the whole of the domain of f. Thus a Lipschitz function with bound M is one
which is Lipschitz on its whole domain with bound M.

To move to the more specific context of interest to us now, suppose / is a subin-
terval of R, M is a positive finite number, and f : I — R is a Lipschitz function on
I with bound M. Then we call the set of points I' = {t + if(¢) : t € I} a Lipschitz
graph in standard position over I with bound M. More generally, given a subinterval
I of C and a positive finite number M, we shall call a set of points I" in C a Lipschitz
graph over I with bound M when there exists an isometry ® : C — C such that
@ (I") is a Lipschitz graph in standard position over (/) € R with bound M. We
will also abuse language somewhat and apply the terminology of this paragraph to
the curve y(t) =t +if(t),t € I, whose graphis I'.

In all these contexts, when we refer to an object as Lipschitz without reference
to a bound M, what is meant is that the object is Lipschitz with bound M for some
positive finite number M.

The following theorem is for our purposes the main result of [MV]. We will
turn to its proof only after using it to obtain a corollary dealing with the analytic
capacity of compact subsets of Lipschitz graphs that will later lead to the solution
of the Denjoy Conjecture.

Theorem 4.13 (Melnikov Curvature on Lipschitz Graphs) Suppose that T is a
Lipschitz graph over a nondegenerate closed interval [a, b] of C with bound M. Let
7 : C+— L denote the orthogonal projection of the complex plane onto the line L
containing [a, b]. Define a regular positive Borel measure . on I by setting

W(E) = L' (x(ENT))
for any Borel subset E of C. Then

2 2

c“(u) <2,048 M~ |b — al.

Corollary 4.14 In the situation of the previous theorem, suppose that K is a com-
pact subset of I'. Then

m L (1 (K))> m \/ L(r(K))?

K)> —. d—- .
v = S a1 5207 —a] M TN T K) 52 M2 b — 4]

The number m here is as in Melnikov’s Lower Capacity Estimate (4.3):

1/375,000.
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Proof Consider the measure it on K which is just the measure u of the theorem
restricted to K. Note that i(B(c; r)) < u(B(c;r)) <2rforallc € Candallr > 0,
so i has linear growth with bound M = 2. Also, i(K) = w(K) = L' (7 (K)).
Finally, by the theorem (not yet proven), c? (n) < c? (n) <2,048 M 2 |b — al. Thus
Melnikov’s Lower Capacity Estimate (4.3) and its Corollary (4.4) may be applied
to  and doing so gives us what we want. O

The following simple consequence of Proposition 4.7 will be useful here and
elsewhere to follow.

Lemma 4.15 Suppose that g : I +— C is Lipschitz with bound M where I is a
subinterval of R. Then g’ exists and is bounded in modulus by M L'-a.e. on I.
Moreover, fixing any point a € I, we have

t
g(t)=g(a)+/ g (u) du

forallt € I.

Proof The Lipschitz condition on g trivially implies that g is absolutely continuous
on [a, b] (with § = ¢/M working in the definition of absolute continuity). The Lip-
schitz condition on g also implies that |g’'| < M wherever g’ exists. Proposition 4.7
now finishes off the proof. O

Proof of Theorem 4.13 By rotating and translating appropriately, we may assume
that ' = {t +if(¢t) : t € [a, b]} where f is Lipschitz on [a, b] € R with bound M.
Setting

fb) — fa)
b—a

we get a function defined on all of R and supported on [a, b]. For all ¢, u € [a, b],
one has

gt) = [f(t) —{fla@)+ (r— a)}} Nap1(1),

f) — f(a)
EACANE A
—a

g) —gt) = f(u)— f() + b

—1).
From this, with a little work one can show two things. First, |g(u#) — g(t)| <
2M|u — t| for all t,u € R, i.e., g is Lipschitz on R with bound 2M. Hence, from
the lemma and the fact that g = 0 off [a, b], one has

(x) |g'| <2M a.e.on[a, b]and |g'| = 0 off [a, b].

Second,

all

gu)—g() gw)—g@) fw)—f@) [f)—fQ@)

(%) — = — for
u-—t v—1t u-—t v—1

t,u,v € [a,b] with t # u, v.
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Letz; = xj+iy; for j = 1,2, 3. Using the first expression for curvature involv-

ing area from Proposition 4.1 and recalling that the area of the triangle determined
by two vectors is just half of the size of their cross product, we see that

4 Area of Triangle (z1, 22, 23)

(xx%) c(z1,22,23) =
lz2 — z1llz3 — z1llz2 — 23]

2|(x2 = x)(y3 — y1) — (x3 —x) (2 =yl
lz2 — z1llz3 — z1ll22 — 23]

20(x3 — x1)(y2 — y1) — (x2 — x1)(y3 — y1)|
[x2 — x1]lx3 — x1||x2 — x3]

Y2 — )1 Y3 — 1
22‘{ - }/{xz—)@}.
X2 — X1 X3 — X1

In what follows we will have a number of chains of in/equalities. Immediately
after each chain, a justification will be given for each of its lines.

(kxx*) 2(p) < 4 dt du dv

b {f(u)—f(t) f(v)—f(t)}/ :
- {u — v}

u-—t v—t

54/"0 /°° /°° g(u)—g(r)_g(v)—g(t)}/{u_v}z
00 J—00 /=00 u—t v—t
=4/°°f°°/°° g(t+h)—g(t)_g(t+k)—g(t)}/{h_k}
—00 J—00 J—00 h k
00 oo oo iEh _ isk _
24/// e 1t 1}/
—o00 J—o00 J—00 h k
:4/00 /oo /oo eluA_l elu._l}/{u_v}
o d o o u v
_4{/ /N ‘E(”;_UE(”’ dudv}{/oo i) de].

[The first line follows from the definition of curvature, the definition of u, and
(x x x); the second from (%x); the third from Fubini’s Theorem [RUD, 8.8] to make
the dt outermost and the changes of variables u = ¢t + h and v = ¢ + k; the fourth
from Fubini’s Theorem [RUD, 8.8] to make the dt innermost, the isometricality of
the L? Fourier transform applied to the resulting innermost integral, and Proposi-
tion 4.11; the fifth from Fubini’s Theorem [ RUD, 8.8] to make the d§ outermost
and the changes of variables u = £h and v = £k; and the last from the definition of
E and a bit of rearranging.]

dt du dv

2
dh dk dt

2
i£8(&)1* du dv d
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We now turn to estimating the double integral in the last line of (x * x *):

/ / ‘E(u) E(v) a,ua,v_/o"/“'E(erz)—E(u)2
u—v - —00 J—00 t

/wfw eiEt_lz

[es] 1

N

—o0 JO

[The first line follows from the change of variables u = v + ¢; the second from
Fubini’s Theorem [RUD, 8.8] to make the dv innermost, the isometricality of the L2
Fourier transform applied to the resulting innermost integral, and Proposition 4.11;
and the last from Proposition 4.12.] For |[¢| < 1 and 0 < & < 1, we have

dt dv

d dt.

eiét - (lg)ntn 1 S |(ls)ntn lI S 1
- R ) R EL
n=1 n=1 n=1

Also, |e¢" — 1| < 2 always. Hence

) f / ‘E(u) E®)|?
u—v
Zn{/ / 4dédt+/ / dédt]=32n§128.
lrl=1 lt|>1Jo

Next we turn to estimating the single integral in the last line of (x x x %):

du dv <

@) / 8@ de = / @) ds = / g OF di

b
< / @M)? dt = 4M*(b — a).

[The first equality follows from Proposition 4.9 since g is compactly supported and
Lipschitz on all of R; the second from the isometricality of the L? Fourier transform;
the only inequality from (x); while the last equality is trivial.]

Using (f) and (f) in (x * » ), we obtain ¢>(u) < 2,048M>(b — a). O
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4.5 Arclength and Arclength Measure: Enough to Do the Job

In this section we define arclength measure on curves and elucidate its relation to
linear Hausdorff measure enough to be able to dispose of the Denjoy Conjecture in
the next section. A complete elucidation of the relation between the two notions is
not attempted here since that requires us to know more of linear Hausdorff measure
than just Proposition 2.1; we must also know that it is indeed a positive measure
defined on a o -algebra containing the Borel subsets of C! Since this topic will be
taken up only in the next chapter, the conclusion of the story begun here must wait
till then. The section closes with a result enabling us to deal with the Lipschitz
graphs introduced in the previous section.

Recall that a curve in C is simply a continuous function y : [a, b] — C. (The use
of y to denote a curve is a time-honored tradition. Since we will have no occasion to
speak of analytic capacity in this section, no confusion should thereby result.) The
length of the curve y is by definition

I(y) =sup ) ly(t;) = y (1)l

j=1

where the supremum is taken over all partitionsa =7 <t <th) <--- <t, =bof
[a, b] (here n is finite but arbitrary). Consideration of the trivial two-point partition
a = ty < t; = b yields the Shortest Path Property:

ly(a) —y D) < I(y).

By the Triangle Inequality, the addition of a point to a partition can only increase the
sum occurring in the definition of y’s length. From this one easily gets the Subarc
Additivity Property:

I(y) =I(ylla, c]) + (yllc, b])

for any ¢ € [a, b] (here y|[a, c] and y|[c, b] simply denote the restrictions of the
function y to the subintervals [a, c] and [c, b], respectively). These two properties
of arclength will frequently be used without mention. Finally, we say that y is rec-
tifiable if and only if I(y) < oo.

Let us immediately clear up a point concerning length and complex integration
theory that may have occurred to the reader already. Recall that a path is a piecewise
continuously differentiable curve in C (if needed, see [RUD, 10.8] for more expli-
cation of this). Given a path y : [a, b] — C and a function f that is continuous on
y([a, b]), by definition

b
/f(z) dz=/ fly@)y' @) dt.
Y a
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From this definition it trivially follows that if | f| < M on y ([a, b]), then

/f(z)dz
y

Of course one wants to rewrite the right-hand side of this inequality as M I(y), and
for line segments and arcs of circles parametrized in the usual way the integral of the
absolute value of the derivative of the parametrization does indeed end up being the
expected length from elementary geometry. In many texts, e.g., [RUD, just before
10.9], this is made to hold without exception by defining the length of a path to be
the integral of the absolute value of the derivative of the parametrization. We do
not have this luxury, having already defined length in a different manner, and so
we must prove the desired relation instead of making it into a definition. Hence the
following.

b
< M/ (Ol dt.
a

Proposition 4.16 If y : [a, b] — C is a path, then y is rectifiable and

b
I(y) = / (0l dt.

Proof Without loss of generality, we may assume that y is continuously differen-
tiable on [a,b]. Leta =19 < t) < th < --- < t, = b be any partition of [a, b].
Then, by the Fundamental Theorem of Calculus,

Ij l‘_,‘ b
/ /(1) dt / ly' ()| dt = / Iy’ ()| dt.
tji—1 — tji—1 a

n
=2
j=1
Suping over all partitions, we see that [(y) < fab |y’(t)| dt and so y is rectifiable.
Since y is continuously differentiable on the compact set [a, b], y’ is uniformly
continuous there. Thus given ¢ > 0, there exists a partition a = t9 < t] < B
< .-+ <1, = bof [a,b] such that |y'(t;) — y'(t)| < & for any j and any ¢ €

n

PIZAEIGENEDY)
j=1

j=1

[£j—1.1;]. Hence

A

1j
/ YO dt < Iy )]+ e)tj — 11
t

-1
tj ,
/ y (tj) dt
ti—1

-

tj ,
/ y' (1) dt
tji—1

-

+e(t; —tj—1)

=< + +e(t; —tj-1)

1j
/ Y1) — vy (1) dt

tji—1

< |lytj) —y@j—)| +2e(t; —tj—1)
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with the last inequality again using the Fundamental Theorem of Calculus. Sum-
ming over all j, we see that

b n
/ Y @O <3 Iy ) = yt5-0] + 26 —a) < 1(y) +2¢(b — a).
a ]:1

Letting ¢ | 0, we obtain fab |y’ (t)| dt < I(y) and so are done. O

Let us now turn to a relation between the length of a curve and the linear
Hausdorff measure of its range.

Proposition 4.17 For y : [a, b] — C a curve, set I' = y([a, b]). Then
HN (D) < U(y).

Proof Since y is uniformly continuous on [a, b], given § > 0, there exists a partition
a=1ty <t <tp <--- =<t, =bofla,b]suchthat [y([tj_1,¢;])| < & for each
J. For each j, choose uj, v; € [tj_1,t;] with u; < v; such that |y ([t;_1, ;]| =
|y (uj) — y(v;)|. Then from the Definition of ], the Shortest Path Property, and
the Subarc Additivity Property, it follows that

Hy() <> Iyt DI =Y Iy @) —y @)l < Y Uylluj, v;D) <1y).

j=1 j=1 j=1

Letting 6 | 0, we are done. O

One cannot expect equality in the last result to hold without exception for the
obvious reason: a curve can double back upon itself any number of times resulting in
some portions of the curve contributing more than once to the total length. However,
for one-to-one curves all is well and equality does obtain. For a general curve one
must take into account multiplicity. All this must wait till the next chapter however!
For the record we here define an arc to be a one-to-one curve.

Having introduced the notion of the length of a curve, we now consider how
to define the arclength of an arbitrary subset of a rectifiable curve. This is most
conveniently approached via the notion of arclength parametrization. We say that a
rectifiable curve y : [0, [] — C is parametrized by arclength if [(y|[0, s]) = s for
all s € [0, ]. (When this happens we must trivially have I(y) = [.) We further call
this y an arclength parametrization of another rectifiable curve y : [a, b] — C if,
in addition, y reparametrizes y, i.e., if, in addition, there exists a continuous and
increasing function ¢ : [a, b] + [0, /] such that y o ¢ = y. (When this happens
we must have [ = I(y) by Lemma 4.19 below.) We now aim to show that every
rectifiable curve has a unique arclength parametrization. As usual, some preliminary
lemmas are necessary.

Lemma 4.18 Let y : [a, b] — C be a rectifiable curve with length I. Then the
function ¢ : [a, b] — [0, l] defined by t — [(y|[a, t]) is continuous and increasing.
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Proof By the Subarc Additivity Property, fora < u < v < b we have ¢(v) =
o) + I(y|lu, v]) = ¢(u). Thus ¢ is increasing. Note that we have not tried to
show that ¢ is strictly increasing. Indeed, any attempt to do so is doomed to failure
since ¢ is constant on any open subinterval of [a, b] where y may happen to be
constant!

We show right continuity of ¢ by contradiction (left continuity is similar). Given
a < u < b, if ¢ is not right continuous at u, then there exists an ¢ > 0 such
that I(y|[u, v]) > € for all v in a subset of (u, b] which accumulates at u. Since
@ is increasing, this may be immediately be strengthened to I(y |[u, v]) > ¢ for all
v € (u, b].

We inductively construct a decreasing sequence {u,} in (u,b] such that
Iy [um+1,um]) > €/2. Start by setting up = b. Assuming u,, defined, since
I(y|[u, um]) > e, there exists a partition u =ty < t] < tp < -+ < t, = Uy
of [u, u,,] such that

) Y ly)) =yl > e

j=1

Since y is continuous at fo = u, there exists an u,y+; € (u,t;) such that
(**) |YUm+1) — y(to)| < €/2. But then consideration of the partition u,,+; <
1 <tp <--- <ty =ty of [Upt1, un], a use of the Triangle Inequality, and use of
(») as well as (xx) show that

1 [ttm1, um)) = 1y (0) =y mp )|+ Yy @) =y (tj-1)]
j=2

={ly@) — yWmsD| + 1y @mt1) —y @) = ly (1) — y (o)l }

— |y Gmt) = y @)+ Y 1y () =yt

j=1
>0—¢/24¢e=¢/2

This clearly implies that [(y |[u, b]) is arbitrarily large, and so infinite. With this
contradiction to rectifiability, the proof is finished. O

Lemma 4.19 Suppose ¢ : [a, b] — [0, 1] is a continuous increasing function and
y : [0,11 = C is a curve. Then for any s € [0,1] and any t € [a, b] such that
@(t) = s, it is the case that

L100, sD) =1((y o )lla, 1]).

Proof On the one hand, ifa =17 <t <t <--- <t, =tis apartition of [a, ],
then 0 = p(fy) < @(t1) < @(tr) < --- < @(ty) = s is a partition of [0, s]. On the
other hand, if 0 = 59 < s1 < s < --- < s, = s is a partition of [0, s], then one
can find a partitiona =t <t <t < --- <t, =t of [a, ] such that p(¢;) = s;
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for each j. What is to be proved is now clear from the way the length of a curve has
been defined. |

Proposition 4.20 Every rectifiable curve has a unique arclength parametrization.

Proof Existence. Given y : [a, b] — C rectifiable with length [, let ¢ : [a, b] —
[0, [] be the function of Lemma 4.18, so ¢(¢t) = [(y|[a, t]). Given s € [0, [], define
y(s) to be y(¢) where ¢ is the smallest number in [a, b] such that () = s. By
Lemma 4.18 and the Intermediate Value Theorem, y : [0, [] — C is well defined.
We must show that y is a curve, that y reparametrizes y, and that y is parametrized
by arclength.

Given s1, 52 € [0, /], without loss of generality s; < s»2. Let#1, , € [a, b] be the
smallest numbers such that ¢ (1) = s1 and ¢(#2) = s2. Then #; < ;. Hence

[y (s2)—y (sD| = ly () —y )] < l(yl[n, 2]) = () —¢(11) = s2—51 = [2—51].

We conclude that y is continuous and so a curve. As a matter of fact, y is absolutely
continuous!

Given u € [a, b], let ¢ be the smallest number in [a, b] such that ¢(t) = ¢(u).
Then by the definition of y, we have y(¢p(u)) = y(t). However, we also have
t <wuandl(y|[t,u]) = @) — ¢(t) = 0. The only way this can happen is for y
to be constant on the interval [#, u]. In particular, y(¢) = y(u). We conclude that
y(p(u)) = y(u),ie., y o = y and so y reparametrizes y.

Given s € [0, 1], let ¢ be the smallest number in [a, b] such that ¢ () = s. Then
by Lemma 4.19, the fact that y reparametrizes y via ¢, and the definition of ¢,

L0, sD =1y o @)lla, 1]) = (ylla,t]) = @) = 5.

We conclude that y is parametrized by arclength.

Uniqueness. Given a curve y : [0,1] — C parametrized by arclength and a
function ¢ : [a, b] > [0, [] showing that y reparametrizes y : [a, b] — C, we will
show that y and ¢ are uniquely determined by y.

The following shows that ¢ is uniquely determined by y:

p) =110, O] = (Y o @)lla, 1]) = I(y|la, t]).

The first equality above holds since y is parametrized by arclength; the second by
Lemma 4.19; and the third since y is a reparametrization of y .

Because y (¢(t)) = y(t) and the domain of y is covered by the range of ¢, we
now see that y is also uniquely determined by y. O

Let y denote the arclength parametrization of a rectifiable curve y of length /.
For a subset E of the range of y, the arclength measure of E with respect to y is
defined by

L,(E) = L7 (E)).
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This is motivated by the fact that for all 0 < s < ¢t < [, we have I(y|[s,t]) =
t —s = L(s,t]), ie., the map [s, ] — ¥|[s, t] from all subintervals of [0, /]
to all subarcs of y preserves lengths. However, note that as we have defined it,
L7 (s, t) = LY@~ (7 (s, 1)), which may be strictly greater than L!([s, t])
since 71 (7([s, ])) may be a proper superset of [s, t] due to y covering parts of
itself more than once. Thus our /,,, which assigns “length” to subsets of y ([a, b]) as
opposed to subarcs of y, takes into account multiplicity.

Proposition 4.21 Let E be a subset of the range of a rectifiable curve y. Then
HYE) <1, (E).

Proof If y is the arclength parametrization of y, then from the Shortest Path Prop-
erty we have

[y (s2) — (s < 1(PI[s1, 82]) = |s2 — s1].

Thus by Proposition 2.2 and the coincidence of 7! and £' for linear sets (from
Section 2.1), we get

HYE) =H' GG UE)) <H'GTUE) =L'GT(E) =1,(E).

The next result generalizes Proposition 4.16.

Proposition 4.22 If y : [a, b] — C is absolutely continuous, then y is rectifiable
and

b
Iy) = f ' ()l dt.

Proof That I(y) < fah |y/(¢)| dt and that y is thus rectifiable follows as in the
first paragraph of the proof of Proposition 4.16 with the appeal to the Fundamental
Theorem of Calculus there replaced by an appeal to Proposition 4.7 here.

Let ¢ : [a, b] — [0, [(y)] be the function of Lemma 4.18, so ¢(t) = [(y|[a, t]).
First note that from the definition of arclength one easily sees thata § > 0 that works
for an ¢ > 0 to show y absolutely continuous will also work for the same ¢ > 0 to
show ¢ absolutely continuous. So Proposition 4.7 applies to ¢ as well as y. Second
note that from the definition of the derivative and the Shortest Path Property one
easily has |y’(r)] < ¢'(r) whenever both derivatives exist, which is £!-a.e. Hence
we get the rest of what we need:

b b
f ly' ()| dt 5/ @' (1) dt = @(b) — @(a) = 1(y).
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Given a positive finite number M, a Lipschitz curve with bound M is simply
a curve that is a Lipschitz function with bound M, i.e., it is simply a curve y :
[a, b] — C such that |y () — y(u)| < M|t — u| for all t, u € [a, b]. A Lipschitz
curve with bound M is trivially absolutely continuous (with § = ¢/M working in
the definition of absolute continuity). Note that any Lipschitz graph with bound M,
as defined at the beginning of the previous section, is a Lipschitz curve with bound
A1 4+ M?2, as just defined. Thus we immediately obtain the following.

Corollary 4.23 If v : [a, b] — C is a Lipshitz curve or Lipschitz graph, then y is
rectifiable and

b
I(y) = f v ()] d.

4.6 The Denjoy Conjecture Resolved Affirmatively

In this section confusion will result if we persist in using “y” to denote a typical
curve: Is “y(E)” the image of E under the curve y or is it simply the analytic
capacity of E? To avoid this confusion we will use “f” instead to denote a typical
curve.

Lemma 4.24 Let f : [0,1] — C be a rectifiable curve parametrized by arclength
and suppose thatd = | f(l) — f(0)| > 0. Let w denote the orthogonal projection
of the complex plane onto the line through f(0) and f(l). Then given any finite
number M > 1/d, there exists a nonempty compact subset E of [0, [] such that

(a) f(E) lies on a Lipschitz graph with bound M over some interval contained in
the line through f(0) and f (1),

~ 1 ~ ~
(b) c! (T (f(E))) > Mﬁl (E) for any LY-measurable subset E of E, and

[
LYE) > d——1.
(€ £ )_M—i-l{ M}
Proof By translating and rotating appropriately, we may assume that f(0) = 0 and
f () = d. Then our projection 7 is onto the real axis and so, writing f(¢) in terms of

its real and imaginary parts as x () +iy(¢), we have w ( f(¢)) = x(¢). The nonempty,
compact subset E of [0, /] that we seek is easily defined:

E={te[0,1]:x(t)—x(s) > %(z — ) forall s € [0, £]}.

(a) From a trivial inequality, the Shortest Path Property, the parametrization of
our curve by arclength, and the definition of E, we see that forany s, € E (s < t),
one has

(@) =y = 1f@) = fOI <I(flls.tD) = [t —s| = M|x(®) — x(s)|.
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This implies that K = f(E), clearly nonempty and compact, is also a Lipschitz
set with bound M, i.e., a set for which one has |y, — y;| < M|x, — x1| whenever
x1 + iy1 and xp + iy, are points of the set. By a Lipschitz set we simply mean a set
which is Lipschitz for some positive finite bound M.

Now any nonempty, compact Lipschitz set K is contained in a Lipschitz graph in
standard position with same bound. To see this, note that given any x € Re K, by the
Lipschitz-set property there exists only one number y such that x +iy € K. Denote
this unique number y by g(x). Set @ = minRe K and » = maxRe K. Without
loss of generality, [a, b] is nondegenerate, i.e., a < b (otherwise K consists of a
singleton for which our assertion is trivially true). Now [a, b] \ Re K, being open,
is the union of a countable collection {(a;, b;)} of pairwise disjoint open intervals.
Extend g to all of [a, b] by defining it on each (a;, b;) to be linear on [a;, b;].
Using the Lipschitz-set property, one can easily verify that the function g so defined
is Lipschitz on [a, b] with the same bound and so determines a Lipschitz graph in
standard position with the same bound containing K.

(b) By the way E was defined, |x(¢) — x(s)| > |t — s|/M for any s,t € E. Thus
the function x|E : E > x(E) has an inverse (x|E)~! : x(E) — E satisfying

|(X|E) " (x2) — (x| E) " (xe1)| < M|xa — x4

for all x1, x2 € x(E). Hence, by Proposition 2.2 and the coincidence of H! and £!
for linear sets (from Section 2.1), for any L!-measurable E C E, we have

LYE) = LY E) T (x(E)) = HU (x| E) T (x(E)))
< MH'(x(E)) = ML (x(E)).

This is what we want since n(f(E))) is just x(E).

(c) Set () = x(t) —t/M and note that t € E < ¢(t) > ¢(s) for all s €
[0, 1] & ¢(t) = max|o,; ¢. Since E is compact, (0, /) \ E is an open set and so we
may write

) O.D\E =] (;.d)
J

for a countable collection {(c;, d;)} of pairwise disjoint open intervals.

First Claim. ¢(cj) > @(d;) for each j. (Indeed, one actually has ¢(c;) = ¢(d;)
unless d; = [, but we do not need that much!)

Consider t € (cj,d;). Then ¢(t) < maxo, ¢. Choose s € [0, ] such that
¢(s) = max[o,;] ¢. Then ¢(s) = max[os ¢ too and so s € E. Hence s € [0, ] \
(cj, 1] = [0, ¢j]. Butnow ¢(c;) = maxoc;1¢ > @(s) > (7). Letting 7 1 d;, we
have ¢(c;) > ¢(d;).

Second Claim. ¢ is Lipschitz on [0, [] with bound (M + 1)/ M.
From a trivial inequality, the Shortest Path Property, and the parametrization of
our curve by arclength, we see that for any s, t € [0, ] (s < t), one has
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x(@) —x@ = |f@©) = fOI < I(flls, 1]) < |t —s].

Hence, by the way ¢ was defined, for any s, t € [0, /], one has

1 M +1
(@) =@ = |x() = x()| + 27l — 5] = |t — s|.

From our two Claims, Lemma 4.15, and (%), we now deduce that

l [ dj
d— — =9l —p0) = "Odt = ") dt + / ") d
7 = ¢ =0 /Ogo(rw /Ew)t ;ngomr

M +1 M +1
/E i dt—i—%:{(p(dj)—(p(c’j)} < T»C](E)+O

M+1
= —+£1(E).
M

O

Although in the preface we stated Denjoy’s and Vitushkin’s Conjectures in terms
of removability, it will now prove convenient to state them in terms of nonremov-
ability. Indeed, we shall be cavalier in the future about whether these conjectures
deal with removability or nonremovability!

Theorem 4.25 (Denjoy’s Conjecture Resolved: Arclength-Measure Version)
Suppose K is a compact subset of a rectifiable curve f. Then K is nonremovable if
and only if Iy (K) > 0.

Proof The contrapositive of the forward implication follows from Proposition 4.21
and Painlevé’s Theorem (2.7).

Turn now to the backward implication which is the meat of the result. With-
out loss of generality, let f : [0,1] +— C be parametrized by arclength. Then
£1(f*1(K)) > 0 by assumption. Find a partition0 = <) <t <--- <1, =1
of [0, /] such that

n
D oIFa = Fal = 1= LKD)
j=1
Setting [; =t; —t;—1 andd; = | f(t;) — f(tj—1)|, we may rewrite the above as
n n
S LK) Nt ) > Y —dj)
j=1 j=1
Clearly, for some j > 1| and some ¢ > (0, we must then have

® LYK N1 1) > 1 —dj +e.



4.7 Conjecture and Refutation: The Joyce-Maorters Set 95

Since L' (f~1(K)N [tj—1,t;]) <Ij, one musthave d; > & > 0 here. We wish to
apply the last lemma to the curve f|[t;_1, ;] but cannot do so since it is not quite
parametrized by arclength! This is easily fixed up: apply the lemma to the curve
t €[0,l;]— f(t+t;—1) € Cand then take the nonempty, compact subset of [0, /;]
produced and translate it to the right by 7; _; to give us a nonempty, compact subset
of [tj_1, t;] which we will denote by E. One can easily check that the conclusions
of the lemma still hold for our original f and this E. But what was our M when we
applied the lemma? We are free to choose M to be anything we please greater than
lj/d;. Choose M large enough so that from (c) of the lemma we get

(%) LYE) > dj —e.
From (x) and (»x) we see that
LYK N Itjor, D) + LYE) > 1 = LY([tj-1, 1]

Since f_l(K) N [tj—1,t;] and E are both subsets of [¢;_1, ¢;], the only way this
can happen is for their intersection to have positive measure. Thus £'(f~1(K) N
E) > 0. Then by (b) of the lemma, El(n(f(f’l(K) N E))) > 0. Here 7 is the
orthogonal projection of the complex plane onto the line L through f(¢;_1) and
f(tj). Also, by (a) of the lemma, f(f~Y(K) N E) lies on a Lipschitz graph over
some interval contained in L. Thus by Corollary 4.14, y (f(f~'(K) N E)) > 0.
Since f(f~"(K)N E) C K, we see that y (K) > 0 and so are done. O

Removing the first two and last three sentences from this proof and invoking
Proposition 4.21, we obtain a proof of the following result which shall come in
useful in the next section.

Scholium 4.26 Suppose K is a compact subset of a rectifiable curve f such that
ly(K) > 0or HY(K) > 0. Then there exists a line L such that the orthogonal
projection of K onto L has positive linear Lebesgue measure.

From Proposition 4.21, the last theorem, and Painlevé’s Theorem (2.7), we imme-
diately obtain the following which we label a theorem as opposed to a corollary
because of its importance.

Theorem 4.27 (The Denjoy Conjecture Resolved: Linear-Hausdorff-Measure
Version) Suppose K is a compact subset of a rectifiable curve. Then K is
nonremovable if and only if H'(K) > 0.

4.7 Conjecture and Refutation: The Joyce—-Morters Set
The affirmative resolution of the Denjoy Conjecture implies that any compact subset

of the complex plane which intersects a rectifiable curve in a set of positive linear
Hausdorff measure is nonremovable. This brings to mind the obvious conjecture
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that the reverse also holds ... which would imply that nonremovability is equivalent
to intersecting some rectifiable curve in a set of positive linear Hausdorff measure.
Alas, this turns out to be false and so life is more complicated than expected! In
[JM2] Helen Joyce and Peter Morters constructed a compact subset K of the com-
plex plane with the following two properties: first, the Lebesgue measure of the
orthogonal projection of K onto any line is zero, and second, K supports a prob-
ability measure that has finite Melnikov curvature and linear growth. This K is a
counterexample to our conjecture because, on the one hand, it must intersect every
rectifiable curve in a set of linear Hausdorff measure zero by the first enunciated
property and Scholium 4.26, while, on the other hand, it must be nonremovable by
the second enunciated property and Melnikov’s Lower Capacity Estimate (4.3). The
example of Joyce and Morters also shows that a theorem of John M. Marstrand is
in some sense the strongest possible. Not being interested in this aspect of their set,
we are here able to present a simplified version of it and make our life a little easier.

As an aside, let us note that when we speak of a set intersecting a rectifiable curve
in a set of positive measure, we are abusing language . ..the set actually intersects
the range of the rectifiable curve in a set of positive measure. In future, we shall
frequently and vigorously continue to abuse language in this way without further
comment!

Let us now turn to the construction of K. Define a sequence {a2, o3, ...} of
angles by

s . . . .
aj = 37 where J is the unique integer such that 2/ < j < 2/%!,

Thus a5 through a3 are /2, os through o7 are m /4, ag through o5 are /8, etc.
Define a sequence {/N,} of integers recursively by

Ny = 1and Nyyy = 4(n + DN,

Define a sequence {D,} of diameters recursively by

N b D
D1=1anan+]={n+ } u u
n

A+ 1) a3+ DA

Note that

3/4 1

_qn—1 _ " =
Ny =4""{n!}and D, = an=lnly — an=1pl/4{(n — D}

Clearly N, 1 oo and D, | 0. Also, N,D,, = n3/4,

Start with K being any single closed ball B of diameter 1. So K| consists of
Nj closed balls each with diameter D;. Inside B place eight closed balls of diam-
eter 23/4/8 so that their centers are on the diameter of B which makes an angle
of 6, = «ay with respect to the positive x-axis. These balls overlap but we seek to
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minimize their overlap: space their centers evenly along this diameter of B with the
two extreme balls being internally tangent to B. The set K> is the union of these
eight balls. So K7 consists of N> closed balls each with diameter D».

Now supposing that we have constructed K, as the union of N,, closed balls,
called balls of the nth stage, each with diameter D,, we show how to construct
K,41.Let B be a closed ball of the n'" stage. Inside B place 4(n + 1) closed balls of
diameter D1 so that their centers are on the diameter of B which makes an angle
of 0,41 = a2 + a3 + - - - + o4 with respect to the positive x-axis. We say that
these balls have been generated from B. They overlap but we seek to minimize their
overlap: space their centers evenly along this diameter of B with the two extreme
balls being internally tangent to B. The N, 4+ closed balls of diameter D, gen-
erated from B as B ranges over all balls of the n™ stage comprise the balls of the
(n + 1)% stage and the set K, is simply their union.

Finally, the Joyce—Morters set K is just the intersection of all the K, s so gener-
ated.

Proposition 4.28 The orthogonal projection of the Joyce—Mdrters set upon any line
of the complex plane has linear Lebesgue measure zero.

Proof Fix an angular direction & € [0, ) and an integer n. Let J = J(n) be the
integer satisfying

b4
() 2—1 <D, < F
Note that
271
(%) Z aj =n(J —1).
j=2

Now let ng = no(n, ) be the integer greater than or equal to 2/ but strictly less than
27+ for which

no—1 no
T T
(% * %) E ozjz(no—Zj)Z—J§9<(n0—21+1)2—1= E aj.
j=27 j=2J

(Interpret the leftmost sum in the above to be 0 when ng = 27)

Let By, be a ball of the no™ stage and Bpy+n be a ball of the (ng + n)h stage
generated from B,,,. By this we mean that the short sequence {B,,,, Bn,+x} can be
filled in to an expanded sequence {B, : m = ng, no+ 1, . .., no + n} such that each
B,, is a ball of the m™ stage and each B,,4 is generated from B,,. Let ¢,, denote
the center of B,,. We may write c4+1 — ¢y = Pm+1 €Xp(i0,,4+1) Where p,, can be
negative as well as positive. Clearly

loms1] < D /2.
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From (%), the fact that | sinx| < |x|, (x * %), and (x), we see that for m = ng, ng +
l,....,no+n—1,

m+1 m+1 m+1
|$in@n 1 —O)| = Isin(Y_ ;=) = [ D ;=0 = Y aj—0
j=2' j=2’ j=2’
m+1 no T pu
= Z aj + Zozj—Q < (m—n0+1)2—]+2—J
Jj=np+1 j=2J
< (n+1)- Dy

From our recursive definition of the D,;s, we see that

— — D 4
no
§ Dm = § 4m—ng - gDno = 2Dno-

m=ng m=ny

The three displayed inequalities of the last paragraph imply that the distance
between ¢+, and the line through c,, which makes an angle of 6 with respect to
the positive x-axis is bounded by

no+n—1 no+n—1
D lemallsin@ir =0) < Y = (14 DDy < (2 + 1) Dy Dy
m=ng m=n

Let L be any line perpendicular to the direction 6 and let = denote the orthogonal
projection of the complex plane onto L. From the last paragraph it follows that the
orthogonal projections onto L of the centers of the balls of the (ng + n)™ stage
generated from a single ball B of the noth stage all lie within a distance (n+1) D, Dy,
of the orthogonal projection onto L of the center of B. Hence m (K, 4+, N B), for
any ball B of the no™ stage, is contained in a segment of L of length Dyotn +
2(n + 1)D, Dy, Since K, 1, is the union of K, N B over N, such balls B, we
conclude that

LY (K)) < LY (Kngn)) < Nug - Dpgn + 2Ny - (0 4 1) Dy Dy

Now Ny - Dypy+n — 0asn — oo since

3/4
o (no+n)
Ny - Dug4n = 47 (n0!) - e =00
| (no +n)3/4 1

T4 (ot Do +2) - (no+n) 4

To show that the N, - (n + 1)D, D, — 0 as n — o0 and be finished, note that
by the definition of ng and (), ng < 2741 < 47/ D,,. Hence
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Nug - (04 1)Dy Dy = 0 * (0 + 1) D, < (47)*(n + 1) D"

(n+1D* v
= (47)3/4
= (47) {4"—1n1/4{(” - DY } '

However,
(n+1D*
— O0asn — o0
4n=Ipl/4{(n — 1)1}
by an easy use of the Ratio and Divergence Tests for infinite series. O

To construct a probability measure on K that has finite Melnikov curvature and
linear growth, we need a lemma dealing with the geometry of intersection of the
balls of the various stages. Each geometric assertion of the lemma below is followed
by an inequality that will be proved and shown to imply it. These inequalities involve
an awkward quantity, the distance between the centers of any two adjacent balls of
the (n + 1)% stage generated from the same ball of the n'™ stage:

Dn - Dn—H

d =
ntl dn+3

Lemma 4.29 With conventions and definitions as above, we have:

(a) Adjacent balls of the (n + 1)*! stage generated from the same ball of the '™
stage overlap:

d
n——H<1f0rn21.

Dn+l

(b) Nonadjacent balls of the (n + 1)% stage generated from the same ball of the n'™
stage do not intersect:

dn—i—]

1
> —forn > 1.
Dn+l 2

(¢) Balls of the (n + 1)* stage generated from the different balls of the n™ stage do
not intersect (and are in fact a distance at least 3D, 41 from one another):

dysina,41 > 4D, 1 forn > 2.

Proof (a) and (b) Clearly D, /D, 1 = 4n3/*(n + 1)!/* and so 4n < D, /D1 <
4(n + 1). From our formula for d,,41, it now follows that

dn — 1 dns1
< <
4n +3 Dy
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To finish the proof of these two inequalities, note that forn > 2, (4n—1)/(4n+3) >
7/11 > 1/2 while forn = 1, dpy1/Dny1 = {4QRY* — 1}/7 > 1/2.

The geometric assertions now follow since two closed balls, each of diameter D
and with centers ¢ and c¢;, overlap if and only if D > |c] — ¢>| and do not intersect
if and only if D < |c] — 2| (When D = |c] — 2|, they are externally tangent to one
another).

(c) Since sinx > 2ﬁx/7r for 0 < x < m/4, it follows that sinoy, 1 > 2«/5/
(n + 1) for n > 3. From this, (b) just proven, and D, /D, 1 > 4n noted above, we
have,

. . dy Dy, 272 1
dy sin = sin —.——.D = . _.4n-D
n Ap+1 Ap+1 Dyn Do n+1 > ntl 2 n n+1
44/2n
= ux Dyy1 > 4Dy

for any n > 3. When n = 2, use sinwz = sinw/2 = 1 in place of sinw, | >
2/(n + 1) in the above to deduce that dp sinaz > 1 - % -8- D3 =4Ds.

Let B, and B, 41 be two balls of the (n + 1)t stage generated from different
balls B, and B;, of the n'™ stage, respectively. Extend the short sequence {B,,, B+1}
backward to an expanded sequence {B,, : m = 1,2,...n + 1} such that each B,
is a ball of the m'™ stage and each By, is generated from B,,. Let (B, :m =
1,2,...n+ 1} be similarly obtained from {B;,, B, ,}. Define nj to be the smallest
integer for which B, # B,’lo. Since By = B and B, # B;,2 <ng < n.

Being generated from the same ball of the (ng — 1) stage, the distance between
the centers of By, and B, is at least dy, and the distance between the diameters of
By, and B, upon which the centers of By, and B, . | lie is at least dy, sin oty +1.
Thus the inequality just established implies that By, and Bl/10 41 do not intersect

(and are in fact a distance at least 3D;,,41 from one another). But B,;11 € By 41,

/ / / :
B, +1 C Bn0 +10 and Dy41 < Dyyt1, 80 By and B L1 also do not intersect (and
are in fact a distance at least 3D, from one another). O

Given n > 1, let u, denote the discrete probability measure which puts mass
1/N,, at each of the N, centers of the balls of the n'" stage. Applying [RUD, 11.29]
just as in the proof of Frostman’s Lemma (2.9), we obtain a subsequence {u,, } of
{w,} which converges weakly to some probability measure i on K. The key to
showing that this p has finite Melnikov curvature and linear growth is a nonlinear
growth condition that p satisfies. To this we now turn.

From the recursive definition of the D,s, we see that D, < D, _1/2 forn > 2.
Hence

Dy — Dyt Dy, Dy—1 — Dy
< <
n+3 dn — 1 dn — 1

dn+l = =dy

for n > 2. Thus the d,s decrease, and clearly they decrease to 0. Hence we may
properly define a increasing function ¢ on (0, co) by
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t/(n+1)3* when d,y <t <d,
) = 3/4 .
dy/2 when dp <t

Lemma 4.30 For all points ¢ € Cand all r > 0, w(B(c; r)) < 56¢(r).

Proof First Claim. If A is the union of m adjacent balls of the (n + 1) stage gen-
erated from a given single ball of the n™ stage, then

uay <mt2

Nn+]

By the last lemma, at most two more balls of the (n + 1) stage intersect A
and the rest of the balls of the (n + 1)% stage, whose union we will denote by
B, stay a positive distance d from A. Choose a compactly supported, continuous
function i such that 0 < ¢ < 1 everywhere, ¥ = 1 on A, and ¥ = O on B
(¥ (z) = max{l — dist(z, A)/d, 0} will do nicely). Then

m+2

Nn+1

n(A) < /Ilf dp = lim /wdunk < limsup py (Kpt1\ B) <
k=00 k—o00

Second Claim. B(c; r) intersects at most (2r/d,.1) + 3 balls of the (n + 1)*
stage generated from a given single ball of the n' stage. Moreover, these balls are
adjacent.

We may assume that m, the number of balls to be estimated, is not 0. Clearly
these m balls are adjacent and strung out along a diameter of the single given ball
of the n'h stage with the two extreme balls having centers a distance (m — 1)d, 41
apart. By the Triangle Inequality,

Dy 1

Dy 1
(m —1Ddyt1 < +r+r+T=2r+Dn+1.

But then m < (2r/dy+1) + (Dyp+1/dp+1) + 1 < 2r/d,+1) + 3 by (b) of the last
lemma.

Third Claim. If r < d,, then B(c; r) intersects at most four balls of the nth stage.

By (c) and (a) of the last lemma, B(c; r) cannot intersect balls of the nth stage
that come from different balls of the (n — 1) stage. Hence by the last Claim, the
number of balls of the n'! stage that intersect B(c; r) is at most (2r/d,) + 3, i.e., at
most 4 since r/d, < 1.

By (b) of the last lemma,

1 2 2
< = 3/4.
Nn+ld11+l Ny11Dpqq n+1

From our three Claims and this observation, it follows that if d,+| < r < d,,, then
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1 2 5d 4
|: r +51| _ [2+ n+l:| . r

Nyy1 Ldnta r Nyt1dpt1
8r

(n + 17

w(B(c;r)) <4-

<7 = 56¢(r).

The case of r > d, is trivial since then w(B(c;r)) < 1 < 424 — 1
56d,/23/* = 56¢(r). O

 @%(1)

3 dt < oo.

Lemma 4.31 /
0

Proof From (a) and (b) of Lemma 4.29, we see that for n > 2, d,/d,+1 <
2D, /Dpy1 = 8n'/*(n 4+ 1)3* < 8(n + 1) and so
d, 2 dy
@(1) 1 1 In(dyp/dnt1)  In{8(n + 1)}
3 dt = 32 —dt= 32 S 32
dopy 1 (n+1)32 J4,,, 1 (n+ 1)3/ (n+1)3%
But a simple use of the Integral Test (along with Parts and L’ Hopital) shows that
i In{8(n + 1)} -
—y <
(n+ 132
n=2
oo 2
t 1
Since/ ¢ g ) dt = o575 < 00, weare done. O
d t 25/

The curvature estimate that appears in the proof of the following result is from
[MAT4].

Proposition 4.32 The Joyce—Morters set supports a probability measure with finite
Melnikov curvature and linear growth.

Proof Since ¢(t) < tforall r > 0, Lemma 4.30 implies that the probability measure
© we have constructed has linear growth with bound 56.

Consider §1 = {(¢,n,§) € C* = |t —n| < |E —nl}and S = {(¢,n,§) € C*:
|¢ —n| > |& —nl}. Since C3 = 51 US,, to show cz(u) < oo it suffices to show that

/ / /S A&, 6) din(©) dp(n) du(§) < 00

for j = 1,2. We only show this for the case j = 1, the proof for j = 2 being
similar.

In what follows we have a chain of in/equalities. Immediately after this chain, a
justification will be given for each of its lines.
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B(n; |E —
J]]. @en e dne anem anee) < 4//Li|2m))du(n) dn(®)
1 -

< 224// #as — ]72') dp(n) du(€)

_ 448 / / [ Mdtdﬂ(ﬁ)}dﬂ(é)
Il t

o0 _
_ g f / / Al it/ du(n)dt}du(é)
0 B(&;t) t

< 448 / / 20 B t))dt}du(é)
0
0o 2

- 25,088/ ey,
o 13

[The first line holds since c(¢, n, &) = 2sinw/a < 2/|§ — n| by Proposition 4.1;
the second by Lemma 4.30; to see the third line just work out the d¢-integral; the
fourth line is Fubini’s Theorem [RUD, 8.8]; the fifth line holds since ¢ is increasing;
and the last line is just Lemma 4.30 again along with the fact that u is a probability
measure. |

By the last lemma, we are now done. m]

Putting together Propositions 4.28 and 4.32 with Scholium 4.26 and Melnikov’s
Lower Capacity Estimate (4.3), we immediately obtain the following.

Theorem 4.33 The Joyce—Morters set intersects any rectifiable curve in a set of
arclength measure and linear Hausdorff measure zero, yet is nonremovable.

How big is the Joyce—Morters set? According to the next proposition, its Haus-
dorff dimension is one and it is as big as such a set can possibly be!

Proposition 4.34 The Joyce—Morters set has Hausdorff dimension one and is of
non-o -finite linear Hausdorff measure, i.e., it cannot be written as a countable union
of sets each of which has finite linear Haudsorff measure.

Proof Leta > 0. The collection of balls of the n™ stage is a 2D,-cover of K. Hence

1+ 1+ 3/4 nt nf ¢
o o o —
) Hop, (K) = N Dy = NoDy - Dy =1 {m} —{m}

where 8 = (3/4)[(1/a) + 1]. An easy use of the Ratio and Divergence Tests for
infinite series shows that n” /[4"~1(n!)] — 0. Thus one may let n — oo in (x) and
conclude that H”"‘(K ) = 0. Since o > 0 is otherwise arbitrary, it must be the case
that dimy(K) < 1.

To finish, we suppose K to be written as a countable union of sets { £, } and show
that %! (E,,) must be infinite for at least one integer m. Since w(K) = 1, one must
have u(E,) > 0 for some m. Fixing N, select a dy-cover {U,} of E,, such that
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1 1
21Ul = Mgy (En) + -
n
Choosing points z,, € U,, use Lemma 4.30 to note that

w(Up) < nw(B(zy: |Unl)) < 560U, [Unl.

56
D= (N L 1)3/4
(N + 1)3¥
Hence

{H}JN (En)+ i} .

<5
TN+ 1) N

w(Em) < ZM(Un

n
Now unfixing N and letting it get arbitrarily large, the fact that w(E,,) is strictly
positive forces H' (E,,) to be infinite. m]

Hidden in the last proof is the notion of the generalized Hausdorff ¢-measure,
‘H?(E), of a subset E of C where ¢ is any right continuous, increasing function
defined on [0, co) such that ¢(0) = 0 and ¢(¢) > O for all + > 0. It is defined
just as s-dimensional Hausdorff measure was only with |U,|* replaced by ¢(|U,|).
So H*(E) arises as the special case of H?(E) where ¢(t) = t°. For K the Joyce—
Morters set and ¢ the function defined just before Lemma 4.30, the reader may
try his or her hand at showing that 1/56 < H¥(K) < 1. For more on this topic
see [FALC], [MAT3], or the older [ROG]. The last reference is the only one that
introduces the generalized Hausdorff measure H? as the basic object of study from
the beginning, specializing to s-dimensional Hausdorff measure H* from time to
time.



Chapter 5
Some Measure Theory

5.1 The Carathéodory Criterion and Metric Outer Measures

We remind the reader of some terminology. Given a set X, the power set of X,
denoted P(X), is the collection of all subsets of X. An outer measure on X is a
set function u : P(X) +— [0, o0] such that (i) u(@) = 0, (i) u(E) < w(F)
whenever E € F € P(X), and (iii) n(Usy2; Ex) < Yooy i(E,) whenever
Ei, Ey, ... € P(X). When property (iii) just enunciated holds we say that p is
countably subadditive on X. A o-algebra on X is a subcollection M C P(X) that
contains the empty set and is closed under complements and countable unions. A
positive measure on X is a set function u : M + [0, oo] such that (i) M is a
o-algebra on X, (ii) (@) = 0, and (iii) (U2 En) = Y ey i(E,) whenever
Ey, E;, ... € M are pairwise disjoint. When property (iii) just enunciated holds we
say that u is countably additive on M.

Suppose now that X is a topological space and u : M — [0, o0] is a positive
measure on X. The Borel sets of X are the elements of the smallest o-algebra B(X)
on X containing the closed subsets of X. Rudin says “A [positive] measure p defined
on the o-algebra of all Borel sets in a locally compact Hausdorff space X is called
a [positive] Borel measure on X [RUD, 2.15]. This is ambiguous. Does it mean
M = B(X)?Or does it merely mean M D B(X)? We have opted for the latter. Thus
when we say that u is a positive Borel measure on X we mean that M D B(X).

Up till now it has sufficed to know merely that H* satisfies Proposition 2.1, i.e.,
that H* is an outer measure on C. For what follows it will be necessary to know that
‘H* restricted to an appropriate o -algebra is a positive Borel measure on C. Proving
this fact is the goal of the present section!

In [RUD] when a positive Borel measure on a topological space is needed, one
typically produces a positive linear functional on the space of compactly supported,
continuous functions on the space and then invokes the Riesz Representation Theo-
rem [RUD, 2.14]. The positive measures so obtained all assign finite mass to every
compact set [RUD, 2.14(b)]. Since the Hausdorff dimension of any compact set K
with nonempty interior is 2, H*(K) = oo for such a K when s < 2. Thus the Rudin
approach will not provide a means of showing that H* restricted to an appropriate
o-algebra is a positive Borel measure on C! Instead we must invoke a two-part

J.J. Dudziak, Vitushkin’s Conjecture for Removable Sets, Universitext, 105
DOI 10.1007/978-1-4419-6709-1_5, © Springer Science+Business Media, LLC 2010
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approach due to Carathéodory: first, starting with an arbitrary outer measure on a
set, a measure is obtained by simply restricting the outer measure to an appropriate
o-algebra of subsets of the set, and second, when the original set is a metric space,
the measure obtained is shown to be Borel if the original outer measure is additive
on pairs of subsets a positive distance apart. What we now do is standard measure
theory, but not in [RUD]. Our treatment is taken from the first chapter of [FALC].

It is not at all obvious how to get a grip on the “appropriate o -algebra” men-
tioned above. Thus the following definition, usually referred to as the Carathéodory
Criterion for Measurability, is a major accomplishment: A subset E of X is called
u-measurable if

u(A) = (AN E) + u(A\ E).

for every subset A of X. Let M, denote the collection of all -measurable subsets
of X.

Proposition 5.1 Suppose w is an outer measure on a set X. Then M, is a o-algebra
on X on which  is countably additive. Thus the restriction of u to M, is a positive
measure on X.

Proof The empty set is trivially contained in M. Due to the symmetry of the def-
inition of p-measurability, it is clear that M, is closed under complements. Hence
to show that M, is a o-algebra it suffices to show that it is closed under countable
unions.

Suppose {E,} is a sequence from M. Then for any subset A of X,

n(A) = (AN Ep) + u(A\ E)

=pn(ANED +n({A\ E1}N Ey) + n((A\{E1 U Ez})

S AT

(o Usfos)ea(n )

Letting M — o0, using the subadditivity of u, a little set algebra, and the subaddi-
tivity of u again, we see that

e’} m—1 e’}
(*) p(A) > ZM({A\ U En}mEm)w(A\UEn)
n=1 n=1

m=1

(O U} ox(n O)
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=M(A06En>+u(A\GE,Z>

n=1 n=1

> u(A).

Ignoring the right half of the first line and all of the second line of (%), it follows
that | ;> E, is s-measurable and so M, is closed under countable unions.

Now suppose our sequence {E,} from M, consists of pairwise disjoint sets.
Then setting A = |J,_; E; in (*) and ignoring the resulting second and third
lines, we get

M(G Em) Zgu(Em) 2#(@1 Em)

m=1
Hence p is countably additive on M. O

Of course this proposition may be no victory at all if M, is very small! What
are the w-measurable sets? A little thought convinces one that any p-null set, i.e.,
any set with p-measure zero, is p-measurable. A small victory! Anything else? To
go further one needs to assume more about X and . This leads to a second great
definition of Carathéodory: Given a metric space X, call an outer measure p on X a
metric outer measure if

(AU B) = u(A) + u(B),
whenever A and B are subsets of X that are a positive distance apart, i.e., whenever
A and B are subsets of X such that dist(A, B) > 0. In this situation the Borel sets
are p-measurable and the following lemma is the key to seeing this fact.
Lemma 5.2 (Carathéodory) Let w be a metric outer measure on X. Given {A,}

an increasing sequence of subsets of X, set A = |, An. Suppose that A, and
A\ A, 41 are a positive distance apart for alln > 1. Then

wn(A) = lim p(Ap).
n— o0
Proof 1t suffices to show
() n(A) = lim w(Ap)
n—oQ

since the reverse inequality is trivial. Set By = A and B,, = A, \ A,—1 for
m > 2. One may easily verify that B,, and B,, are a positive distance apart whenever
|m — n| > 2. From the metricity hypothesis one then gets



108 5 Some Measure Theory

w (U B2m> =D u(Bay) and (U Bzm_1> =D w(Bon-1).
m=1 m=1

m=1 m=1

We may assume that both these sums remain bounded as n — oo (other-
wise limy,_ o w(A,) = oo and (%) becomes trivially true). But then the series
> m(By) converges. Note that

o o0
pA)y=p AU | Bu| =u@)+ Y wBw
m=n+1 m=n+1
o0
< lim u(A)+ D u(Bu).
m=n+1
. 00
Since Y ), | u(Bn) — 0asn — 00, (x) now follows. O

Proposition 5.3 Let |1 be a metric outer measure on X. Then the collection M,
of all u-measurable subsets of X is a o-algebra on X on which w is countably
additive. Moreover, M,, D B(X). Thus the restriction of i to M, is a positive
Borel measure on X.

Proof By the last proposition, we need only show that M, contains the Borel sets.
Since the collection of Borel subsets of X is just the smallest o-algebra on X con-
taining the closed sets of X, it suffices to show that an arbitrary closed set E of X
is w-measurable. Given any subset A of X, set A, = {z € A : dist(z, E) > 1/n}.
Since ANE and A, are a distance at least 1/n apart, the metricity hypothesis implies
that

H(ANE) + pn(Ap) = n((ANE)UA,) < u(A).

Note that A, and A \ A,y are a distance at least 1/n — 1/(n + 1) apart and that
U2, Ap = A\ E since E is closed. Hence letting n — oo in the last displayed
inequality and invoking the last lemma, we obtain

u(ANE) 4+ pn(A\ E) < n(A).

The reverse inequality being trivial, we are done. O
Lemma 5.4 For 0 < s <2, H' is a metric outer measure on C.

Proof Let A and B be subsets of C that are a positive distance d apart. Consider any
positive § smaller than d. Then any element of a §-cover of A U B can intersect at
most one of A or B. Thus it is possible to write the §-cover as the disjoint union of
a §-cover of A and a §-cover of B. It follows that

S(AU B) = H3(A) + H}(B).
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Letting 6 | 0, we are done. m]

From the last lemma and the last proposition we immediately obtain the
following.

Proposition 5.5 For 0 < s < 2, the collection M+ of all H®-measurable subsets
of C is a o-algebra on C on which H® is countably additive. Moreover, My 2
B(C). Thus the restriction of H* to M is a positive Borel measure on C.

In the future, when we speak of H* as being a measure, we really mean H*
restricted to the collection My of all H*-measurable subsets of C.

5.2 Arclength and Arclength Measure: The Rest of the Story

This section is in the nature of a mopping-up operation, completing the determi-
nation of the precise relation between arclength and arclength measure on the one
hand and linear Hausdorff measure on the other that was begun in Section 4.5. That
we can now give the rest of the story is due to Proposition 5.5. Our treatment in
Section 4.5 and for the first two items in this section is as in Section 3.2 of [FALC]
but the rest of this section goes further in that we do not restrict our attention, as
[FALC] does, to arcs.

There are two distinctions operating here: arclength versus arclength measure and
arc versus curve. Accordingly, we have four propositions. A lemma is needed first
though. It is the linear Hausdorff measure analogue of the Shortest Path Property.

Lemma 5.6 If K is a continuum containing points z and w, then |z —w| < H'(K).
In particular,

IK| < H'(K).

Proof Assuming z # w, let L be the line containing z and w and let = be the
orthogonal projection of C onto L. Recall that in Section 2.1 we showed that 7!
and £! coincide for linear sets. Note that [z, w] € 7 (K) since K is connected.
Since orthogonal projection onto a line decreases distances, we may invoke Propo-
sition 2.2. Thus we have the first assertion of the lemma:

Iz —w| = L[z, w]) = H'([z, w]) < H' (7(K)) < H'(K).

Suping this inequality over all z, w € K, we obtain the last assertion of the lemma.
O

Proposition 5.7 For y : [a, b] — C an arc, set I" = y([a, b]). Then
I(y) =H'(I).
Proof Leta =1ty <t) <thp <--- <t, = b be any partition of [a, b]. Then by the

lemma, the fact that 7! has no atoms, the one-to-oneness of y and Proposition 5.5,
one gets
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Yolvp =yl < > H At 1) < > H (11, 1))) < H' (D).
j=1

j=1 j=1

Suping over all partitions, we see that [(y) < H!(I"). By Proposition 4.17, we are
done. ]

To handle a general curve one needs to take account of multiplicity. While the
last proposition used the countable additivity of 7! in a simple way, the next one
uses it in a more complex way since we need to integrate against ! in its statement
and proof.

Proposition 5.8 For y : [a, b] — C a curve, setT' = y([a,b]) and T, = {¢ € T :
#y 1 (¢) =n)forn=1,2,..., and co. Then

l(y>=/r#y—1<z>dﬂl(c)= > n-HU(T).

1<n<oo

In particular, if y is rectifiable, then H'(I'so) = 0 and so the n = oo term in the
sum above may be discarded.

Proof For this proof it will be convenient to change our conception of a partition

a bit. Instead of viewing a partition P as an ordered set of points {to, t1, t2, ..., t,}
wherea =1 <t <tp <--- <t, =b, we view P as an ordered set of intervals
{I1, L, ..., 1} witheach I; = [t;_1,t;) for 1 < j < nand I, = [t,—1,1] .

Transfer the old notion of one partition being a refinement of another partition over
to this new context. Denote the right and left endpoints, respectively, of an interval
I by REP(I) and LEP(7). Using the definition of the length of a curve and the fact
that the splitting of an interval of a partition into two subintervals can only increase
the sum occurring in the definition of length, one can construct a sequence {P,} of
partitions of [a, b] such that

1. Z |y (REP(1)) — y (LEP(I))| — I(y) asn — o0,
1€P,
2. P41 is arefinement of P, for each n, and

3. max{|/|:1 € P,} - 0asn — oc.

By Lemma 5.6 and Proposition 4.17, for any subinterval I of [a, b], we have
ly (REP(I)) — y (LEP(I))| < H'(y(I)) < I(y|]).

Summing over all I € P,, thinking of the measure of a set as the integral of its
characteristic function, and using the Subarc Additivity Property, we obtain
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*) Y [y(REP()) — y (LEP(])| < / on(©) dH'(©) < 1(y)

1eP, r

where ¢, is the sum of the characteristic functions of the sets y (1) with I vary-
ing over all of P,. A little thought shows that ¢, (¢) is just the number of inter-
vals I from P, which intersect y ~!(¢). Thus by items 2 and 3 above, for each
¢ € C we have ¢,(¢) 1 the number of preimages of ¢ under y = #y~'(¢).
The Monotone Convergence Theorem [RUD, 1.26] now implies that as n — oo,
Jr@n (@) dH' () — [-#y~1(¢) dH'(¢). Hence by (%), item 1 above, and the
Squeeze Rule, we are done. O

Having disposed of arclength, we now turn to arclength measure. Recall two facts
from Section 4.5: first, for a rectifiable curve y the arclength measure of a subset
E of the range I' of y is defined by [, (E) = LY (7~Y(E)) where 7 is the arclength
reparametrization of y, and second, [, (I") = {(y) = [(y).

Proposition 5.9 Let E be a Borel subset of the range of a rectifiable arc y. Then
1, (E) = H'(E).
Proof By Proposition 4.21 applied twice, one has
(x) H'(E) <1, (E) and H'(T'\ E) <, (T \ E).

We have assumed that E is Borel only to ensure that both 7 "1 (E) and 7 ~'(I" \ E)
are also Borel which in turn ensures that

X)) [ (E)+1,(T\E)=1,T) =1(y).
Thus by Proposition 5.7, Proposition 2.1, (x), and (x*), we have
() =H'(T) < HU(E) + H T\ E) < [, (E) + 1, (T \ E) = ().
The equality of the extreme terms of the above forces the two inequalities in between

to be equalities. The second of these forced equalities in turn forces the inequalities
of (x) to be equalities and so we are done. m|

Proposition 5.10 For E a Borel subset of the range of a rectifiable curve y, set
E,={¢€E :#y Y ¢)=n)forn=1,2,..., and co. Then

ly<E)=/E#y”<:>dH‘@>= Yo onH (EN= ) n-H'(E).

1<n<oo 1<n<oo

In particular, l,,(E) = 0 if and only if H' (E) = 0.
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Proof We again think of partitions as we did in proving Proposition 5.8. Let {P,}
be a sequence of partitions of [0, /] such that

(%) Pr+1 is a refinement of P, for each n and max{|/|: I € P,} — 0asn — oc.

By Proposition 2.2 and the coincidence of ! and £' for linear sets (from sec-
tion 2.1), for any subinterval I of [0, /], we have

HYENyD) =H' GG UE)ND) <H'GUE)ND =L G UE)N D).

Summing over all I € P, and thinking of the measure of a set as the integral of its
characteristic function, we obtain

(%%) wan@)dHl(o <Y L'GT'END =L'GTE) =L(E)

1P,

where ¢, is the sum of the characteristic functions of the sets y (1) with I varying
over all of P,,. A little thought shows that ¢, (¢) is just the number of intervals / from
P, which intersect 7 ~1(¢). Thus by (%), for each ¢ € C we have ¢, (¢) 1 the num-
ber of preimages of ¢ under 7 = #7 ! (¢). The Monotone Convergence Theorem [
RUD, 1.26] now implies thatas n — 00, [ ¢4 ($)dH' (§) — [ #7771 () dH' (©).
Hence from (xx), we deduce

() /E#f”(c)dHl(;) <1, (E).
We may similarly obtain
@) f #7710 dH' (©) < 1, (T \ E).
I\E
Adding (7) and (%), it follows that

/#f"(ﬁ)dHl(C) =/#)7"(§)dH‘(§)+/ #7710 aH' (©)
r E I\E

<1, (E) +1,(T\ E).

On the one hand, by Proposition 5.8, the leftmost term in the above is just /(y),
while, on the other hand, the rightmost term in the above is trivially just [, (I") =
[(y). Thus we have equality of the extreme terms in the above. This forces the single
inequality in the above to be an equality which in turn forces () to be an equality.
This is what we want except for the presence of a y where we want a y .

So to finish, it suffices to show that #)7_1(5) = #y_l(;“) for H!-ae. ¢ eT.
Recall that y o ¢ = y, where ¢ : [a, b] — [0, [(y)] defined by ¢(t) = I(y|[a, t])
is as in Lemma 4.18. Thus for s € [0,1(y)], ¢~ (s) is always either a singleton
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or a nontrivial interval, and so except for countably many exceptional points s €
[0, 1(y)], ¢~ '(s) is a singleton. Since ¢(y~1(¢)) = p~1(¢) for all ¢, it follows
that ¢ is a bijection between y ~!(¢) and 7' (¢) whenever 7' (¢) contains none
of these countably many exceptional points s. Pushing these exceptional points s
forward to I using 7, we conclude that #77 ~1(¢) = #y~'(¢) for all but countably
many ¢ € I'. Since H! has no atoms, we are done. O

5.3 Vitali’s Covering Lemma and Planar Lebesgue Measure

The main goal of this section is to show the coincidence of two-dimensional
Hausdorff measure with a multiple of planar Lebesgue measure, the multiple being
4 /7. One half of this follows from Vitali’s Covering Lemma for Hausdorff measure;
the other half from a geometric result, the Isodiametric Inequality, which is a con-
sequence of the polar coordinates change of variable formula for planar Lebesgue
integrals. We have used planar Lebesgue measure and this change of variable result
uncritically till now, e.g., Lemma 1.20, and will do so in the future, e.g., Lemma 6.8
and Lemma P.3, treating both as part of our unproblematic background knowledge.
However, during this section the author has elected to get very picky, wiping the
slate clean and starting from ground zero: anything needed to reach our main goal
will be proved from the definitions of planar Lebesgue measure and the number
which we now give.
The planar Lebesgue measure of a subset E of C is defined by

Ez(E ) = inf {Z Area(R,) : {R,} is a countable cover of E by coordinate rectangles

n

where a coordinate rectangle is simply the Cartesian product of two compact inter-
vals and its area is simply the product of the lengths of the two intervals. For con-
venience, let us take the empty set to be a coordinate rectangle with zero area.

We take 7 to be the number £2(B(0; 1)). Since the map z € C + rz € C,
r > 0, takes any coordinate rectangle into another coordinate rectangle with area
r? times that of the old, we see that £>(B(0; r)) = mr?. Since the map z € C
z+ ¢ € C, ¢ € C, takes any coordinate rectangle into another coordinate rectangle
with the same area, we see that £2(B(c; r)) = mr2. Thus for any closed ball B,
L*(B) = (n/4)|BI*.

The following may appear obvious but nevertheless is in need of proof!

Proposition 5.11 £?(R) = Area(R) for any coordinate rectangle R.

Proof Say that a collection C of coordinate rectangles nicely decomposes a coor-
dinate rectangle R if there exist sequences ag < a; < --- < gy and by < by <

- < by, such that R = [ag, a;] x [bo, by] and C = {[aj_1,a;] x [bx—1, bi] :
1 < j <land1 < k < mj}. In this situation, we shall also say that C arises from
apg<ay <---<arand by <b; <---<b,,.Then
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(x) Area(R) = Z Area(Q).
QeC

To prove this note that the left-hand side of (%) is just (a; — ag) X (b,, — bp), write
a; —ap and b, — b as Zl]: ((aj—a—y)and Y ;" (bx — br—1), respectively, use the
distributive law twice, and then recognize the resulting double sum as the right-hand
side of (*).

Considering the trivial cover of R by itself, we see that L2(R) < Area(R).
Given ¢ > 0, choose a countable cover {R,} of R by coordinate rectangles such
that )", Area(R,) < L%(R) + &. By expanding each R, slightly and using the
compactness of R, we may also assume that the R,s are finite in number. So it
suffices to show that Area(R) < ), Area(R,) whenever {R,} is a finite collection
of coordinate rectangles covering R. Replacing R, by R,, N R, we may also assume
that each R,, € R. Then the x-coordinates of the vertical sides of the R, s are finite
in number and so can be labeled ag < a; < --- < @;. Similarly, the y-coordinates
of the horizontal sides of the R,s are finite in number and so can be labeled
bo <by <---<by.LetCarise fromag <a; <---<agjandbg < by < --- < by,.
Then C nicely decomposes R. Also, setting C, = {Q € C : Q € R,}, we see that
C,, nicely decomposes R,. Since the R, s cover R, each Q € C must be in some C,,.
Thus, applying (x) 1 + n times,

Area(R) = > Area(Q) < Y ) Area(Q) = » Area(R,) < L*(R) +¢.
QeC n QeC, n

Letting ¢ | 0, we are done. O

Proposition 5.12 The collection M > of all L*>-measurable subsets of C is a o-
algebra on C on which L? is countably additive. Moreover, M s> 2 B(C). Thus the
restriction of L* to M 2 is a positive Borel measure on C.

Proof Clearly £2 is an outer measure on C. Given § > 0 and E a subset of C, define
£§(E ) as L2(E) was defined only with the word “cover” replaced by “8-cover.” By
(%) from the previous proof, L2(E) = E%(E ). Then the proof of Lemma 5.4 with
'H; replaced by Lg shows that £ is a metric outer measure. By Proposition 5.3, we
are now done. O

The following lemma is a useful fact about s-dimensional Hausdorff measure
and will be applied immediately to give us part (b) of our Vitali Covering Lemma
for s-dimensional Hausdorff measure.

Lemma 5.13 Let s > 0, E be any subset of C for which H*(E) < oo, and & > O.
Then there exists a p > 0 such that

H (EﬂUUn> <Z|U,,|S+e
n n
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whenever {U,} is a sequence of subsets of C with | J,, U, H* measurable and 0 <
Uy, | < p always.

Proof From the definition of 7*, there exists a p > 0 such that
(%) H},(E) > H'(E) — /2.

From the definiton of Hi,, there exists a p-cover {V,} of E \ |, Uy such that

(%) Zanls <H, (E\UU,,> +e/2<H <E\UUn> +¢/2.

Then {U,} U {V,} is a p-cover of E and so from (x) we have

Gex®) HY(E) < H(E) + /2 < ) (Ul + ) IVal +6/2.

Also, by the assumed H* measurability of Un U, , we know that

M (EﬂUUn> =H*(E) — H* (E\UUn>.

Using (xx) and (x + %) in this last equality finishes the proof. O

A collection V of subsets of C is called a Vitali class for a subset E of C if for
every z € E andevery § > 0, thereexistsalU € Vsuchthatz € U and0 < |U| < 6.

Lemma 5.14 (Vitali’s Covering) (a) Let E be a subset of C and V be a Vitali class
of closed sets for E. Then there exists a countable pairwise disjoint subcollection
{Un} of V such that either H*(E \ |J,, Upn) =0o0r)_, |U,|° = oo.

(b) If H(E) < o0, then, given ¢ > 0, we may also require that

H(E) < Y |Unl +e.

Proof (a) Without loss of generality, 0 < |U| < 1 for every U € V. Choose U; € V
arbitrarily. If E C Uy, we are done. Otherwise, set d; = sup{|U| : U € Vand U N
U1 = @} and note that d; > 0. Choose U, € V disjoint from U; such that |Uz| >
di/2.If E € Uy U U,, we are done. Otherwise, set d, = sup{|U|: U € Vand U N
(Uy U Uy) = (4} and note that d» > 0. Choose Us € V disjoint from Uy U U,
such that |U3| > d»/2. Continue in this manner. If the process ever stops, then
we have generated a finite pairwise disjoint subcollection {U,} of V for which E \
U, Un = 9. Otherwise, the process generates a countably infinite pairwise disjoint
subcollection {U,} of V. In this case we shall assume that ), |U,|* < oo and finish
by showing that H*(E \ |J,, Un) = 0.
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For each n, let B,, be a closed ball centered on U,, of radius 3|U,|. Fix N for
the moment and suppose z € E \ |, Un. Choose U € V containing z such that
UNU, <y Un = 9. Suppose that U is disjoint from all the U,,s. Thend,, > |U| > 0
foralln > N.However, by the assumed convergence of ), |U,|*, we have |U,,| —
0 and thus d,, — 0 also. This contradiction shows that there is a smallest integer
m such that U intersects U,,. Clearly m > N and |U| < d,,—1 < 2|Uj|. Hence
z€U < By CSU,-n Bn-

We have thus shown that £\ |J,.y Us» € U,y Bn for all N. Given § > 0,
consider those N large enough so that 6|U, | < § for all n > N. Then for such N
we have

H; (E\UUn) <H|EN{JUn | =D IBuI =6 ) IULI.

n<N n>N n>N

Letting N — oo and then § | 0, we obtain H*(E \ |, U,) = 0 by the assumed
convergence of >, |U,|°.

(b) Given € > 0, let p > 0 be as in the last lemma for our set E and our . Now
rerun the proof of (a) just given only with the phrase “0 < |U| < 17 of the first
sentence replaced by “0 < |U| < p” to obtain {U,} as before. If ), |U,|* = oo,
then (b) holds trivially. Otherwise, by (a) and the last lemma,

HY(E) < H* <E nJ U,,) +H (E U U,,) =H* (E nJ Un> <Y U +e.

O
‘We now know enough to prove half of the main result of the section.

Proposition 5.15 For any subset E of C,
2 4 0
HA(E) < ;ﬁ (E).

Proof Given ¢ > 0, let {R,} be a cover of E by coordinate rectangles such that
>, Area(R,) < L?(E) + ¢. By expanding the coordinate rectangles a bit, we may
also assume their interiors cover E. Given § > 0, fix n for the moment. The col-
lection of all closed balls contained in int R, and of diameter less than § is a Vitali
class for int R,,. Hence (a) of Vitali’s Covering Lemma (5.14) produces, for each n,
a collection of pairwise disjoint, closed balls {B,_;}; contained in int R, and with
diameters less than 8 such that H?(int R,, \ Uj Bn,j) = 0or ), |B,, ;> = oo.
We now eliminate the second alternative. Within each closed ball B, ; one can
inscribe a coordinate square Q, ; whose edges have length |B,, ;| /«/5. Thus, by
Propositions 5.11 and 5.12,
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D IBujlP =2 Area(Qn ) =2 LYQnj) =22 || On;
J J J J
<2L%(R,) = 2Area(R,) < .

Unfixing n now, since H§ is countably subadditive we see that

HIE) <Y H3GntR,) < 3> H3Bup+ > M} |intR,\|JBu;
n n j J

] n

IA

n

SN BP0 = SV 2By = 232 (B
J noj n J

IA

iZ.cz(zen) = iZArea(Rn) < i{,52(1€)+e}.
T " T " T

Letting first § | O and then ¢ | 0, we are done. O

We now make a series of elementary observations with some comments as to
why some of them are true (the reader is left to fill in details):

(a) Call a collection of sets nonoverlapping if the pairwise intersection of each
two distinct sets from the collection has planar Lebesgue measure zero. Then
the planar Lebesgue measure of a union of countably many nonoverlapping
L£?-measurable sets is just the sum of the planar Lebesgue measures of the sets.

(b) Any point or line segment has planar Lebesgue measure zero.

(c) Consider the reflection map of C through any fixed point of C. It must preserve
the planar Lebesgue measure of any set since it takes any coordinate rectangle
into another coordinate rectangle with the same area.

(d) For us a triangle will be the closed convex hull of any three noncollinear points
and its area will be half the product of the length of a side times the length of
the corresponding altitude (that the resulting number does not depend on which
side is chosen is a similar triangles argument).

(e) A coordinate triangle is a right triangle whose legs are parallel to the coordinate
axes. The planar Lebesgue measure of any coordinate triangle is its area (reflect
the triangle through the midpoint of its hypotenuse and consider the coordinate
rectangle that is the union of the two nonoverlapping coordinate triangles that
result).

(f) The planar Lebesgue measure of any triangle with a horizontal side is just its
area (consider the vertical line passing through the vertex of the triangle not
lying on the horizontal side — two cases result depending on whether the inter-
section point of this line with the line containing the horizontal side is between
the other two vertices or not).
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(g) The planar Lebesgue measure of any triangle is just its area (consider the
three horizontal lines passing through the three vertices; one of these lines lies
between the others and splits the triangle up in a nonoverlapping way into two
triangles with a horizontal side).

(h) Just to make it official, define the area of any rectangle, noncoordinate as well as
coordinate, to be the product of the lengths of any two of its nonparallel sides.
The planar Lebesgue measure of any rectangle is then just its area (consider
how a diagonal of the rectangle splits it into two nonoverlapping triangles).

(i) Consider the reflection map of C about any fixed line of C. It must preserve the
planar Lebesgue measure of any set (given a covering of a set by coordinate
rectangles, use the subadditivity of £ on the collection of reflected rectangles,
the last item, the clear invariance of the area of a rectangle under any isometry,
and the definition of £? to deduce that £2 of the reflected set is smaller than
L? of the set; equality now follows as soon as one realizes that reflections are
idempotent).

(j) The items amassed to this point justify the ancient method of approximating
7 by trapping it between the areas of inscribed and circumscribed regular
polygons for a ball of unit radius. Thus, for example, using inscribed and cir-
cumscribed squares one easily sees that 2 < & < 4. With more effort, using
inscribed and circumscribed octagons one obtains:

2.8284... =22 <7 <8/3—2v2=33137--.

(k) Any two perpendicular diameters of a closed ball of radius r determine four
nonoverlapping closed quarters of the ball with each closed quarter being
mapped onto any other via either a point or line reflection. Thus each of these
closed quarters, which we shall call 0" stage pie-shaped pieces, has planar
Lebesgue measure 772 /4.

The angle bisector of any of these closed quarters determines two nonover-
lapping closed eighths of the ball mapped onto one another by reflection
through the angle bisector. Thus each of the closed eighths arising from the
closed quarters, which we shall call 1% stage pie-shaped pieces, has planar
Lebesgue measure 772/8.

The angle bisector of any of these closed eighths determines two nonoverlap-
ping closed sixteenths of the ball mapped onto one another by reflection through
the angle bisector. Thus each of the closed sixteenths arising from the closed
eighths, which we shall call 2" stage pie-shaped pieces, has planar Lebesgue
measure 772/16.

Continuing in this manner, we see that a closed ball is a nonoverlapping
union of n' stage pie-shaped pieces, 4 x 2" in number, each having planar
Lebesgue measure 772/(4 x 2).

Lemma 5.16 Let A and B be two n'™ stage pie-shaped pieces from some closed ball
centered at the origin. Suppose that the angle bisectors of A and B are perpendicu-
lar. Then for any a € A and any b € B,
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4lal|b]
/on—1 )

Proof Without loss of generality, the angle bisectors of A and B are the positive
x- and y-axes, respectively. Write a and b as ay + iap and by + iby, respectively.
As a matter of pure algebra we have |a — bI?> = |al® + |b|* — 2(ai1by + axb»)
and so

la)® 4 |b> < |a — b)> +

) lal* +1b* < la — bI* +2(lallb1| + laz||b]).

Since the closed right triangle 7" with vertices the origin, a, and a; is contained
in the n'" stage pie-shaped piece A N B(0; |a|), we have (1/2)|a;|laz| = LX(T) <
L2(ANB(0; |a])) = m|al?/(4-2") < |a|>/2". Also, since the angle at the vertex of
A is right (n = 0) or acute (n > 0), |aj| > |az|. Thus |az|*> < |a1||az| < |a|?/2"" .
Similarly, |b;|> < |b|?/2"~!. Thus

la| |b|
Ve and |b;| < Nk

From the two starred relations our conclusion now follows. O

(o) |az| <

Proposition 5.17 (Isodiametric Inequality) For any subset U of C,
LW = S

The following proof is really just Exercise 1.6 on page 19 of [FALC] with its use
of integrals and polar coordinates avoided . .. or rather hidden ... due to the author’s
self-imposed restrictions mentioned at the beginning of this section!

Proof Without loss of generality we may assume that U is closed and that |U| <
oo. Thus U is compact. Then, by translating U appropriately, we may assume that
0 € U < {Re z > 0}. Cut the southeast quarter of the ball B(0; |U|) up into
n™ stage pie-shaped pieces A j» J = 1,...,2" Cut the northeast quarter of the
ball B(0; |U|) up into n™ stage pie-shaped pieces Bj, j = 1,...,2" Relabeling
if necessary, we may assume the A ;s and Bjs are paired up so that for each j the
angle bisector of A is perpendicular to the angle bisector of B;. Selecta; € A;NU
such that |a;j| = max{|z|] : z € A; N U}. Similarly select b; € B; N U. Note
that |a;l, |bj|, and |a; — b;| are all less than or equal to |U|. Thus by the last
lemma,

|a~|2+|b'|2<|a‘—b-|2+M<|U|2 1+ i
j =140 N St
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Therefore

2}1
L2U) < Y LA NU) + L2(B; N U))
j=1
2}1
< > {L%(A; N B(O; la;]) + L7(B; N B(O; |b;]))}
j=1
s

2 2
= mﬂajl + 1617}

|U|2{1+\/%}.

Letting n — oo, we are done. m]

We now know enough to prove the rest of the main result.

Proposition 5.18 For any subset E of C,
2 4 2
H(E) = ;E (E).

Proof Given ¢ > 0, let {U,} be a cover of E by subsets of C such that ), U, 12 <
’HZ(E ) + €. Then by the previous proposition,

T T
LY(E) < ;ﬁz(un) <7 Z U |? < Z{H2(E) +e).

Letting ¢ | 0, we see that L*(E) < (n/4)H2(E). By Proposition 5.15, we are done.
m}

5.4 Regularity Properties of Hausdorff Measures
Suppose that o : M > [0, oo] is a positive Borel measure defined on a topological
space X. Recall from the first section of this chapter that our use of the word “Borel”
here means that M DO B(X). We shall say that a set E € M is outer regular
for w if

W(E) =inf{u(U) : E C U and U is open}

and that E is inner regular for w if

W(E) =sup{u(K) : K € E and K is compact}.
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If E is both outer and inner regular for u, then we say that E is regular for u. (Of
course, these definitions make sense for any subset E of X if u is an outer measure
on X instead of a positive Borel measure as specified above.)

When every E € B(X) is regular for i, we say, in agreement with [RUD], that
W is a regular positive Borel measure on X. It is worth noting that any positive
Borel measure on C which assigns finite mass to each compact set is automatically
a regular positive Borel measure [RUD, 2.18]. When every E € M is regular for u,
we say that p is a totally regular positive Borel measure on X. This terminology is
the author’s own — called forth by the ambiguity in [RUD], mentioned in the second
paragraph of this chapter, of the term “positive Borel measure.” Following usual
practice, when we assert that a complex measure v satisfies a certain property that
has only been defined for positive measures what is really meant is that the property
in question actually holds for |v|, the total variation measure of v. So the reader now
knows what a regular or totally regular complex Borel measure is.

Since any nonempty open subset U of C contains a nontrivial coordinate rectan-
gle, we see, with the help of Propositions 5.18 and 5.11, that H>(U) > 0 for such
U. It follows that H*(U) = oo for any nonempty open subset U of C and any s < 2
(see the definition of Hausdorff dimension in the paragraph just after Corollary 2.3).
Thus, given s < 2, any nonempty subset of C with finite 7{*-measure is not outer
regular for H*. However, we do have the following different type of outer regularity.

Proposition 5.19 (Gs-Outer Regularity of H*) For any s € [0, 2] and any subset
E of C, there exists a decreasing sequence {U,} of open supersets of E such that
HS (ﬂn Un) = H*(E). Hence, if E is H® measurable with H*(E) < o0, then one
may write E as G \ N where G is a G subset of C and N is an H*®-null set.

Proof We may assume that H*(E) < oo (otherwise, taking all the U,s to be C
works). Let {5, } be a sequence decreasing to 0. Then by definition, for each n, we
can find an open §8,-cover {V,, j,},, of E such that

D WVaml® < H,(E) + 8.

m

Setting V,, = |UJ,, Va,m since E € (), Vi, and {V,, ;n}m is @ 8, cover of (1, Vy,, we
see that

M3, (E) < Hj, (ﬂ vn) <M, (E) + 8.

Letting n — oo, we obtain H* (ﬂn Vn) = H*(E). Setting U, = Vi N---NV,, we
are done. O

This Gs-outer regularity has a curious consequence which we cannot resist stat-
ing and proving: the measurability assumptions on the sets occurring in the usual
Upper Continuity Property of Measures [RUD, 1.19(d)] can be dispensed with for
the outer measure H*!
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Proposition 5.20 (Upper Continuity of H*) Let E be the union of an increasing
sequence {E,} of subsets of C. Then for any s € [0, 2],

lim H(E,) = H*(E).
n—oo

Proof By the last proposition, for each n there exists a G s-subset G, of C containing
E, suchthat H*(G,) = H*(E,). Setting H, = G,NG,+1NG,42N- -, we see that
E, C H, C Hy+1, H*(E,) = H*(H,), and each H), is Borel and so H* measurable
(Proposition 5.5). Hence by the usual Upper Continuity Property of Measures [RUD,
1.19(d)],

lim H*(E,) = lim H*(Hy) =’ (U Hn> > H'(E).

n—o0

Since the reverse inequality is trivial, we are done. O

The situation with regard to inner regularity for Hausdorff measure is in some
ways better and in other ways worse than the situation with regard to outer regularity.

Proposition 5.21 (Inner Regularity of 7* for Some Sets) For any s € [0, 2], any
‘H® -measurable subset E of C with H*(E) < oo, and any ¢ > 0, there exists a
compact subset K of E such that H*(K) > H*(E) — e. Hence one may write such
an E as F U N where F is an Fy subset of C and N is an H*-null set.

Proof Invoking the Gs-Outer Regularity of H* (5.19), get a decreasing sequence
{Uy} of open supersets of E such that H*((), Un) = H*(E). Set

Fum=1{z € U, : dist(z, C\ Uy) > 1/m and |z| < m}.

For each fixed n, { F;, }m 18 an increasing sequence of compact sets whose union is
U,.Hence limy, oo H*(ENF, ;) = H*(E) by the last proposition. Since H*(E) <
00, for every n we may thus choose an index m,, such that H*(E \ F; ;) < ¢/2".
Setting F = ("),, Fjn,m,» note that F is compact and that

HY(F)>H(ENF)=H*(E)—H'(E\F) ZH‘Y(E)—Z H*(E\Fym,)>H (E)—e¢.

Unfortunately, F is not necessarily contained in E and so cannot serve as our K.
However, F is contained in (), U,. Thus H*(F \ E) = 0 (it is to get this that we
need the H* measurability of E ...as well as the finiteness of H*(FE) already used).
Invoking the Gs-Outer Regularity of H*® (5.19) again, get a decreasing sequence
{Vy1} of open supersets of F \ E such that H*(("), V) = 0. By the last proposition,
limy, 0o H*(F \ V) = H*(F\ ), Va) = H*(F). Thus for all n large enough we
have H*(F \ V,,) > H*(E) — ¢. Clearly we may take K = F \ V), for any such n. O
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The necessity of the finiteness of H*(E) for this proposition’s truth is shown in
[BES4].

We now formally introduce a notion that we have informally used from time to
time already. Given a positive or complex measure (& with domain of definition a
o-algebra M and a set A € M, the restriction of 1 to A is the measure ;4 on M
defined by

pa(E) = w(ANE)

for every E € M. It turns out that all regularity problems vanish when one restricts
Hausdorff measure to a measurable subset of C with finite measure!

Proposition 5.22 Let 0 < s < 2 and let A be an 'H*- measurable subset of C with
H*(A) < oo. Then 'H?, is a totally regular finite positive Borel measure on C.

Proof Only total regularity is not immediate. So let E be H*® measurable and let
e > 0.

Inner Regularity of E. By the Inner Regularity of H*® for Some Sets (5.21), there
exists a compact subset K of A N E such that H*(K) > H*(ANE) — ¢. Clearly K
is a compact subset of E such that 75, (K) > H (E) — &.

Outer Regularity of E. By the Inner Regularity of H* for Some Sets (5.21), there
exists a compact subset K of A \ E such that H*(K) > H*(A \ E) — ¢. Clearly
U = C\ K is an open superset of E such that 1, (U) < H3 (E) + e. O

The next proposition, which will be needed at a crucial point in the next section
and is sufficient for our purpose there, may actually follow from [RUD, 3.14] but
the author is not quite sure of this since although it is not clear that a measure as in
the proposition must satisty all of the assumptions of [RUD, 3.14], namely (b) and
(e) of [RUD, 2.14], these assumptions may not actually be necessary to the proof
of the result as given in [RUD]. In any case, the proposition has a proof that clearly
avoids these assumptions on the measure and is rather brief.

Proposition 5.23 Let i : M — [0, o0] be a totally regular positive Borel mea-
sure on a locally compact Hausdorff space X. Then C.(X), the space of compactly
supported continuous functions on X, is dense in LP (i) for 1 < p < oo.

Proof The class of all u-measurable simple functions s on X such that
u{x e X :s(x) #0}) < o0

is dense in L” () for 1 < p < oo [RUD, 3.13] (this result involves no subtleties
between measure and topologys; it is an easy piece of pure measure theory). Thus
it suffices, given any E € M such that u(E) < oo, to be able to find compactly
supported continuous functions on X that are arbitrarily close to X'z in the norm of
LP ().

Since p is totally regular, given any &€ > 0, we may find an open superset U of
E such that u(U) < u(E) + ¢ and a compact subset K of E such that u(K) >
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Ww(E) — . By Urysohn’s Lemma [RUD, 2.12], there exists a function ¢ € C.(X)
suchthat 0 < ¢ <1, K C {¢ = 1}, and spt(¢) € U. Then

1 = 1 = [ 1Xe = plPdis < 270U\ K) <27

and so we are done. O

One last subtlety, we have assumed u tofally regular in the last proposition since
we are viewing LP(u) as the space of equivalence classes, in the standard manner
where we identify two functions that are equal p-a.e., of those M-measurable, not
just Borel measurable, functions f for which f | f1Pdu < oo. Itis left as an exercise
for the reader to show that in the situation of the last proposition, any element of
L? () has a Borel measurable representative (use the last proposition, [RUD, 3.12],
and the assumed total regularity).

5.5 Besicovitch’s Covering Lemma and Lebesgue Points

In this section we prove a standard piece of machinery needed in the next chapter:
the plentitude of Lebesgue points for functions from L” () where p is a fairly
arbitrary measure. The generality of the measure here requires the use of the difficult
Besicovitch Covering Lemma (5.26 below) as opposed to the easier Vitali Covering
Lemma (5.14). In addition, Besicovitch’s Covering Lemma will end up being used
many times in Chapter 8. It is true in R”" generally and not just R> = C if one
replaces the constants 125 and 2,001 occurring in our enunciation of it by other
constants dependent on n. The proof given is taken from [MAT3] and requires two
preliminary lemmas dealing with the geometry of balls in R? = C.

Lemma 5.24 Suppose that m closed balls in C have a point in common and do not
contain each others centers. Then m < 5.

Proof Without loss of generality, the point common to our balls is 0. Let the center
of the n™ ball be ¢, = |c,,|e“9n where 0 < 0, < 2m. Relabeling our points, we
may assume 0 < ) < 6, < ... < 6, < 2m. For convenience, set ¢;;4+1 = C]
and 6,41 = 61 + 2m. Notice that our second hypothesis on the balls says that in
each triangle with vertices 0, ¢, and c,+1, the side [c,, ¢,+1] is greater than the
sides [0, ¢, ] and [0, ¢, +1]. In any triangle the greater side subtends the greater angle
(Euclid I.18) and the three interior angles of a triangle are equal to two right angles
(Euclid 1.32)! In consequence, each 6,41 — 6, > 7/3, and so

m
Z 1 — Op) = 2.

w|:|

Hence m < 6. Since m is an integer, we must have m < 5. O
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Given a closed ball B and o > 0, let o B denote the closed ball concentric with
B and of radius « times that of B.

Lemma 5.25 Suppose that B and B’ are intersecting closed balls in C with the
radius of B being at most twice the radius of B'. Then there exists a closed ball B”
contained in (2B) N B’ and of radius half that of B.

Proof By translating and rotating appropriately, we may assume that B = B(0; r)
and B’ = B(c’; r") with ¢ > 0. By hypothesis, ¢’ < r’ +r and r < 2r’. We must
specify ¢” so that B” = B(c"; r/2) is contained in B(0; 2r) N B(c; r').

Case One (¢’ > 3r/2). Here ¢ = 3r/2 works. Clearly, B(c";r/2) =
B@3r/2;r/2) € B(0;2r). Also, |/ —c"| = |’ =3r/2| = —3r/2 <1 —r/2.
Hence B(c”;r/2) € B(c'; |c' — "| +r/2) € B('; r').

Case Two (0 < ¢ < 3r/2). Here ¢” = ¢’ works. Clearly, B(c";r/2) =
B(c';r/2) € B(c’;r'). Also, |c”| = |c'| < 3r/2. Hence B(c”;r/2) € B(0; |c"| +
r/2) € B(0; 2r). ]

Lemma 5.26 (Besicovitch’s Covering) Suppose E is a bounded subset of C and B
is a collection of nontrivial closed balls such that each point of E is the center of
some ball from B. Then:

(a) There exists a countable subcollection {B,} of B that covers E such that each
point of C lies in at most 125 balls of { B,}, i.e.,

Xp <) Xp, <125.
n

(b) There exist countable subcollections By, ..., Byo1 of B that collectively cover
E with each subcollection consisting of pairwise disjoint balls, i.e.,

2001
EC U UBn and BNB' = for all distinct B, B'€ B, and alln=1, ..., 2,001.

n=1

In (b) we allow B,, = B,, for some n # m to get the number of subcollections
up to 2,001 exactly! If one insists on distinct subcollections, then one should talk of
Bi, ..., By where N < 2,001 instead of By, ..., Bag1- We will only use (b) once
in this book—in the proof of Lemma 8.80; for all other applications of Lemma 5.26
that we will make, (a) suffices.

Proof (a) For each z € E, we may select one B(z;r(z)) € B and assume 5 =
{B(z;r(2)) : z € E}. We may also assume that

My =sup{r(z) :z€ E} <00

(for otherwise, our bounded set E could be covered by a single ball of B). Pick
z1 € E such that r(zy) > M1/2 and set By = B(z1;r(z1)). Pick zo € E \ Bj such
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that r(z2) > M7 /2 and set B = B(z3;r(z2)). Pick z3 € E \ (B1 U B>) such that
r(z3) > M;/2 and set B3 = B(z3; r(z3)). Continuing in this manner, the process
must eventually terminate since E is bounded, thus producing the balls of the first
tranche: B, = B(z,;r(2,)),n =1,2,...,n1.

Set

ny
M2=sup{r(z):zeE\UBn}

n=1

and pick z, 41 € E \ UL, By such that r(z,,+1) > M»/2. Pick z,,42 € E \
U”] + B, such that r(z,,+2) > M>/2. Continuing in this manner, the process must

evgntlually terminate since E is bounded, thus producing the balls of the second
tranche: B, = B(z,;r(zp)),n=n1+ 1,n1 +2,...,no.

Continuing in this manner, two alternatives present themselves: either the pro-
cess terminates producing only finitely many tranches or the process never termi-
nates producing countably many tranches. We complete the argument for the sec-
ond alternative only, the argument for the first alternative being easier. Our pro-
cess produces a sequence of decreasing positive numbers { My}, a sequence of balls
{Bn} = {B(zn; r(zn))}, and a sequence of increasing integers {ny} determining the
tranches into which the balls fall, so that the k™ tranche of balls is {B, : n € Tz}
where 7y = {ng—1+1,nk—14+2, ..., nr} (set ng = 0). These satisfy the following:

. My < My /2 for all k,

Znt1 € E\U) _| By forall n,

. My/2 < r(z,) < My whenever B, comes from the k™ tranche, and

Zm € By, and z,, € By, whenever By, and B, come from different tranches.

B

Items 1, 2, and 3 are immediate from our construction. To verify item 4, suppose
that m < n with B, from the j th tranche and B,, from the k™ tranche. Of course we
must have j < k. By item 2, z, € B,,. But then, using items 1 and 3, |z, — z,| >
r(zm) > M;j/2> M1 > My > 1r(z,),50 2y & By also.

The following three claims will easily finish the proof of (a).

First Claim. E is covered by the sequence of balls {B,,}.
For if one had z € E \ |, By, then one would have r(z) < M for all k. This is
a contradiction since r(z) > 0 but My | 0 by item 1.

Second Claim. For any z € C, the balls B,, that contain z come from at most five
different tranches.
Because of item 4, this follows immediately from the penultimate Lemma 5.24.

Third Claim. For any z € C, at most 25 balls B, from a given tranche can con-
tain z.

Supposing that z is contained in balls B,,, By,, ..., By, from a single tranche,
say the k™ one, we will show that m < 25 (thus these indices n1, ny, . .. are not those
appearing earlier which marked out the tranches). Considering any two indices n;
and nj, one is smaller — say n;. Then by items 2 and 3 we have |z,, — z,,j| >
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r(zp;) > My /2 and so conclude that the balls B(z,,; Mi/4), B(zn,; Mi/4), ...,
B(zp,,; Mi/4) are pairwise disjoint. But |z — z,;| < r(zn;) < Mj by item 3, so all
of these balls are contained in B(z; SMy /4). Hence

m - (Mi/4)* = L7 | () B(znjs Mi/4) | < L2(B(z; SMi/4)) = m(SMy /4)°.
j=1

It now easily follows that m < 25.

(b) By items 1 and 3, (z,) — 0 and so we may, and do, reorder the B,s so that
the sequence {r(z,)} is decreasing. Set By,; = Bj. Set Bj» = By, where n is the
smallest index such that B, N By,; = @. Set B| 3 = B, where n is the smallest index
such that B, N (B1,1 U B1,2) = . Continuing in this manner, we generate a finite or
countably infinite subcollection 5y = {Bj 1, B1.2, B13, ...} of {B,} consisting of
pairwise disjoint balls.

If E is not covered by Bj, then start all over and set By, = B, where n is the
smallest index such that B, & 1. Set By » = B, where n is the smallest index such
that B, ¢ By and B, N By = @. Set B, 3 = B, where n is the smallest index
such that B, ¢ By and B, N (B2,1 U By2) = §. Continuing in this manner, we
generate a finite or countably infinite subcollection By = {B> 1, B22, B23, ...} of
{B,} consisting of pairwise disjoint balls.

If E is not covered by B1UBs, then start all over and set B3 ;1 = B,, where n is the
smallest index such that B,, & 31 U Bs. Set B3 » = B,, where n is the smallest index
such that B, ¢ By U B, and B, N B3,1 = @. Set Bz 3 = B, where n is the smallest
index such that B, ¢ 31UB; and B, N(B3,1U B3 2) = ¥. Continuing in this manner,
we generate a finite or countably infinite subcollection B3 = {B3 1, B3 2, B33, ...}
of { B, } consisting of pairwise disjoint balls.

Continue generating subcollections in this manner. To finish it suffices to show
that if E is not covered by By U - - - U B, then m < 2,000.

So suppose that z € E \ (By U --- U B,,). Since E is covered by {B,}, 7 is
in some B,. Clearly B, ¢ B; for j = 1,2,...,m, and so by construction there
must exist indices n; < n such that B, intersects B,; € B; (thus these indices
ni, na, ...are not those appearing earlier which marked out the tranches nor those
involved in establishing the Third Claim). By the way we reordered our balls, each
r(zn;) = r(zy). To simplify our notation somewhat, write B,,, By, and r(zn) as B,
B}, and r, respectively. Then we may apply the last lemma to each pair of balls B
and B} to get balls B}’ contained in (2B) N B;. and of radius r/2. Note that each
point of C is contained in at most 125 of the balls B}’ since the same is true of the

balls B;.. Hence
m
m-m(r/2)? = / ZXB;/ dr* < / 125X5 dL2 = 125 - 7(2r)°.
j=1

It now easily follows that m < 2,000. O
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Let u and v be two positive Borel measures on C with p being locally finite, i.e.,
with u(K) < oo for every compact subset K of C. The maximal function of v with
respect to u is the function M, v with domain the support of 1 and range contained
in [0, oo] defined by

_ v(B(z;1))
M) @) = 8up By

Proposition 5.27 (Maximal Function Inequality) Ler u and v be two positive
Borel measures on C with u being locally finite. Then for . > 0,

E; = {z e spt(n) : (M, v)(2) > A}

is a Borel set and

W(E;) < 125”(? .

Of course the second conclusion only has content when v is a finite measure!

Proof We will show that E is Borel by showing that it is relatively open in spt(u).
So we let z be a point of E; and show there exists a § > 0 such that B(z; §) N
spt(n) € E,. By the definition of Ej, there exists an r > 0 such that v(B(z; r)) >
A (B(z; r)). Of course there then exists an € > 0 such that

() v(B(z;r)) > (L +&)Au(B(z;r)).

By the local finiteness assumption and the Lower Continuity Property of Measures
[RUD, 1.19(e)], there exists a § > 0 such that

(%) w(B(z;r 4+ 28)) < (1 +&)u(B(z; 1)).
Then for any w € B(z; §) N spt(i), we have
(x* %) V(B(w;r +8)) > v(B(z;r))and n(B(z; r + 268)) > p(B(w; r +9)).

From (%), (xx), and (x x x) we deduce that v(B(w; r + 8)) > Au(B(w; r + §)) and
sow € E).

For each z € Ej, choose a closed ball B, centered at z such that v(B;) > Au(B;).
Then for any R > 0, we may apply (a) of Besicovitch’s Covering Lemma (5.26) to
the bounded set E; N B(0; R) and the collection B = {B; : z € E,} to obtain
a countable subcollection {B,} of B that covers E; N B(0; R) and has a bounded
overlap of at most 125. Thus

v(C)
o

1 1
((Ex N B(0; R)) < ;MBH) << ;v(Bm = / ;XBn dv <125
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Letting R 1 oo and invoking the Upper Continuity Property of Measures [ RUD,
1.19(d)], we are done. |

The following result will be needed in proving Proposition 6.13 of the next
chapter.

Proposition 5.28 (Existence of Lebesgue Points) Ler f € L”(u) where i is a
totally regular locally finite positive Borel measure on C and 1 < p < oo. Then for
u-a.e. z € C,

lim ——— — P d =0.
r]&)l KB Joen (&) — f@IP du(g)

A point z as in the conclusion of this theorem is called a Lebesgue point for f.
Proof Defining

f*(z) = limsup

1/p
R o
o e @l uo|

for z € spt(w), it suffices to show that f*(z) = O for u-a.e. 7 € spt(w).

Given ¢ > 0, use Proposition 5.23 to choose g continuous and compactly sup-
ported on C such that || f — gllzr(u) < € and set h = f — g. Trivially, g* = 0 by
the continuity of g. Thus, using Minkowski’s Inequality [RUD, 3.5] twice,

ff=(g+m* <g*+h* =h* < {Mu(hPd)}"? + |nl.
Hence for any A > 0,

(%) n({z € spt(p) : f*(z) > A})
< u({z € spt(u) : {Mu(lhlpdu)}l/p(Z) > A/2)) < (D!
+ u({z € spt() : |h(2)| > 1/2}). < (ID!

Now by the last Proposition,

%) (D = u({z € spt(n) : M, (|h1Pdu)}(z) > (A/2)P})
[l du -, @e)F
(0/2)P P

< 125

We also clearly have

|h|Pdp— (2e)P

/
(o) () < 2= 0s < =2

The relations (), (*%), and (x * %) imply that u({z € spt(pn) : f*(z) > A}) <
126(2¢)? /AP. Letting first ¢ | O and then A | 0, we see that u({z € spt(w) :
f*(z) > 0}) =0. Since f* > 0, we are done. O






Chapter 6
A Solution to Vitushkin’s Conjecture
Modulo Two Difficult Results

6.1 Statement of the Conjecture and a Reduction

From two chapters ago we learned that hitting some rectifiable curve in a set of
positive linear Hausdorff measure implies nonremovability (an easy consequence of
Theorem 4.27). However, the Joyce—Morters set that concluded that chapter showed
that the converse of this result fails in general (Theorem 4.33). We were in a sim-
ilar situation before in Chapter 2 when we learned that the converse of Painlevé’s
Theorem (2.7) fails. There we asked if the converse becomes true when the compact
set in question is restricted in some suitable way — in that case, restricted to be
a subset of a rectifiable curve. The restriction to make in the case now facing us
is clear because the Joyce—Morters set, although of Hausdorff dimension one, has
non-o -finite linear Hausdorff measure (Proposition 4.34). Thus what has come to be
known as Vitushkin’s Conjecture is simply the restriction of our converse to compact
sets of finite linear Hausdorff measure: For every compact subset K of C,

if K is nonremovable and H'(K) < oo, then H' (K N T) > 0 for some
rectifiable curve T.

This chapter is devoted to proving this conjecture assuming two difficult results:
a T (b) theorem due to Nazarov, Treil, and Volberg and a curvature theorem due
to David and Léger. The two chapters immediately following this one will then
establish these results.

In proving Vitushkin’s Conjecture, it will be very convenient to be able to assume
that the restriction measure H}< has linear growth (recall the definition in the para-
graph after the statement of Melnikov’s Lower Capacity Estimate (4.3)). That this
convenience is justified is the point of the rest of this section which is devoted to
showing that the full Vitushkin Conjecture follows from the validity of a stronger
conjecture for compact sets K whose associated restriction measure H}( has linear
growth!

Proposition 6.1 Suppose E is a compact subset of C such that H'(E) < oo. Then,
given ¢ > 0, there exists a compact subset K of C such that

J.J. Dudziak, Vitushkin’s Conjecture for Removable Sets, Universitext, 131
DOI 10.1007/978-1-4419-6709-1_6, © Springer Science+Business Media, LLC 2010
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(@ y(K) = y(E),
(b) HY(K A E) < ¢, and
(©) 'H}( has linear growth.

Here K A E denotes the symmetric difference of the sets K and E, i.e., the set
(K\E)U(E\K).

If one takes the set K produced by this proposition, considers the set £ N K, and
then rechristens it K, one obtains the following corollary which will prove useful in
Chapter 8.

Corollary 6.2 Suppose E is a compact subset of C such that H'(E) < oc. Then,
given ¢ > 0, there exists a compact subset K of E such that H'(E \ K) < ¢ and
'H}( has linear growth.

Before proving the proposition, let us see that it indeed delivers the goods in
conjunction with the following.

Reduction 6.3 Let K be a compact subset of C such that 'H}( has linear growth.
Then there exists a countable family of rectifiable curves whose union I satisfies

Hi (D) > y(K).

Note that the conclusion here is ’H}((F) > y(K) and not merely H}((F) > 0.
Thus the desired gualitative conclusion of Vitushkin’s Conjecture has been replaced
by the stronger quantitative conclusion of the reduction. This is the price to be paid
for the linear growth that the reduction assumes and the proposition provides!

Theorem 6.4 Let E be a compact subset of C such that H'(E) < oo. Then there
exists a countable family of rectifiable curves whose union I" satisfies

HL(T) > y(E).

Proof of Theorem 6.4 from Proposition 6.1 and Reduction 6.3 Let {¢,} be a
sequence decreasing to 0. Let K, be gotten by applying Proposition 6.1 to E and ¢,
and then let I', be gotten by applying Reduction 6.3 to K,,. Clearly I' = | J, 'y is
the union of a countable family of rectifiable curves. Moreover,

HLM) = HY(ENK,NT,)
=H"(K,NTy) —H' (K, N Ty} \ E)
> y(K,) —H' (K, & E)
> Y(E) — &.

Letting n — oo, we are done. m]

Clearly this last theorem and Theorem 4.27 immediately yield the following
which we label a theorem as opposed to a corollary due to its importance ... after
all it is the whole point of this book!



6.1 Statement of the Conjecture and a Reduction 133

Theorem 6.5 (Vitushkin’s Conjecture Resolved) Suppose K is a compact subset
of C such that H'(K) < oc. Then K is nonremovable if and only if H' (K NT) > 0
for some rectifiable curve I.

The rest of this section is devoted to proving Proposition 6.1. Reduction 6.3
will then be verified in the remaining sections of this chapter ...and the remaining
chapters of this book!

Proof of Proposition 6.1 By Lemma 5.13, there exists a number p > 0 such that
e
) HUENJU) <) U+ 3
() H'( U ") ? a3

for any countable collection of Borel sets {U,} such 0 < |U,| < p always. Choose
My > m so that

H'(E) (v + DM (E)
(%) <pand —— <
My —m My—m

| ™

Set Ky = E and consider the collection F; of all closed balls B centered on K
such that H! (Ko N B) > My|B|. If F| = @, then K = Ko works. So we may as
well assume that 71 # (. Choose By € Fj such that |B| > %sup{|B| : B e Fi}.
Set K1 = {E U B1}\ int By and consider the collection ., of all balls B centered
on K such that H!(K; N B) > My|B|. If F» # @, choose B, € F» such that
|B>| > % sup{|B| : B € F>}.Set K = {EU(B; UBy)}\ int(B; U B,) and consider
the collection JF3 of all balls B centered on K> such that H!' (K> N B) > Mjy|B)|.
Proceeding in this manner, we may suppose that the process continues through step
N and produces

Ky={EU|]J B, \int| ] B,
n<N n<N
Since K, = (K, \ B,) U (K, N B,) € (K,,—1 \ Bp) UdB,, we see that
H' (Kn) < H'(Ky-1)—H' (Kyo1NB)+H' (3B,) < H' (Ky—1)—Mo| By|+7| By,
and so
(Mo — )| Bu| < H' (K1) — H' (Kp).

Summing this from n = 1 to N, noting the obvious inequality on the telescoping
side, and then dividing by My — m, we obtain

H'(E)
M() — 7'[.

(ex%) Y |Bu| <

n<N
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Case One. Suppose the process terminates, i.e., suppose Fyi+1 = @ for
some N > 1.
We claim that K = Ky works.

(a) By Proposition 1.10,

y(K)=y(K) =y [EU (] B, | = r(E)

n<N

(b) Note that

KAE=(K\E)U(E\K)C UBBn U EﬂUB,, ,

n<N n<N

S0 by (%), (*x), and (x x x) we obtain

H'(KAE) <Y H'@B)+H' |EN| ] Ba
n<N n<N

< Y wBal+ Y 1Bl +3

n<N n<N

&
=@+ Y Bl + 5
n<N
(r + DHYE) ¢
<+ =

My —m 2

(c) Since Fy41 = W, H'(K N B(c;r)) < 2Mor forall ¢ € K and r > 0.
But what about ¢ ¢ K? Clearly we need only consider » > dist(c, K) in this
case. Choose ¢ € K such that |¢ — c¢| = dist(c, K). Then by the Triangle Inequality,
B(c; r) € B(G; 2r),so H' (KNB(c; r)) < H'(KNB(E; 2r)) < 4Mor. We conclude
that 'H}( has linear growth with bound M = 4M,.

Case Two. Suppose the process does not terminate, i.e., suppose Fy41 # @ for
all N.

We claim that K = :E Ucl U B,,} \ int U B,, works.
n n
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(a) By Proposition 1.10,

y(K)=y(K) =y (E uCIUBn) > y(E).

(b) Setting H = {cl U B,,} \ {E ul B, } note that
n n

KAE:(K\E)U(E\K)QHU{UaBn}U{EﬁUBn},
S0 by (%), (%), and (x x x) we obtain
H' (K & E) <H' (H)+ ) H'@B,) +H' (EmUB,,)
1 ‘
<H (H>+Z”jn|3n| +;|Bn| +3

_ gl &
—H (H)+<n+1);|3n|+2

(r + DHYE)

< H'(H) + Mo —x

+§ < H'(H) +e.

Thus to finish verifying (b), it suffices to show that H!(H) = 0, and for this, it in
turn suffices to show that H can be covered by families of balls whose radii sum to
be arbitrarily small.

To this end, fix N. The ball By is centered on Ky, so create a “pile” for it. The
ball By4- is centered on Kp 1, and so either on Ky or on d By1. If on 0By 41,
then throw By, into the pile containing By 1; otherwise, create a new pile for
By 2. The ball By 43 is centered on K42, and so either on Ky, on d By41, or
on By 2. If on 9 By 2, then throw By 43 into the pile containing By42; if not on
0Bpn42 but on d By 41, then throw By 3 into the pile containing By 1; otherwise,
create a new pile for By43. Proceeding in this manner, we see that {B,, : n > N}
can be written as Um B, a disjoint union of families B; Ba, Ba, ...of balls, such
that each family B,, consists of balls from {B,, : n > N} which may be “chained
back” to K. More precisely, each 3, may be written {Aim), A(zm), Agm), ...} with

(m)

Agm) centered on Ky and each A; 4

the center of A(lm).
Fixz € H. Thenz ¢ Ky and so r = dist(z, Ky) > 0. Since z € (cl Unan B,,)\
(Un>N B,,) and |B,| — 0asn — 0o by (x x %), B(z; r/2) contains some By, n >

N. This B, = Al(m) for some m and i. Since Aﬁm), with center, say, ¢ € B(z;r/2),

centered on some BA(/m), j <i.Letc, denote
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is “chained back” to Agm), with center ¢;, € Ky and so ¢ int B(z; r), we clearly
have

Thus |z — cul < 2 —cl+lc —cnl < /24 lc —cul < Y 1A e,
z € Blem; Y, |A§m)|).

It follows that H is covered by the collection of balls { B(c; Y_; |A§m) )}, whose
radii sum to Y, 3", 1A = Y,y |Bul. Since Y,y [Ba| = 0as N — oo by
(* * %), we have shown that H'(H) = 0.

(c) Suppose that HY(K N B(c:r)) > 12Myr for some ¢ € K and r > 0. Slice
B(c; r) up into six 60° pie-shaped pieces (distribute their boundaries as you please
so that they are pairwise disjoint). Clearly, H!(K N II) > 2Mor for at least one of
these pieces IT. For the set H introduced in the proof of (b), we have

(xxx%) K = <{EUUB,1} \intUBn) U H with H'(H) = 0.

Thus we may choose a point p from the set

(iEULnJBn} \inthJBn> N II.

Clearly, p € Ky for all N large enough and H!'(K N B(p;r)) = HY(K N 1I) >
2Moyr = My|B(p; r)|. Also, by Proposition 5.20 and (x x % %),

H' (Kny N B(pir) = H' EU ] By} \int| JB, | nB(pir)

n<N

J H! (({E uUBn} \intUBn) N B(p;r)>
= H'(K N B(p;r))

as N — o0o. We conclude that H'(Ky N B(p;r)) > Mo|B(p; r)| for all N large
enough. In consequence, B(p;r) € Fy for all N large enough and so |By| >
%sup{|B| : B € Fy} > r for these N. This is a contradiction since |By| — 0
by (x x %).
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So we must have H' (K N B(c;r)) < 12Myr forall ¢ € K and r > 0. We
handle the case ¢ ¢ K as before and conclude that H}( has linear growth with
bound M = 24M,. O

The next three sections will be devoted to assembling the pieces needed to prove
Reduction 6.3 from two difficult results, one due to Nazarov, Treil, and Volberg, the
other due to David and Léger, which, in the spirit of Just-In-Time Mathematics, will
be stated only at their point of application!

6.2 Cauchy Integral Representation

Let K be a compact subset of C such that HY(K) < oco. In this section, we seek
to represent any function bounded and analytic off K which vanishes at co as the
Cauchy transform of a measure of the form A d?—l}< where h € LOO(H}(). Such a
Cauchy transform will be referred to as a Cauchy integral in what follows.

Given a subset E of C, the s-dimensional spherical Hausdorff measure of E,
denoted S°(E), is defined just as the s-dimensional Hausdorff measure only with the
§-coverings not being arbitrary but restricted to collections of balls. Proposition 5.5
holds when s-dimensional spherical Hausdorff measure replaces s-dimensional
Hausdorff measure. The two measures are related as follows:

() H'(E) < S*(E) < 2"H(E)

for any subset E of C. The first inequality is totally trivial, while the second follows
easily from the observation that any subset U of C is contained in a ball of radius
|U|. If one invokes Jung’s Theorem instead (recall the paragraph after the proof of
Proposition 1.18), then the factor of 2° in the above may be replaced by (2/+/3)%, an
improvement. Besicovitch has an example for the case s = 1 which shows that this
is the best one can do (see Section 53 of [BES1]). As an exercise, after finishing this
chapter, the reader may want to check that if one uses this Jung-improved version
of (x) in the proof of the next result instead of (%) itself, then the conclusion of
Reduction 6.3 may be improved to H}{(F) > 3y (K)!

Proposition 6.6 Suppose that K is a compact subset of C such that H'(K) < oo
and that f is a nonconstant element of Hg°(C* \ K). Then there exists a function
h € L™(H},) such that forall z € C\ K,

he)
£ :/;T;ZW@-

Moreover, ||hllco < || flloo and Hic (th # 01 = | f' @)/ £ llo-
In particular, when f is the Ahlfors function of K the associated h satisfies

oo < 1and Hy ({h #0}) > y(K).



138 6 A Solution to Vitushkin’s Conjecture Modulo Two Difficult Results

Proof Fix a closed ball B big enough to contain K and all points within a distance
1 of K. Given ¢ between 0 and 1, there exists a family {B; ,}, of balls of diameter
less than & whose interiors cover K such that

(%) D |Benl < S'(K) +e.

Since K is compact, we may assume that for each ¢ there are on only finitely many
B, and that each B, , intersects K. Let I'; be the boundary of Un B, , oriented to
have winding number 1 about each point of K and consider the continuous linear
functional A, on C(B) defined by

~1
Aelp) = 2_m,/1~ p(&) f(&) d¢.
From (»x) we see that
1 1 .
182l = 50 1w Do mlBeal < 51l [sta+1].

Thus we may apply [RUD, 11.29] and [RUD, 6.19] as in the proof of Frostman’s
Lemma (2.9) to conclude that there exists a sequence {¢,} decreasing to O such that
the sequence {Ag,} converges weakly to a continuous linear functional A on C(B)
represented by a regular complex Borel measure p on B. This means that for any
¢ € C(B),

1
() lim o [ @) de = lim Au0) = M) = [ 90 duco)

Since each A, annihilates those continuous functions whose support is a dis-
tance more that ¢ from K, it follows from (x x %) that A annihilates those contin-
uous functions compactly supported in B \ K. Thus by [RUD, 6.19 (2) and 3.17],
[ul(B\ K) =||A|C.(B\ K)|| =0, 1i.e., u is supported on K.

Given z € C\ K, use Tietze’s Extension Theorem [RUD, 20.4] to get a continuous
function ¢ such that ¢(¢) = 1/(¢ — z) for all ¢ whose distance to K is at most half
the distance of z to K. By Lemma 2.13, for every ¢ € (0, 1) which is less than half
the distance of z to K, we then have

-1 f )

" 2mi r.¢{—z

-1
(@) d¢ :%/F @(6) f(&) dg.

Thus from (* * x) we deduce that

1
f(Z)=/¢(C)dM(§)=/;dM(C)~
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Next we must show that du = h dH}( for an appropriate 4. To this end, let U be
any open subset of C and ¢ be any continuous function on C compactly supported in
U with ||¢]lcc < 1. Consider only those ¢ € (0, 1) which are less than the distance
between the support of ¢ and the compliment of U. Let I, consist of those indices
n such that B, , intersects the support of ¢ and let J. consist of all the remaining
indices. Then K \ U must be covered by {B., : n € J¢} and so Zne.l; |Be | >

SH(K \ U). Consequently,
-1
nol = | [ e@ro i
L Jr,
1
< Il D, 7IBeal

1
< £l {Z Benl =D |Bg,n|}
< 2l [8'K) e - Sl \ )
2 &

where (xx) helps justify the last inequality. Thus from (x x x) and (x) we
deduce that

1 1
IA@)] = S1Flloo {SI(K) — SNk \ U)} = EufnooSl(K NU) < I fllo® (K NU).

Suping over all our ¢’s, we conclude that ||A|C.(U)] < ||f||ooH}<(U). From
[RUD, 6.19 (2) and 3.17] it now follows that |u|(U) < ||f||ooH}<(U). Since U
is an arbitrary open set, Proposition 5.22 now implies that

(%% %) [(E) < || fllooHk (E)

for any Borel set E. The Radon-Nikodym Theorem [RUD, 6.10] now implies that
dp = h dHk for some h € L'(HY). Given & > 0, set E, = {z : |h(2)| >
Il fllo + @}. Invoking Proposition 5.22 once again, we note that £, is the union of
a Borel set and a set of measure zero for H}z- Since d|u| = |h| dH}( [RUD, 6.13],
we see that (x x x x) now implies that

(1flloo + @) H ) (Eq) 5/ Il dHy = [1l(Eq) < | flloc Mk (Eq).

Eqy

In consequence, H}( (Ey) = 0 forall « > 0. Thus 4 is an element of LOO(H}() with
Alloo < I1f lloo-
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Finally, recall that the derivative at infinity of the Cauchy transform of a measure
is negative the mass of the measure. We have shown that f is the Cauchy transform
of h dH}{. Hence

|f'(00)| = ‘—/hdH}( < lIhllocHk ({h # 0} < || flocHk ({h # 0}).

6.3 Estimates of Truncated Cauchy Integrals

The Cauchy integral produced in the last section is bounded off K. One would
like to extend it to be defined and bounded on K, but it may not make sense there
since it may diverge absolutely. Standing at the threshold of the fearsome theory
of singular integral operators, we opt for the simple expedient of modifying the
kernel ¢ +— 1/(¢ — z) to be 0 in a small disc of radius ¢ > 0 about its singularity
z. The Cauchy integral arising from this “truncated” kernel, appropriately called a
truncated Cauchy integral, now converges absolutely and boundedly on the whole
complex plane. However, as payment for this gift one must obtain a bound on the
truncated Cauchy integral that is independent of the parameter ¢. Accomplishing
this is the point of the proposition with which we end this section. As usual, some
preliminary lemmas are necessary.

The first lemma is a trivial consequence of Proposition 5.18, but we avoid appeal
to this difficult result with an easy ad hoc argument.

Lemma 6.7 Suppose E is a subset of C such that H'(E) < oo. Then L*(E) = 0.

Proof Given 8 > 0, there exists a §-cover {U,} of E such that ), |U,|
< HY(E) + 1. Then, since each U, is contained in a ball of radius |U,|, we must
have

LAE) <Y LAU) <) w|UlP <78y |Upl < w8{H(E) + 1),

Since § > 0 is otherwise arbitrary, we are done. m]

Note the similarity of the following lemma to Lemma 1.20. Also note the
similarity of its proof to that of Lemma 1.20: both involve moving the mass of part
of the set in question to form a ball in such a way that that the integrand can only
get bigger in the process, and then evaluating the integral over the resulting ball via
polar coordinates!

Lemma 6.8 Let E be an L?-measurable subset of C. Then for any point z of C we
have

/ — dﬁz(g) < 27 L2(E).
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Proof Without loss of generality, 0 < L2(E) < oo. Choose a > 0 such that
wa* = L>(E). Set B = B(z; a). Then L>(E \ B) = L*(B\ E). Also, | —z| > a
for e E\ Band | —z] <afor{ € B\ E. Thus

2 2
[ dcz(osuE\B):“B\E)f// L ae
£\ ¢ — 2| a a B\E ¢ — 2l

and so, adding the integral of 1/|¢ — z| over E N B to both sides of this inequality,

we get
1 2
/f (c)<//—d£ ©).
E ¢ —1z| B

Finally, using polar coordinates centered at the point z, we have

2 a
f/ ! dL’(c) = f f L rarde = ona = 2V/n L2(E).
B¢ —1zl o Jor

O

Because of the this lemma, for any z € C the function { € C — 1/(¢ — z) isin
L! (E ) for any £?-measurable E with £?(E) < oo. Thus in Lemma 1.20 we did
not actually need to restrict our attention to a compact K or to a point z lying off K;
we could have stated it for any £2-measurable subset E of C such that £2(E) < oo
and any point z of C.

Proposition 6.9 Let K be a compact subset of C such that Hl has linear
growth with bound M. Suppose h is an element of LOO(H ) with ||h]leo < 1
such that

[ | <1
foreveryz € C\ K. Then
/ h) dH ()| < 6M + 1
C\B(z:¢) {—z

foreveryz € Cand e > 0.

Proof We dominate the absolute value of our integral by the sum of three pieces,
each of which will be estimated differently:
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[ 29 mge|<

\B(z;:e) § — 2

h 4 h
/ © dHy () — { f @) dHK(o}ch(s)‘e(I)!
C\Bz;ie)§ — 2 2)B(zes Ue\Bee ¢ — €

4 h
/ { o) HK(;)} dL*)
B(z;¢/2)

< (!

c-¢
+ ‘_i/ {f h(?) dHK(C)}dEZ(E)‘. <
B(z;¢/2) B

(z;€) ¢ — E

For¢ e C\ B(z;¢) and € € B(z;¢/2), wehave [t —&| > | —z| — |E — 2| >
e—e/2=¢/2.Hence |¢ —z| < |t —&|+ |6 —z| < [¢ —&|+¢&/2 <2]¢ —&| and s0

1

‘ B § -z _ 26—z _ ¢
{—z ¢-§

Tle—zllc—&l Tt —zP " [t =z

i

Hence, using this, the hypothesis ||/ ]oc < 1, Fubini’s Theorem [RUD, 8.8], and the

linear growth of HL . we see that

4 1 1
— h(¢) dH ac? ’
me? /B(z;e/2) [C\B(z;s) {C —z (—& } © dHi©) ©

4 &
me? h(¢)| dH () dL?
me? /3(225/2) L\B(z;e) I —z|? )] dFg (€) &)

dH()zs/ {f dt}dH()
[cw(z e 1¢ —ZI2 k(¢ C\B(ze) LJc—z 3 Kl

% 1L (B(z; 1)\ B(z; a)) My
:28/6 3 < 28'/8 ,_3‘”:2M'

@ =

IA

By assumption, our Cauchy integral is bounded in absolute value by 1 off K and
so £2-almost everywhere on C by the first lemma of this section. Hence

ey dHK@)‘dcz@ < —£2<B(z £/2)) = L.

an < &
T ome? c—¢

B(z;¢/2)

Finally, by the hypothesis ||/| oo < 1, Fubini’s Theorem [RUD, 8.8], the second

lemma of this section, and the linear growth of HL  we see that
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4 |h(¢)] 1 2
) < — dH dl
(b = me? /B(z;s/2) /I;(Z;e) ¢ — &l K@) ©

4 1
— dL*(E) dH)
ne? /;3(2;5) /;(z;s/2) ¢ — &l ® x(©)

iz 2/mL2(B(z: £/2)) dHL (0)
TE

B(z;¢)

A

IA

4 4
= —HLk(B(z;e)) < —Me=4M.
& &

Adding our estimates together, we get 6M + 1 and are done. O

6.4 Estimates of Truncated Suppressed Cauchy Integrals

When we say that ® is a Lip(1)-function, we shall mean that ® is a function
with domain C and range contained in [0, co) that is Lipschitz with bound 1, i.e.,
® : C — [0, 00) is such that |®(z) — ®(w)| < |z — w| for all z, w € C. The
suppressed Cauchy kernel kg associated with such a @ is defined for ¢ # z by the
equation

—z

ko(¢,2) = L — 22+ ()P (2)

Proposition 6.10 For kg as above and ¢ # z, we have the following:
(a) k‘D({s Z) = _ch(Z, g‘)

(b) ko(¢,2) = é’; whenever ®(¢) or $(z) = 0.
-2

1
(©) lko (¢, 2)| = :

¢ —z|
) lka(¢,2)| < %O whenever ®(¢) # 0 and < % whenever ®(z) # 0.
I 2z P
ko(C,2) — < .
© el = = T =ap
418" —¢|

0 lko(¢,2) —ko(¢' )| <

1
T whenever |’ — | < Elg“/ -zl
Proof (a), (b), and (c): Clear.

(d) Since @ is Lip(1), |®(¢) — P (2)| < |[¢ —z] and so ®(¢) — [¢ — z|] < D (2).
Hence
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D)IE =zl < PO — 2zl +{P©) — ¢ —zl)?
=1 — 2P+ PP — [ —zl} <1 — 2P + 2P (2).

Rearranging, we get k¢ (¢, 2)| < 1/®(¢). That |k (¢, 2)| < 1/P(z) now follows
from (a).

(e) Since P is Lip(1), [®(¢) — P(2)| < [¢ — z[and so D(¢) < [¢ — z| + P(2).
Hence

—z _ {—z
IE—zP+ ()P () ¢ —z?

1
kq)(é"z)_g__z‘:'

_ —(( = 2)P()P(2)
{Ig =27 + @) P (@)} — zI?

_ 2%

- olg—-zP

- (It —z| + ®(2)}P(2)
B ¢ —z?

.26 ®2(z)
1c—z2 ¢ —z]F

(f) Use Den(a, b) to denote |a — b|?> + ®(a)P(b) and note that Den(a, b) >
la — bl2 and & (a)P(b) always (these inequalities will be used many times in what
follows). Plugging in the definition of k¢, forming a common denominator, and then
segregating terms in the numerator into those not involving ® and those that do, we
obtain

Num I n Num II
Den(¢, z)Den(¢’, z)  Den(¢, z)Den(¢’, z)

(*) ko (¢, 2) — ko (¢, 2) =

where NumI = (C—2)[¢ — zI> — (' =2)|¢ — z|* and NumIl =
€ —2)PENP(@) — (¢ —2)P()P(2).
To handle the first quotient, note that Num I = (¢ — z)(¢/ — z)(¢’ — ¢) (write

each of the two absolute values squared in Num I as the conjugate times the num-
ber, pull out two common factors, and simplify what remains). Then note that if

l¢" = ¢l < 1¢" —zl/2, then [ —z| > [¢" — z| = [¢" = ¢ = |¢" — z|/2. Thus

Numll e —zlig —zllg —el _ =gl _ 2 ¢
Den(¢, )Den(¢’.2) ~ ¢ — 2Pl =P ¢ =zl =2~ g’ =2

(%)

To handle the second quotient, note that Num Il = (¢ — 2){® (") —P(¢)}P(z)—
&' —¢)®()P(z) (subtract and add (¢ —z)P(¢)P(z) and tidy up the second
term). Note also that |®(¢") — ®(¢)| < |¢' — ¢|. Thus
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|Num I ¢ —z]|g" — ¢ D(2) ¢ — ¢ D) D(2)
(% * %) < +
Den(¢, z)Den(¢’, z) ~ Den(¢, z)Den(¢’,z)  Den(¢, z)Den(¢’, z)

_ g7l { ¢ —z| _q)()JrCD(é“)CD(Z)}

Den(¢’, z) | Den(¢, z) ¢ Den(¢, z)
1" = ¢l
— {1+ 1}

< I{’—ZIZ{ }

The first 1 in the last inequality is justified by (d) since |[¢ — z|/Den(¢,z) =
ko (g, 2)[!
Considering (%), (*%), and (* » %), we are done. O

The integral whose absolute value is estimated in the conclusion of the next
proposition could be called a truncated suppressed Cauchy integral. We will meet

the suppressed Cauchy integral that it is the truncation of in the next section!

Proposition 6.11 Let K be a compact subset of C such that H}( has linear growth
with bound M. Suppose h is an element of L™ (H ) with ||h|leo < 1 such that

h
’/ L)dHK(C)

for every z € C\ K. Then for any Lip(1)-function ®, we have

<1

<1IM+1

/ ko (£, Dh(E) dHL ()
C\B(z;¢)

foreveryz € Cand e > 0.

Proof By (b) of the last proposition and Proposition 6.9, we may as well assume
that ®(z) > 0. Set R = max{e, ®(z)}. We split our integral into three pieces, each
of which will be estimated differently:

< / ko (£, D) dHE (0)| < (D!
C\B(z;¢) B(z; R)\B(z;¢)

+f o dHK(;“)‘ an!
C\Bz:R) & — (-

+

1
/ {%(&z)——}h(;)d?ﬁ}((g)‘. <~ (1!
C\B(z;:R) {—z

If R = ¢, then (I) = 0 < M trivially. Otherwise, R = ®(z) and so by (d) of the
last proposition and the linear growth of L, we have
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Hi(B@ R) _ MR

0 = P(z) ~ d(2) -

By Proposition 6.9, (Il) < 6M + 1.
By (e) of the last proposition,

31 < @(z) dHY () + D%(2) dHk (©).

C\B@:R) 1€ — 217 C\B@:R) 1€ — 2P
Denote the first and second summands on the right-hand side of the above inequality
by (Illa) and (IIIb), respectively. Then, using Fubini [ RUD, 8.8] and the linear

growth of HL,

0]

(Ilfa) = ®(2) { / %dt}dH}((c)
C\B(R) Wjg—z| !

oo 1 . .
= 2<I>(z)/R Ty (B tt)3\ B R)) dt

Mt 20(z)M
<2d(2) —dt = —/—— = 2M
R I R

since R > ®(z) always. One can similarly show that (Illb) < 3M /2 ... which we
dominate by 2M to avoid fractions!
Adding our estimates together, we get 11M + 1 and are done. O

6.5 Vitushkin’s Conjecture Resolved Affirmatively
Modulo Two Difficult Results

In this section we resolve Vitushkin’s Conjecture affirmatively by verifying Reduc-
tion 6.3 using two difficult results: a T (b) theorem due to Nazarov, Treil, and Vol-
berg and a curvature theorem due to David and Léger. These two difficult results
will then be proved in following two chapters.

So suppose K is a compact subset of C such that H}< has linear growth with
bound M for some M < oo. Note that this trivially implies that H'(K) < oo.
Also, we may as well assume that K is nonremovable (otherwise the conclusion of
Reduction 6.3 holds trivially). Thus we may apply Proposition 6.6 to the Ahlfors
function of K to obtain a function 7 € LOO(H}() with ||h]loc < 1 such that
Hi ({h #0}) > y(K) and forall z € C\ K,

h(¢) ]
5 e

<1
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For the remainder of this section, let K, M, and & be fixed as in the last paragraph.
To verify Reduction 6.3, it suffices to find a countable family of rectifiable curves
whose union I' satisfies

Hi (D) > y(K).

Given § > 0, a closed ball B(c; r) of C is called 8-good (for K and h) if
1. 0<r < 1/8,

2. Hy(@B(c;r)) =0,
3. H}{(B(c; r)) > r/2, and
84
4. f |h — h(c)|? dHY < ?|h(c)|2H}<(B(c; ).
B(c;r)

We wish to split up {# # 0} nicely with §-good balls. For that the next lemma
lets us deal with item 3 of the above definition. The lemma is essentially a special
case of a general upper density result for s-dimensional Hausdorff measures (see
Corollary 2.6 of [FALC]).

Lemma 6.12 Let E be a subset C such that H' (E) < oo and let 0 < a < 1. Then
for Hlae. 7€ E,HY(EN Bz 1)) > ar for arbitrarily small r > 0.

Proof Given § > 0, set
Es={ze E:H (ENB(zr)) <arforal0 <r < §)}.

Since the set of points of E for which the conclusion of the lemma fails is equal to
the union of the Ess over any sequence of §s decreasing to 0, it suffices to show that
H'(Es) = 0 for a typical fixed §.

Given ¢ > 0, let {U,} be a §-cover of Es such that Zn |Up| < HY(Es) + «.
Without loss of generality, each Es N U, is nonempty, so we may choose z,, €
Es N U,. Then

H'(Es) < ) H'(Es N B2 1UD) < Y alUs| < afH' (Es) + ¢}

Letting ¢ | 0, we get H!'(Es) < a’H'(Es). Since H*(Es) < oo and 0 < « < 1,
this forces H!(Es) = 0 and so we are done. O

Proposition 6.13 For any § > 0, there exists a countable pairwise disjoint collec-
tion { By} of 8-good balls such that

H <{h7é0}\UBn> =0.
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Proof By the last lemma (with £ = K, o = 1/2), Proposition 5.22, and Proposi-
tion 5.28 (with f = h, u = H}{, p = 2), there exists a subset H of {h # 0} with
H}( ({h # O0}\ H) = O such that every point ¢ € H satisfies item 3 of the definition of
8-good ball for arbitrarily small » > 0 and item 4 for all sufficiently small » > 0. So
given ¢ € H, construct a sequence {r,,} decreasing to 0 with each r, satisfying item
3 for c. Item 2 for ¢ may fail for at most countably many » > 0. Unfortunately all of
our r,s may be among these countably many r > 0! But consider that if r,, satisfies
item 3 for c, then any r between r,, and min{2H}< (B(c; rp)), ru—1} also satisfies item
3 for c. Since the open interval with endpoints 7, and min{ZH}( (B(c; rp)), rp—1} is
an uncountable set, we may obviously choose an r, from it satisfying items 2 and 3
for c¢. Then {r,/l} is a sequence decreasing to 0 and r,’, satisfies items 1, 2, 3, and 4 for
c for all sufficiently large n.

We have thus shown that every ¢ € H is the center of §-good balls with arbitrarily
small radii, i.e., the collection of §-good balls is a Vitali class for H. Applying (a) of
Vitali’s Covering Lemma (5.14), there exists a countable pairwise disjoint collection
{B,} of -good balls such that either H}((H \U, Bn) =0o0r), |B,| =oc0.If we
can rule out the latter alternative, we are done. This is easy due to item 3 of the
definition of a §-good ball and the pairwise disjointness of the B,s:

D 1Bl < Y 4Hi(By) < 4H'(K) < oo.
n O

It is at this point that we wish to apply the first difficult result, whose proof will
be postponed to the next chapter, the 7' (b) theorem of Nazarov, Treil, and Volberg.
To state this result, however, a definition is needed:

Given a positive Borel measure p on C, the suppressed Cauchy integral Ko ¢ of
a function ¢ € L%(u) with respect to a Lip(1)-function ® is defined by the equation

(Kop)(2) =f(ckq>(§,Z)§0(§)du(C)-

This definition has a problem that needs going into: For z € spt(u), the integral
defining (K ¢)(z) may not converge absolutely and so may not be well defined. To
circumvent this annoyance, we introduce a parameter A > 0 and consider Ko ¢
in place of Ko¢. The integral defining Ke4,¢ is then absolutely convergent and
so unproblematic. For, using the Cauchy—Schwarz Inequality [RUD, 3.5] and (d) of
Proposition 6.10, we have

1/2
/Clkq>+x({,Z)<p(§)|du(§) < {/Clkcpﬂ({&)lzdu({)} el 22
- {M(C)

1/2
32 } : ||(P||L2(,L)~
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Moreover, from this it follows that

2
1Ko 0122, = [C ‘ [C ko8, D9(0) du(©)| dp(z)

u(C) 2 - MZ(C) 2
< [EF oty dn) = 5 e,

and so

n(©)
Ko ll L2ups L20u) < 0 < Q.

One of the major points of the 7'(b) theorem of Nazarov, Treil, and Volberg is
that, given a few more hypotheses, there is a finite bound on ||, || L2 L2 ()
that is independent of A > 0 (unlike the bound just obtained). This will allow
us to let A | O and obtain information about K¢. So in future when we speak
of K¢ as being bounded from LZ(M) to LZ(M) what we really mean is that
1Kot Il 220> 1.2 () has a finite bound that is independent of A > 0.

There is another major point to their theorem, but to properly go into that we first
need to state the result!

Theorem 6.14 (Nazarov, Treil, and Volberg) Ler 0 < § < 1/27,000, 0 <
M < 00,0 <M < oo, and ¢ € C. Suppose that [u is a totally regular positive
Borel measure on C, h is an element of L* (), and ® isa Lip(1)-function that
together satisfy

(1) spt(p) < B(c; 1/8),

(2) w has linear growth with bound M ,

84
3) [C h = kP dp < TP u(©),
~ §2
@ n(® >0 = S (0, and

(5) for all points z € C, numbers ¢ > 0, and Lip(1)-functions © > 59,

/ ko(C. Dh(@) du(@)| < MIh(E)].
C\B(z;¢)

Then there exists a Lip(1)-function ® such that
(@) nu({® > 0}) < ou(C) and

(®) sup 1Kol 2 (s 12 () < 00
>0

Note that (1) and (2) imply that u is compactly supported and finite. (The
reader may be wondering why the bound of 1/27,000 on the number § in the
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enunciation of this theorem. If so, see the Proof of Theorem 7.1 from Reduction 7.21
in Section 7.10!)

The ideal result here, which is unobtainable, would be that the Cauchy integral
operator

(Koo)(@) = / @d (@)
c¢—

is always bounded from L2(w) to L2(w). What the theorem instead asserts, or rather
implies, is that if one throws away py, the restriction of x to a small “bad” set U,
then the Cauchy integral operator Ko is bounded on L? of what is left, juy, the
restriction of u to the complementary “good” set V. To see this, we first note that
the purpose of the Lip(1)-function @ of the theorem’s conclusion is to single out
these “bad” and “good” sets: U = {® > 0} and V = {® = 0}. Next, we note
that ke (£, z) = 1/(¢ —z) on V and so Ko = Kog for all ¢ € L?(uy). This in
conjunction with (b) of the theorem’s conclusion allow us to conclude that Ky is
bounded from Lz(,uv) to L2(,uv). Finally, that U is indeed “small” is the import of
(a) of the theorem’s conclusion.

Proposition 6.15 Let 0 < 6 < 1/27,000. If B is a 6-good ball, then there exists an
open subset U of C such that

Hi (BN U) < 8H(B) and ¢* (Mg p)) < 0

Proof Letting B = B(c; r) and setting u© = H! Knp; hote that hypotheses (1), (2),
and (3) of Theorem 6.14 hold. We shall produce a ® and M that make hypotheses
(4) and (5) hold too.

Since H}( (0B) = 0, we may choose p close enough to but less than r so that

52
Hi (B \ B(c; p)) < 5H}<(B)

by the Lower Continuity Property of Measures [RUD, 1.19(e)]. Then
®(z) = dist(z, B(c; p)) is a Lip(1)-function that satisfies hypothesis (4). Given
z, &, and © as in hypothesis (5), note that

/ ke (¢, Z)h(C)du(C)‘ k@(C,Z)h(C)dH}((C)‘ <~ D!
C\B(z;¢)

C\B(Z €)

+

/ ko (¢, Dh(E) de\B(o‘ < !
C\B(z:¢)

By Proposition 6.11, (I) < 11M + 1, and by (d) of Proposition 6.10,

HYU(K)
= [ 5 Mee® = 50—y
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Then hypothesis (5) will hold if we set

-1
Mz_{(11M+1)~|—

HY(K) }
h(c) ’

8(r—p)

We may thus apply Theorem 6.14 here to get a Lip(1)-function @ as in its con-
clusion. Setting U = {® > 0}, part (a) of the theorem’s conclusion immediately
translates into H}((B NnNU) < 8H}<(B). Denoting the supremum in part (b) of the
theorem’s conclusion by N, we see that

) [1Ko11 Xevwll7ag, = NIXewlza, < N2r(©).

We shall now develop the leftmost term of (x) into a triple integral from which the
desired curvature will emerge. The arguments will be similar to those of Section 4.1.
Indeed, the reader should now reacquaint himself with the notation and results of
that section for they will be called upon. It is for this reason that we shall suddenly
start to use & where up to now we have been using z! Since ® = 0 off of U,
we have

(o0) 1Ko Xewllag,

2
du(&)

- f ‘ / ko4 (0. ) Xoyy (©) dp(©)
CclJC

- 2
{—&

> S Sk

B /(C\U /(C\U e — &2+ A2 w6

G —-5Mm—-8§)
///«C\w (1 —E2 +A2)(In — £+ 42) n(&) du(n) du(§)

! C—5n—¥§
= — d d d .
6 //[@\U)s 7D§m (2 —EPRP+22)(In — £12 + A2) w(&) dp(n) du(§)

du (&)

[When one permutes the variables in the second to last integral in (xx) in any par-
ticular way obviously it does not change, but Fubini [RUD, 8.8] always allows us
to undo the resulting permuting of the dus. The upshot is that any permuting of
the variables in the integrand alone does not change the value of the second to last
integral in (x%). The last equality of (xx) follows in consequence.]

One may write { — & = be', n — & = ae'?, and y = |0 — ¢|. Then two
terms of the six-term sum making up the integrand of the last integral in (%)
sum to
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(¢ —=86m—5%) n (n—8)(¢ —§)
(IC=EP+2)(n—EP 42D (n—&P+2D)(¢ — &2+ 212
bae'@=9 abe'@—¢) 2abcos y

S 1D@ 1) @110 @+ e 1)

Two similar expressions may be gotten when the remaining four terms are appro-
priately paired off. Adding the three resulting expressions, we see that the integrand
of the last integral in (xx) may be written as the sum of

2abc(acosa + bcos B+ ccosy)
0= 2 2N(h2 2y( 2 2
(a® + 22)(b? + A2)(c* + 1)

and

12(2bc cos o + 2ac cos B + 2ab cos y)
(@® 4+ 22 (b + 1) (2 + 12)

(1) =

One the one hand, from Proposition 4.1 we see that

2(acosa +bcosB +ccosy) a?b?c?

D= abe C@E A B2+ A2 (2 + A2)

a’b*c?
(@ + 22)(b? + 22)(c? 4+ 22

= (¢, n, &) -

On the other hand, from the Law of Cosines we see that

W% + ¢ — a®] + [a® + 2 — b?] + [a® + b — 7))

0= (@ +32)(B2 + AD)(c2 + 12)

_ 2@ +b* +c?) -0
@B+ A+ ) T

Thus this whole paragraph has shown the following:

(x * ») The integrand of the last integral in (x%) >
a’b?c?
(@ +22)(b* + A3 + 1%

A, £)

From (%), (%%), and (x x x), it now follows that

232 .2
2 a“b-c 2
I/ f(cwc €8 s e MO AR E) < V()



6.5 Vitushkin’s Conjecture Resolved Affirmatively Modulo Two Difficult Results 153

Letting 2 | 0 and invoking the Monotone Convergence Theorem [RUD, 1.26], we
deduce that

Alucwy) = / f f (¢, n, &) du(g) du(n) diu(E) < 6N*u(C) < oo.
(C\U)?

Since puovy = H}(O(B\U)’ we are done. O

At this point we need to apply the second difficult result, whose proof will be
postponed to the chapter after the next, the curvature theorem of David and Léger.

Theorem 6.16 (David & Léger) Suppose E is an H'-measurable subset of C such
that H'(E) < oo and ¢? (H}E) < 00. Then there exists a countable family of rectifi-
able curves whose union I satisfies

HYE\T) =0.

From this result and our last proposition we immediately get the following.

Proposition 6.17 Let 0 < 6 < 1/27,000. If B is a 6-good ball, then there exists an
open subset U of C and a set T that is a union of a countable family of rectifiable
curves which together satisfy
HL(BNU) < SHY(B) and HL ({B\ U} \ T) =0.
Completion of the Proof of Reduction 6.3 For the moment, fix 0 < § < 1/27,000.
Let {B,} be as in Proposition 6.13. Then, applying the last proposition to each By,
get open sets U, and sets [, each a union of a countable family of rectifiable curves,
that satisfy
Mk (By N Uy) < Mg (By) and Hi ({(By \ U} \ T) =0
for each n. Set I's = |, I';,. Then
H'(KNTs) = > Hi(By\ Uy} NTy)
n
=Y Hi(By\ Uy
n
= > (Hi(By) — Hi (By N Up))
n
> (1= 8Hk (B
n
> (1=OHg R #0D) = (1 =8)y(K).

To finish, simply take a sequence {8,} decreasing to 0 and consider I' = | J, I's,. O
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We close this section with a few comments on the history of our solution to
Vitushkin’s Conjecture. Michael Christ came up with the idea of using an appro-
priate T (b) theorem to obtain information on the L? boundedness of the Cauchy
transform and thus too on analytic capacity. He applied it to Ahlfors—David regular
sets in [CHRIST]. These are linearly measurable subsets E for which there exists a
positive finite number M such that for all z € E and all positive r < |E|,

M~y <HYEN Bz 7)) < Mr.

When a linearly measurable E satisfies the first inequality of this definition, we
call it lower Ahlfors—David regular. When it satisfies the second inequality, we
call it upper Ahlfors—David regular. It is an easy exercise to see that E is upper
Ahlfors—David regular if and only if H}E has linear growth. Shortly after the intro-
duction of Melnikov curvature in [MEL], Pertti Mattila, Mark Melnikov, and Joan
Verdera showed in [MMV] that Vitushkin’s Conjecture was correct for Ahlfors—
David regular compact sets. As seen in the opening section of this chapter, upper
Ahlfors—David regularity may be assumed when verifying the general conjecture.
Not so however for lower Ahlfors—David regularity! Indeed, getting around lack
of lower Ahlfors—David regularity was the main obstacle to resolving the full con-
jecture. Guy David obtained an appropriate 7'(b) theorem in [DAV1] with a truly
heroic and difficult proof that avoided lower Ahlfors—David regularity. This work
built on an earlier paper [DM], a joint effort with Pertti Mattila. Shortly thereafter
or at about the same time, Fedor Nazarov, Sergei Treil, and Alexander Volberg
obtained another 7 (b) theorem in [NTV] which did the job of David’s T (b) the-
orem and had a simpler and smoother proof which is more easily adapted to other
situations. Thus we have replaced David’s T (b) theorem with theirs in our solution
of Vitushkin’s Conjecture. To finish off Vitushkin’s Conjecture, David also obtained
an appropriate curvature result in the absence of lower Ahlfors—David regularity.
However, he did not publish this last proof since Jean-Christophe Léger, a student
of his, managed in [LEG] to prove the same result in a smoother fashion that,
unlike David’s original proof, easily generalizes from C = R? to R". Recently, in
[TOLS5], Xavier Tolsa obtained another proof of this curvature theorem. His proof
leans heavily on Besicovitch’s theory of 1-sets which we describe in the next sec-
tion. For this and other reasons, we have elected to stick with the earlier proof of
Léger.

6.6 Postlude: Vitushkin’s Original Conjecture

The conjecture which has just been resolved affirmatively in the last section and
has come to bear Anatoli Vitushkin’s name grew out of an earlier conjecture of his
which was resolved negatively. We here provide some background on this earlier
conjecture.

Given 6 € [0, ), let my denote the orthogonal projection of the complex plane
onto the line that passes through the origin and makes a counterclockwise angle
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of 6 with the positive x-axis. The Crofton measure (also known as the Buffon needle
probability or the Favard length) of a subset E of C is

CR(E) = %/Oﬂ LY (7o (E)) db.

Thus CR(E) = 0 if and only if the set E orthogonally projects in almost every
direction onto a set of linear Lebesgue measure zero.

There is a result of John M. Marstrand, Theorem 1 of [MARST] coupled with
the penultimate paragraph of Section 5 of the same work, from which it follows
that a compact subset of C with Hausdorff dimension greater than 1 has positive
Crofton measure. By contrast, it is an easy consequence of Proposition 2.2 that
a compact subset of C with Hausdorff dimension less than 1 has zero Crofton
measure. This contrast appears again when one turns to removability: a com-
pact subset of C is nonremovable or removable depending on whether its Haus-
dorff dimension is greater or less than 1 respectively (Corollaries 2.12 and 2.8).
This naturally leads to Vitushkin’s Original Conjecture (VOC): For every compact
subset K of C,

(x) K is removable if and only if CR(K) = 0.

To the author’s knowledge, this was first stated in Section 3 of chapter I of [VIT2].
The fate of this conjecture clearly hinges upon the compact subsets of C of Haus-
dorff dimension one!

Of course, the alert reader has probably realized that the Joyce—Morters set K
that concluded Chapter 4 refutes VOC: K is nonremovable, yet CR(K) = 0 (Theo-
rem 4.33 and Proposition 4.28). However, this is only the most recent and simplest
counterexample. The first counterexample, in 1986, was the whole point of Pertti
Mattila’s paper [MAT2] and upon it hangs an amusing tale. Being removable is
conformally invariant: if K is removable and f is a conformal map defined on a
neighborhood of K, then f(K) is also removable. Mattila proved that given any
C? diffeomorphism f which does not always map line segments to line segments,
there exists a compact subset K of the domain of f such that CR(K) = 0 but
CR(f(K)) > 0. Applying this result to the map f(z) = z> on the open right
half-plane, we realize that either the K or the f(K) produced must be a counterex-
ample to VOC. The amusing bit of the tale is that since we do not know whether
K and f(K) are both removable or both nonremovable, we do not know which set
is the counterexample! Thus Matilla’s example gives us no idea which implication
of VOC fails! Later on, in 1988, Peter Jones and Takafumi Murai produced, by
very complicated means, a nonremovable compact set with zero Crofton measure in
[JM1]. The simpler Joyce—Morters example from 2000 had to wait for the invention
of Melnikov curvature in 1995. At present it is still not known if there exists a
removable compact set with positive Crofton measure!

Recall that the Joyce-Morters set, although of Hausdorff dimension one, has
infinite, indeed non-o-finite, linear Hausdorff measure (Proposition 4.34). This
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suggests what we will call the Finite Case of Vitushkin’s Original Conjecture
(FCVOC): For every compact subset K of C with H!(K) < oo,

(*) K is removable if and only if CR(K) = 0.

What compact sets with finite linear Hausdorff measure can we come up with
to test this out? For the rest of this section, call a set frivial if it has zero linear
Hausdorff measure. Then (%) holds for trivial compact sets (Painlevé’s Theorem
(2.7)). Another class to consider are the nontrivial compact sets that are contained in
arectifiable curve. These all have finite linear Hausdorff measure and are nonremov-
able (Proposition 4.21 and Theorem 4.27). Since it can be shown that the Crofton
measure of such sets is positive (see Theorem 6.10 of [FALC]), we see that (x)
holds again. The only other nontrivial compact set with finite linear Hausdorff mea-
sure that we have encountered is the planar Cantor quarter set which is removable
(Theorem 2.19). If (%) is to hold here, then we must check that its Crofton measure
is zero. At first sight this appears unlikely since we showed this set to be nontrivial
at the beginning of Section 2.4 by observing that its orthogonal projection onto the
line y = x/2 was an interval of length 34/5/5. Of course the same is true of the eight
lines gotten by applying the symmetries of [0, 1] x [0, 1] to the line y = x/2. It is
left to the reader to show that in all directions except the eight determined by these
lines the orthogonal projection of the set has linear Lebesgue measure zero! Thus the
planar Cantor quarter set satisfies (x). Indeed, for a long time all test sets that were
“computable” turned out to satisfy (x), thus giving strong support to the FCVOC.

To gain better perspective here, let us turn to an old and fascinating piece of math-
ematics. A subset E of Cis called a I-set if E is H'-measurable and H!(E) < oco.In
a series of papers, [BES1], [BES2], and [BES3], Abram Samoilovitch Besicovitch
uncovered and developed a beautiful and deep theory of 1-sets. We now describe his
results.

The lower and upper densities of a 1-set E at a point z € C are defined by

1 . 1 .
D(E,z2) = liminfM and D(E, z) = lim sup M
0 2r 10 2r

respectively. When D(E, z) = D(E, z), we write D(E, z) for the common value
and call it the density of E at z. A point z € E is called a regular point of E if
D(E, 7) exists and equals 1; otherwise, z is called an irregular point of E. The set
of regular points of E is called the regular part of E and denoted Eyg; the set of
irregular points of E is called the irregular part of E and denoted Ej. We say that
E is a regular set if H'(E \ Ereg) = 0 and an irregular set if HYE \ Eir) = 0.
Besicovitch proved, among other things, the following results:

1. The regular part of a 1-set is a regular 1-set; the irregular part of a 1-set is an
irregular 1-set.

2. Any H!'-measureable subset of a regular I-set is a regular I-set; any
H'-measureable subset of an irregular 1-set is an irregular 1-set.



6.6 Postlude: Vitushkin’s Original Conjecture 157

3. The density of an irregular 1-set fails to exist at 7' -almost all of its points. Thus
a 1-set will never be irregular because it has a subset of positive '-measure at
each point of which the density exists but happens to take a value other than 1.

4. A regular 1-set is, modulo a set of H!-measure zero, contained in the union of
countably many rectifiable curves; an irregular 1-set intersects every rectifiable
curve in a set of H!-measure zero. Each of these statements is reversible, thus
giving alternative characterizations of regularity and irregularity for 1-sets.

5. One can give a measure-theoretic definition of the notion of a tangent line to a
set at a given point of the set. Using this measure-theoretic notion of tangent line,
one has the following: a regular 1-set has a tangent line at 7 !-almost all of its
points; an irregular 1-set fails to have a tangent line at 7{!-almost all of its points.
Each of these statements is reversible, thus giving alternative characterizations
of regularity and irregularity for 1-sets.

6. A regular nontrivial 1-set has positive Crofton measure; an irregular nontrivial
1-set has Crofton measure zero. Each of these statements is reversible, thus
giving alternative characterizations of regularity and irregularity for nontrivial
1-sets.

(Aside from the original references mentioned above, an excellent modern exposi-
tion of Besicovitch’s results, as well as of the theorem of Marstrand quoted earlier,
is the concise and elegant book [FALC]. Be aware that what [FALC] calls a 1-set is
what is here called a nontrivial 1-set.)

Note that in terms of our earlier test sets, a nontrivial compact subset of a recti-
fiable curve is a canonical example of a regular set while the planar Cantor quarter
set is a canonical example of an irregular set. (A comment in passing: one can show
the planar Cantor quarter set to be irregular straight from the definition in terms of
densities — consideration of the radii r, = +/2/4" leads to the conclusion that the
lower density of the set at any of its points is at most 1/2.)

From item 6 we see that for a compact 1-set K, CR(K) = 0 is equivalent to K
being irregular. But then from item 4 we see that the FCVOC can be equivalently
restated as follows: For every compact set subset K of C with H!(K) < oo,

(*%) K is removable if and only if HY(K NT) =0 for every rectifiable curve I'.
or, contrapositively,
(* x %) K is nonremovable if and only if H'(K NT) > 0 for some rectifiable

curve I'.

As noted before, the backward implication of (x x x) follows easily from
Theorem 4.27. So the FCVOC is reduced to the forward implication of (x % *):
For every compact subset K of C,

if K is nonremovable and H'(K) < oo, then H! (K NT) > 0 for some
rectifiable curve I'.

But this is just what we have been calling Vitushkin’s Conjecture!






Chapter 7
The T(b) Theorem of Nazarov, Treil,
and Volberg

7.1 Restatement of the Result

The goal of this long chapter is to prove Theorem 6.14, the first of the two difficult
results needed to complete the resolution of Vitushkin’s Conjecture. Our treatment
here, and in various parts of the previous chapter, is from [NTV]. Via the change of
variable { — ¢ — ¢ and the replacement of & by i/ h(c), we may assume that ¢ = 0
and h(c) = 1 in Theorem 6.14. So it suffices to prove the following.

Theorem 7.1 (Nazarov, Treil, and Volberg) Let 0 < § < 1/27,000, 0 < M < o0,

and 0 < M < oo. Suppose that p is a totally regular positive Borel measure on C,
h is an element of L°° (1), and @ is a Lip(1)-function that together satisfy

(1) spt(n) < B(0; 1/8),

(2) w has linear growth with bound M ,

54
3) / h =112 dp < —(©),
C
~ §2
4 p(® >0} =< 7#(@), and

(5) forall points 7 € C, numbers ¢ > 0, and Lip(1)-functions © > 85,

[ et duto)| < .
C\B(z:e)

Then there exists a Lip(1)-function ® such that
(@) n({® > 0}) = 6u(C) and

(0) sup 1Ko+l 22 (s 2 () < -
A>0

J.J. Dudziak, Vitushkin’s Conjecture for Removable Sets, Universitext, 159
DOI 10.1007/978-1-4419-6709-1_7, © Springer Science+Business Media, LLC 2010
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At this point the reader may wish to go back and reread the paragraphs before
the statement of Theorem 6.14 for the definition of and informati(ln about o).

A standing assumption for the rest of this chapter is that 6, M, M, u, h, and ® are
as in Theorem 7.1. During the course of this chapter many inequalities concerning
& will be stated and used without comment. Their validity follows from the fact that
8 is positive and less than 1/27,000. Finally and most importantly, g will always
denote the function 7 — 1!

7.2 Random Dyadic Lattice Construction

It will be convenient in this chapter to require of all squares that they be half-open
as in the proof of Frostman’s Lemma (2.9). Indeed, we carry forward to the present
context the terminology concerning “children” and other genealogical terms intro-
duced in the first paragraph of the proof of that lemma. New to this context is the
following: call any square Q transit if

/Q lgl?dp < 821(Q)

and terminal otherwise. Clearly u(Q) > 0 whenever Q is transit, or equivalently,
Q is terminal whenever ©(Q) = 0.

Set @ = [—1/4,1/4) x [—1/4,1/4) and make it into a probability space via
the measure P = 4[%2, four times planar Lebesgue measure restricted to 2. Given
w € L, set QS) =w+[—-1/2,1/2) x [-1/2,1/2). Note that by hypotheses (1) and
(3) of Theorem 7.1,

54
/QO 181> dp = /C g dp < —-u(€) < 8u(C) = 8°(Qy),

so QY is always transit.

We now construct a random dyadic lattice D, for each w € 2 as follows. We
always place QY in D,,. Since QY is transit, we place its four children in D,, too.
Those of these four children which happen to be transit will have their four children
placed in D, in turn, while those of these four children which happen to be terminal
will have none of their descendants placed in D,,. The lattice D,, is gotten by con-
tinuing in this manner: always placing the four children of a transit square of D,
into D,, in turn and always barring the descendants of a terminal square of D,, from
Dy.

Let DI and D™ denote the subcollections of transit and terminal squares of
D,, respectively. Note that a descendant of Qg) does not become a member of D"
simply by being transit; it only becomes a member if it and all its ancestors up to
QY are transit. Similarly, a descendant of Q% does not become a member of D™
simply by being terminal; it only becomes a member if it is terminal and all its
ancestors up to Q¥ are transit. Thus D,, does not contain all the descendants of Q¥;
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any descendant of QS) with even a single terminal ancestor does not make it into
D,,. Lastly, note that the squares of D™ are pairwise disjoint.

7.3 Lip(1)-Functions Attached to Random Dyadic Lattices

To construct the Lip(1)-function @ of Theorem 7.1, we need to construct Lip(1)-
functions &, for each D,,.

Proposition 7.2 For any o € <, set &, = max{ o, 5(1)} where

_ dist(z, dQ) when z € Q for some D™
®,(2) =
0 when z € C\ |J D™

Then

(a) D, is a Lip(1)-function,

(b) @, > ® on C,

(c) Dy, > dist(z, dQ) whenever z € Q € D™ and
() p({ @0 > 0) < 871 (C).

Proof (a) Note that we could also have defined EISw(z) to be sup{dist(z, C \ Q) :
Q € D™} Thus (a) follows from two easily verified facts: first, for any nonempty
subset E of C, the function z € C + dist(z, E) € [0, co) is Lip(1), and second, the
supremum of any number of Lip(1)-functions is again a Lip(1)-function as soon as
it is finite at even one point of C.

(b) and (c) Immediate.

(d) From our various definitions, hypotheses (3) and (4) of Theorem 7.1, and the
pairwise disjointness of the squares from D™, we see that

n({®y > 0) < u(®>0D+ Y Q)

QeDlem
s—u(@>+ DB f|g| du
Qe’Dterm

=

—M( )+52f g% dpe

82 1 (s
< SHO+ 5 { 5 (@)} = 8*u(C).
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7.4 Construction of the Lip(1)-Function of the Theorem

We call the function @ of the next proposition the truncated expectation of the ®,s.

Proposition 7.3 For any z € C, set ®(z) = inf { / _®,(2) dP(w) : P(R) < 3}.
Q\Q
Then

(a) @ is a Lip(1)-function and

®) u({® > 0}) < du(C).

Proof (a) Given z € C and ¢ > 0, choose Q with 73(§~2) < § such that
/ _Du(2)dP(w) < P(2) +¢.
Q\Q

Then for any ¢ € C,

D) — P(z) < P(0) —/ _Pu(2)dP(w) +¢
Q\&

< / {(®u¢) — D)) dP@) + & < ¢ — 2| + .
S

Thus, letting ¢ | 0, we obtain ®(¢) — ®(z) < [¢ — z]|. Similarly, ®(z) — ®(¢) <
|¢ — z| and so we are done.

(b)SetE ={ze€C:P({we Q: d,(z) > 0}) > §}. Note that forany z € C\ E,
the set 2 = {we Q2:P,(z) > 0} has P(fi) < § and so by the definition of ®,

0<d(z) < f D, (2) dP(w) =0.
Q\Q

It follows that {® > 0} C E and so to finish it suffices to show that £ (E) < §u(C).
Using (d) of Proposition 7.2, this is an easy consequence of Fubini’s Theorem
[RUD, 8.8]:

Su(E) < /(CP({w € Q: Py(z) > 0}) du(z)

= / i({z € C: @y(2) > 0}) dP(w) < 8 u(C).
Q

Dividing both sides by §, we are done. O
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The alert reader will have noticed that the use of Fubini in the last proof calls for a
verification of product measurability which in this case is not immediately obvious.
Thus the following ...

Proposition 7.4 The function (z,w) € C x Q +— ®,(z) € [0,00) is ux
P-measurable.

Proof 1t suffices to show that (z,w) € C x Q +— D,(z) € [0,00) is X
P-measurable.

For this we need to introduce some notation. First, let 7 denote the full dyadic
lattice consisting of the square [—1/2, 1/2) x [—1/2, 1/2) along with all its descen-
dants, transit or terminal. Note that F is countable. Second, given Q € F, let A(Q)
denote the collection consisting of all of the ancestors of Q from F (not including
Q itself). Note that A(Q) is finite. Third, given Q € F, define a function Fp on
Q by

1 when w + Q is transit
Fg(w) =

0 when w + Q is terminal.

Then a little thought shows that

®,(z) = sup {dist(z, C\ {o+ 0} - (1 = Fo(@))- [] Fr(®)
oer ReA(Q)

Now for any Q € F the function (z, w) € C x Q > dist(z, C\ {w + Q}) € [0, c0)
is continuous. Indeed, for any z, z € C and w, ® € Q2 we have

|dist(z, C\ {w + Q}) —dist(z, C\ {@+ Q) < |z —Z| + |o — &|.

Thus, fixing Q € F, we simply need to show that Fg is P-measurable, i.e., that
the set

{weQ:/ |g|2d,u<f 82 du)
o+0 w+Q

is P-measurable.
This follows if we show that for any nonnegative function f € L'(w), the
function

a)eQr—>/ fdﬂ=/f(Z)XQ(Z—w)dM(Z)6[0700)
o+Q

is P-measurable (above we need the two cases f = |g|*> and f = §2). By Fubini
[RUD, 8.8] this in turn follows from the © x P-measurability of the function
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(z,w) eCx Q> f(z)XQ(z —w) € [0, 00).

But (z,w) € C x Q +— f(z) € [0,00) is u x P-measurable since f is
p-measurable and (z, @) € C x Q = Xp(z —w) € [0, 00), being the characteristic
function of a half-open skewed “strip”, is Borel measurable. Thus we are done. O

7.5 The Standard Martingale Decomposition

Having produced the function ® of Theorem 7.1 and verified that it satisfies (a), it
remains to show that it satisfies (b). We now sketch, in a vague and impressionistic
way, how this will be done over the course of the rest of this chapter. Instead of
getting “appropriate” estimates on the norms [|[Ko41 ¢ll2(,) Where ¢ € L?(1), we
shall get “appropriate” estimates on the inner products (Kae4i ¢, ¥) where ¢, ¢ €
L%(w). In this and the next two sections we shall show how a function ¢ € L%(u)
can be decomposed in a “nice” way over a random dyadic lattice D,,:

o=ANgp+ Z Ag o.
QeDg

Here A ¢ is just the multiple of 4 with the same average value over C as ¢ and each
A ¢ is a function constructed from £ that lives on Q. For our purposes we shall
be able to assume that A ¢ and A ¢ are both 0. Thus we can decompose our inner
product as follows:

(Koir 9. ¥) = > (Ko Age. Ar ).
(Q,R)eDiin x Disan

The inner products in the above double sum will be grouped into three categories
that depend on the relative sizes and relative positions of the squares Q and R.
The sums of inner products corresponding to the different categories will then be
estimated with analyses appropriate to each category. Everyone before Nazarov,
Treil, and Volberg worked with nonrandom dyadic lattices and completion of the
argument required them to assume that the measure p satisfied a doubling con-
dition or lower Ahlfors regularity in order to get around certain “bad” situations
that could arise. Nazarov, Treil, and Volberg introduced randomness in the dyadic
lattices being used and showed by means of a probabilistic argument that for any
pair (¢, ¥) of functions from L?(u) , it is always possible to choose a pair of points
(w1, wp) from 2 such that these “bad” situations do not occur, thus obviating any
assumption of a doubling condition or lower Ahlfors regularity! (David’s proof pro-
ceeds quite differently, accepting “bad” situations as they arise and modifying the
dyadic decomposition to deal with them.)

The martingale decomposition we desire will be adapted to take advantage of
our function £ and will be put forward two sections hence. Just now in this section
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we introduce the standard martingale decomposition. In the next section we shall
prove the Dyadic Carleson Imbedding Inequality which will then allow us to deduce
properties of the adapted decomposition from the corresponding properties of the
standard decomposition. During this section and the next two we shall be consider-
ing a fixed dyadic lattice D,, and so will drop reference to w. Thus we shall write
“D” instead of “D,,,” “Q%” instead of “Q9”

Define the average value (p)g of a functlon ¢ € L*(u) over a p-measurable
set E by

%),
—— | ¢dn  when u(E) >0
(php = | M) E

0 when w(E) =0.

Note that under either clause of the definition one has f pedi = {(p)g-u(E). Also,
for any Q € D", we have u(Q) > 0 and so (¢) ¢ is defined via the first clause of
the definition. We require two lemmas about these average values.

Lemma 7.5 Let D" denote the set of all Q € D™ with [(Q) =2~ "V, Then

i, 2 [~ 0ol an=0

Pptran
n +1

forany ¢ € L*(1).

Proof Given ¢ > 0, choose a compactly supported continuous function f on C
such that fC l¢ — f|1>dn < /12 via Proposition 5.23. From the trivial inequality
(@ + b+ c)* < 4a” + 4b* 4 4¢? we then obtain

)Y /w) Woldu< Y /4|¢ FPdp < @)

tran tran
QEDn+1 €D

+ Y f4|f Yol? du < (II)!

tran
Dn+l

+ > [ 4(f)o — (@) ol* du. < (D)
oepy "¢
Now the squares of D" are not in general pairwise disjoint, but the ones of a
given fixed size are, so (I) < 4f(C lo — fI>du < €/3.
Since f is uniformly continuous on C, there exists an integer N such that

&

. =N
osc(f,(C,Z )< 2.0
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Thus given any n > N, any Q € D;rj‘r“], and any z € Q, one has

- d
1O =0l = g5 [ 17O = @ )| < [

tran
n+1

Hence for any n > N, using the pairwise disjointness of D’'¢", again, we see that

Mm= > 4 5 (@) Q) <

tran
Qe Dn+ 1

Lastly, using the Cauchy—Schwarz Inequality [RUD, 3.5] and the pairwise dis-
jointness of Dy} yet again, we see that

I = }d
= 3 4 M(Q)/{f ovdn| weo
Q DIH—]
1 1
< 44— —zd}{—/lzd}
< Z {M(Q)/Qlf A vy ,an n(Q)
QED»1+1
s4/|f—¢|2du < L
C 3
The lemma now follows from (%) and our estimates on (I), (II), and (III). m|

Lemma 7.6 Let E be a u-measurable set and ¢ € L*(w). Then

(a)f o2 dp = /|¢>E|2du+f 0 — ()£ di.
®) (e e = U@ el + (¢ — (@) 1*) E, and
© l@)El? < (o) E and (lp — ()P E < (9} E.

Proof To prove (a) it suffices to show that the left-hand side of its conclusion minus
its right-hand side is 0. But the trivial equality |a +b|* = |a|®+|b|> +2Reab shows
that this difference is

/E2R6W{<p—(<p>5}dM=2Re /{go V) dp
— Reg)z {/wdu (0 >E-M<E)}=

Note that (b) follows immediately from (a) and then (c) follows immediately
from (b). O
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We are now ready to define the standard martingale decomposition of a function
@ € L*(1). Set A ¢ = (). Since all of the mass of u is concentrated on Q°, we
also have A @ = ((p)Qo. Given Q € D" et Q;,Jj =1,2,3,4, denote the four
children of Q labeled starting with the northeast one and proceeding counterclock-
wise for the sake of definiteness. Set

0 when zeC\Q
(Rop)(@) = | (p)o, — (@) when ze Q; D™

v— (9o when ze Q;eD™

Let D% denote the set of all Q € D™ with [(Q) > 27". An expression of the
form

P RAC)

Q EDlran

is to be interpreted as the limit as n — oo of the sum of f(Q) overall Q € D‘f‘,‘;

Proposition 7.7 (Standard Martingale Decomposition) For any ¢ € L(u),

¢:A§0+ Z AQ(p
QE'DH‘HH

with the convergence being in L*(1). Moreover,

101720 = 18 @172+ D 1R00l7s )
QEDlran

Proof Since p is supported on Q°, Xgo = 1 everywhere as far as u is concerned.
Thus

W e—Ro={p—(@lXp = Y {¢—{p)olXo.
0eDEy

If 0 € D" and Q j»J =1,2,3,4, are as in the definition of ZQ, then the reader
may verify

(%) {9 — (9) o} Xg — Ag o = Z {p —(9)o;}Xg;-
QjeDtran

Starting with (x) and applying (xx) over and over again, we see that
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o—{Ap+ Y Agopr= Y {p—(po}Xo.
QeDLY Q€D

tran
n+1

lo— Ko+ Y Boollay= 3 fw ol dp.

Lran tran
QeD< 0D

Hence the pairwise disjointness of D'5", implies that

The desired L> convergence now follows from Lemma 7.5.
By (a) of the last lemma,

2 2 2 2
ex %) ez, =/0l<p| dp = /O|<¢>Qo| du+fQO|<p—<<p>Qo| dp

Rl + Y /|¢ ool du.

Q c Dll"lll

Also, letting O and the Qs be as before, we may use (a) of the last lemma again to
obtain

(% * % %) / lo — (¢)ol* di = Z / 0)ol*du

QGDlerm
- f (ol du
Qe'Dtrm Q
- f Kool du
QGDIerm
+ Y {[ <¢>Q|2du+/ |¢—<¢>Qj|2du}
QEDtmn Qj Q_j
= > /IAQ¢>| du+ Y. / 1Agol*du
Q e’Dterm Q E'Dtrdn
b3 et f
QEDlran
=180 ¢l7a,+ D f *dp.
Qe'Dtrdn

Starting with (* x %) and applying (x x x *) over and over again, we see that
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1007200 = 1A @72y + D 18007, + D /|¢—<‘P>Q|2dﬂ-
QeDYy QeDy

The desired L? norm equality now follows by Lemma 7.5. O

7.6 Interlude: The Dyadic Carleson Imbedding Inequality

We let F denote the full dyadic lattice generated by Q°. Thus F consists of the
square Q¥ along with all its dyadic descendants. (Note that in the proof of Proposi-
tion 7.4 we encountered the F corresponding to Q¥ = [—1/2,1/2) x [—1/2,1/2).)
Given a square Q € F, let 7(Q) denote the set of squares R € F such that R C Q.

Proposition 7.8 (Dyadic Carleson Imbedding Inequality) Suppose the indexed
numbers {ag}gecF are nonnegative and there exists a positive number A < 00 such
that for every Q € F,

> ar < Ap(Q).
ReF(Q)

Then for any ¢ € L*(11),

Y aollp)ol® < 4AlgllZs -
QeF

The proof of this proposition will follow easily from the next lemma which intro-
duces a magic function f out of thin air. This magic function is known as a Bellman
Sfunction associated with the Dyadic Carleson Imbedding Inequality. Many nontriv-
ial inequalities of analysis have Bellman functions associated with them which once
found make their proofs practically trivial. To learn about the general theory of Bell-
man functions, what they are, how to find them, and how to use them to get relatively
easy proofs of otherwise difficult inequalities, see [NT] of which this section gives
an incomplete glimpse.

2

14z

Lemma 7.9 Consider f(x,y,z) =4 {x — } defined on R3 minus the plane

z=-—L
(a) For x and y arbitrary and z and Az satisfying 0 < z < z+4+ Az < 1, we have
VAT Sy, 24+ A2 = f(x, 3, 2).

(b) Let xj and y be arbitrary and z j and X j be nonnegative for 1 < j < N. Suppose
alsothat } 5 ; hj=1.SetX =3 ;Ajxj, y =3 ;Ajyj,andZ=}_; A;zj. Then
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fFGE3.D =Y f&j, )2
J

Here all sums are from j = 1to j = N.
(c) For x, y, and z nonnegative with y < /x, we have f(x,y,z) > 0.

(d) For x and y arbitrary and z nonnegative, we have f(x,y,z) < 4x.
Proof (a) As a matter of algebra we have

4y2Az
(I+2)(1+z+ A7)

fx,y, 2+ A2) = f(x,y,2) =

This does it since by our hypotheses on z and Az, we have (14+z)(1+z+Az) < 4.
(b) It suffices to prove this for N = 2. Clearly [(1 + z2)y1 — (1 + zl)yz]2 > 0.
Squaring this out and rearranging, we obtain

2 yz
(1+z)+ 2 _(1+42z)).
22

2 <
yiy2 = T

Hence

72 = A1yE + MrQ2yiy) + A3y3

2 2
1y1+m2=1 (1+22) + 72—+ 2) +23y3
yi V3
= A1+ z21) + 2 (1 + 22)} + Ao —2— (A1 (1 4+ 21) + Ao (1 + 22)}
1+z1 1422
2 2
Y1 - b -
=A 1+z}+ A 14 z}.
11+Z1{ V4 hag Z2{ }

Dividing by 1 + Z yields

=2 2 2
A I YR
14z 14 z1 1+20

This last inequality easily yields what we want.
(c) and (d) Clear. O

Proof of the Dyadic Carleson Imbedding Inequality (7.8) Replacing each ag by
ag/A, we may assume that A = 1. Since |[(¢)p| =< (l¢|)p and ||<p||i2(m =

Il el ||i2 (u Ve may also assume that ¢ > 0. As a notational convenience, given
0 € F set
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ﬁ Z ag when u(Q) >0

(a)g = ReF(0Q)

0 when u(Q) = 0.

Then by hypothesis, (a)p < 1 forevery Q € F.
For the moment fix Q € F and assume u(Q) > 0. Let Q;, j = 1,2,3,4,

denote the four children of Q. Set A; = u(Q;)/u(Q), x; = <¢2>Qj, yi ={¢)o;
zj = (a)g;, and Az = ag/n(Q). Note that all these numbers are nonnegative

and that Zj Aj = 1. Simple computations show that x = (wz)Q, y = {¢)g, and
Z+ Az = (a)g. Clearly 0 < 7 < 7+ Az < 1. Thus from (a) and (b) of the last
lemma we get

() aglp)y = m(@)y*Az
< wQ[fGE 5.2+ Az) — f(*.5.2)]
< wWQ[fE 5.2+ A2 = D> A f(x).y).2))]

J
= (@) f (™) 0. (@) o- (a)o) = Y _ w(Q)f (9P ;. (@)o;. (@)g,)-

J

By our conventions (x) is also true when w(Q) = 0. Thus (x) holds for every
QeF.

Let <, and F, 41 denote the squares Q € F with [(Q) > 27" and I[(Q) =
2=+ respectively. Applying (x) to all squares Q € F<, and then adding the
results together, an orgy of telescoping cancelling occurs on the right-hand side and
we obtain

) Y agle)y < (@) f((97) 0. (9) go- (@) o)
QeF<,

— D @ (@o. @ (a)o).
QeFnti

By (c) of Lemma 7.6, (¢p)p < +/ (goz)Q and so (c) of the last lemma implies that

each term of the sum on the right-hand side of (x«) is nonnegative. Also, (d) of the
last lemma applies to the first term on right-hand side of (»x). Hence

Y ao@p = @) f (@) o, () gos (@) go) < 1(Q))-4(9%) go = 4l1@1172,,,)-
QeF<n

Letting n — oo, we are done. |
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7.7 The Adapted Martingale Decomposition

We shall be wanting to divide various quantities by (h)p where Q € D" and
h is the function of Theorem 7.1. For this we need to know that (h)p # 0. The
following result guarantees this and will also prove useful in establishing desired
norm estimates.

Lemma 7.10 Suppose Q € D™, Then

(@)1 —68<|(h)ol <1+5and

(1)

b)1=< (ol <1454

Proof We make a useful observation: a square Q is transit if and only if u(Q) > 0
and (|g|?)p < 8° where g = h — 1.

From this observation and (c) of Lemma 7.6 we get |[(h)g — 1| = [{(g)o] <

(1g1%)o < & and so all of (a) follows.

Since (a) implies that [(h)g| # O (recall that 0 < § < 1/27,000), the first
inequality of (b) is now an immediate consequence of (c) of Lemma 7.6.

Using (b) and (c) of Lemma 7.6 and our observation, we see that

(1h*) o = 1thyol* + {Ih — (h)o*) 0
= {0l +{Ig — ()00 = (W) o* + (Ig) @ < I(h)ol* + &°.
Dividing through by |(h)Q|2 and using the first inequality of (a), we obtain the
second inequality of (b) since 8/(1 — 8§)% < 1. O

We are now ready to define the adapted martingale decomposition of a function
@ € L?(u). Set

The last equality in the above holds since all of the mass of p is concentrated on
QY. Given Q € D" et Q j»J =1,2,3,4, denote the four children of Q labeled
starting with the northeast one and proceeding counterclockwise for the sake of
definiteness. Set

0 when zeC\Q

i —_ = . tran
(Ag9)(z) = }h when ze€Q;eD

o ——=h when z e Q; e D™,
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Note that the adapted martingale decomposition becomes the standard martingale
decomposition when 4 is the constant one function. The first part of our basic propo-
sition concerning the adapted decomposition will consist of a convergence statement
whose proof will parallel the proof of the corresponding convergence statement of
the standard decomposition and require one new lemma to replace Lemma 7.5. The
second part will consist of two norm inequalities which will be gotten from the norm
equality of the standard decomposition via two new lemmas and a corollary.

2
Lemma 7.11 Forany ¢ € L*(), lim 3 / ’ %h‘ dp =0,
0
Q Dtrdn

n+1
Proof Let ¢ > 0. Given N > 0, set Aﬂ)] ={0 € Dy (lpl»o < N?}, and
Br(l{vk)l = {0 € Dy (lpPyo > Nz}. Using the trivial inequality |a + b|> <
2lal? + 2|b|?, (a) of Lemma 7.10, and (c) of Lemma 7.6, we have

3 f| g”>Qh|2 —2 Y fl(p (ol du

0eD, Q<D
+2 ) /| Qh|2
0eDi,
<2 % f|¢ ol di < ()
D:fra
+( 5 > o) /|h (h)o|* dp < (!
0eAl])
S o) /|h— ol dyu. < (!
( ) (N)
QebB

n+1

We look at (II) first, it being the hardest to handle. Setting B,(l/i)l =U B,(lli)l,
note that

2 Ny _ 2 2 2
NuB) = Y Nuwoy < Y /|¢| du = f(N) loPdu < oI,

(N) (N) n+1
Qe Bn-H Qe Bn+l

Thus, setting Ey = {lp|*> > N}, we see that

|¢|2dus/ lezdu+/ 0P du
L(N) B\ Ey Ex

n+1 n+1
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lll?,

N L

< Nu<3,5+1)+fE ol dp < ——2 +/E lpl? dp.
N N

Note that it is a simple consequence of Lebesgue’s Dominated Convergence Theo-
rem [RUD, 1.34] that fEN l¢|> di — 0 as N — oo. Hence we can and do fix N
big enough so that for any n,

282

2
(=57 Jaw,

For any Q € DY, by (c) of Lemma 7.6

/|h— Yol? dp = f|g— Yol? due

= (g = (®) oo 1n(Q) < (1gP)o - m(Q) < 8u(Q).

Thus independently of n we have
2

26
nn < (1_—

57 > el mQ)

282 ) 282 )
== > fQ|¢| du= g a)zf(m o> dp < &/3.

Clearly

2

f|h— ol du_(l f|h— ol du.
tran

n+|

an < 2N
= (1

(N)

n+1

It thus follows from Lemma 7.5 that both (I) and (I) can be made less than /3 by
taking n sufficiently large and so we are done. O

2 3
Lemma 7.12 Fora, b € C, 5|a|2 —2/b)? <la+b)* < §|a|2 +31b)%.

Proof Clearly, 0 < (la| —2|b|)? = |a|> — 4|a||b| +4|b|?, and so 2|a||b| < |a|*>/2+
2|b|?. From this we obtain the desired right-hand inequality:

3
la +bI* < (lal + |b)* = |al* + 2lallb] + |b]* < 5|a|2 +3|bJ%.

From this right-hand inequality just proven we deduce that
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3
lal? = |(a + b) + (—=b)|? §|a+b|2+3|—b|2.

Upon rearrangement this becomes the desired left-hand inequality and so we are
done. |

Corollary 7.13 For E a p-measurable subset of C and f, f € L*(w),

2 ~ ~ 3 -

3/ |f|2du—2/ |f|2dus/ If+f|2du§5/ |f|2du+3/ P d.
E E E E E

Lemma 7.14 For any ¢ € L*(w) and any Q € Dgi“l,

2 (1+5) 2 )
<b>—||AQ<p||Lz(m—2(1 57 14 anm)u v)ol snAQcanz(m

( + )

Proof (a) This follows from (b) of Lemma 7.10 since

() gol® 5 (1112} go N LI
IAgIZ,, = |<h>Qo|2f Iy = (=G 11 10" = (- & 1Rl

(b) Let Q;, j = 1,2, 3,4, be as in the definitions of Ay and ZQ. Then simple
summing shows that it suffices for each of these j to prove

2 ~ 9 (1+3)
@3 ], BovPan -2

|KQg|2du-|<<p>Q|zs/ 1Ag ¢l dp
j Qj
(14+96)

8)/ ool du+35—5

/Q Ao gl*du- (gl

J

3
< —(
_2

Case One (Q transit). On Q; we may write Ag ¢ = f + f where
o {Plo, (oo hand f = lo o,
(hyo, (Mo, (h)g; (Mo

@0 — (@) ol?
2du = j—/ n*d
/Q,.'f' s v el MR

{1, .
= iy, 2 1 Wes ~ @iel 1(Q})

Since
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<|h|2)Q1/ ~ 2
= [Ag ol du,
(o, 12 Jo, ~°

applying (b) of Lemma 7.10 we deduce

(%) / Mg gl*du < / |fPdu <1 +6)/ 1Ag ol* dp.
Q; Qj Qj
A similar computation using both (a) and (b) of Lemma 7.10 follows:

|h|* dp

J

|<h>Q—<h>Q,-|2|<¢>Q|2/
(o, 1> I(h)ol> o
(Ih%o;, 1

= o P Tingr 182~ 8o, @) -llgroP

1+6 -
< ((1_5))2 '/Q.|AQ8|2dM'|<¢>Q|2~

(x % %) / P du =
Qj

Applying the last corollary to our decomposition of Ag ¢ as f + f and using
the bounds of (x*) and (x x x), we obtain (x) for the case of Q; transit.

Case Two (Q; is terminal). On Q; we may write Ag ¢ = f + f where

o,

f=9¢—(p)gand f=(p)o— o

Clearly

() lelfI2d/¢=f Ao ol*du.

J

Also, applying (a) of Lemma 7.10 we obtain

1
(1)/ FPan= s [ 1= ol dua- gl
el Jo

s;-/ g — (8)oP di- (@)l
1= J,

j
1 N 2 2
= m 0 [Ag gl du-[{@)ol”.

J

Applying the last corollary to our decomposition of Ag ¢ as f + f and using the
bounds of (7) and (%), we again obtain (x) but now for the case of Q; terminal. O
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Proposition 7.15 (Adapted Martingale Decomposition) For any ¢ € L*(1),

p=Agp+ Y Agg
QEDH‘&I’I

with the convergence being in L* (). Moreover,

1
SN2 < 1A @IT20 + D 1800152, = 210152,
Qe'Dlran

Proof One may argue as we previously did in proving the L? convergence of the
Standard Martingale Decomposition (7.7) to arrive at

le—{ap+ D Aoeliagy= D / lp — %hﬂdu.
0eDE: oeny '@ ¢
The desired L? convergence now follows from Lemma 7.11.

Turning to the norm inequalities, if we sum the inequality (a) of Lemma 7.14
along with the inequalities that result when (b) of Lemma 7.14 is applied to all Q €
DU and then use the norm equality of the Standard Martingale Decomposition
(7.7), we obtain

2 (1+35) ~
0 31915200 = 2552 2 1B08liz, I@)ol?
QE’Dlran

1A @IS+ D 1809172,
Qe’Dtran

IA

3 2 (1+9) o 2
< 3091020 +30 5 Z 1R 81172, i)l
QE’Dran

A

We now wish to use the Dyadic Carleson Imbedding Inequality (7.8) with

1A0sll3,,, when QeD™

ag =
0 when Q € F\ Dwan

and A = §2. Setting D" (Q) = {R € D" : R C Q}, note that for Q € D",

> ar= ) IIKR(XQg)IIiz(W < ||XQg||iz(m :/ 1gPPdu < 821(0)
ReF(0) ReDran( Q) 0

with the first “<” in the above chain being a consequence of the norm equality of the
Standard Martingale Decomposition (7.7). For Q € F\ D', the same inequality is
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trivial since then D""(Q) = (. Having verified its hypothesis, the Dyadic Carleson
Imbedding Inequality (7.8) now implies

) Y 1Agglia, @ol* < 48210172,
QEDtran

From (%) and (x%) we obtain
2 88%(1+9) ) ) )
{5 ~ o (Mg = I8 @l + D 18002,
QGDtran

1252(1+5)

Since the §s under consideration satisfy

882(1 2
( +8)§1 and 55 125 (1+8)S_,
(1—6)2 6 2 (1—8)2 2

we are done. O

The following lemma establishes the elementary properties of the pieces, A and
A, of our adapted martingale decomposition.

Lemma 7.16 Suppose ¢ € L*(u) and Q € D" Then
(a)fQ Agedp =0with Ag ¢ =0o0ff O,
(b)AgApgp=Agog,

(c) Ag Ar ¢ =0 for R € D™ distinct from Q,
(AAgp=AgA¢p=0,and

@) AANp=Aop.

Proof Let Qj,j = 1,2,3,4, be as in the definition of Ap. Then one may easily
check that whether Q; is terminal or transit, one has

(*)f AgfﬂdM:/ wdu—@/ hdu
Qj 0j {ho Jo,

J

(a) Setting j = 1, 2, 3, 4 in (x) and adding the results together yield

/Agwduzfgodu @lo /hd —0.
0 0 (h)o

That Ag ¢ = 0 off Q is simply a matter of definition.
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(b) We show that Ag Ap ¢ = Ag ¢ on each Q; whether Q; is terminal or
transit. From (a) it follows that (A g ¢) o = 0. Hence for the terminal case one has

(Ag )
Aohop=2Npp—-"2Ch=1Npg.
(h)o
From (%) it follows that
(®)o
A = Ty,
(Agg)o; = (9o (h>Q< )o;

whenever 11(Q ;) # 0. Hence for the transit case one has

N (Aog¢lo;  (Agglo h:<AQ€0>Q_/h
ee (ho, (h)o (h)o,
(@o; (9o
_ BLILS YN
{ (o, (o } v

(c)Either N R=0,Q0 C R,or R C Q.

In the first case Ag ¢ = 0 off R and so on Q. But A of any function vanishing
on Q is 0, so we are done.

In the second case we must have Q C R; for some single j = 1, 2, 3, 4 and this
R; must be transit. But then Ag ¢ is a constant multiple of 4 on this transit R; and
soon Q. But Ay of any function that is a multiple of 4 on Q is 0, so we are done
again.

In the third case we must have R € Q; for some single j = 1,2, 3,4 and this
Qj must be transit. By (a), fR Ar@ dp = 0 with Agr ¢ = 0 off R. This implies
that the average value of Ag ¢ over both Q and this transit Q; are 0. But then
A Ag ¢ = 0 on this transit Q. Note that Ag ¢ = 0 on the three other Q;s. But
A of any function which has average value 0 over Q and vanishes ona Q; is 0 on
the Q;, so we are done yet again.

(d) To show that A Ag ¢ = 0 it suffices to show (Ap ¢)c = 0. This follows
easily from (a):

1 1
A =—— | Appdu=——| Appdu=0.
(Ao y)c M(@)[C opdu ,U«((C)/Q opdu

To show that Ag A ¢ = 0 simply note that A ¢ is a constant multiple of & and that
A of any constant multiple of / is 0.

(e) Clearly A h = h. Since A ¢ = c h for some constant c, it then follows that
ANp=Ach=cAh=ch=Aq. o
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The next result lets us multiply the pieces of the adapted martingale decomposi-
tion of an L? function by a bounded “sequence” and then sum the results to obtain
a function still in L.

Proposition 7.17 Suppose ¢ € L*(n), ¢ € C, and Q € D™ - cg e Cisa
bounded function. Then the sum

Y=cAo+ > cohgy
Q€Dlraﬂ

converges in L%(1). Moreover,

1
SVl < 1PIA @lZ2 )+ D leoPldoelizg, < 20¥ 17,
QE’Dll‘an

Proof Case One (Only finitely many of the cgs are nonzero). Then clearly there is
no problem with the convergence. By the last lemma, A ¥ = c A ¢ and Agp ¢ =
co Ag ¢ for each Q € D" The desired norm inequalities now follow from the
norm inequalities of the Adapted Martingale Decomposition (7.15) applied to .

Case Two (Infinitely many of the cgs are nonzero). Set

Yp=cAo+ Z coAogo.
Qepi

By assumption, C = sup{|cg| : Q € D™} < co. Given m > n, let ) ' denote
a sum over all Q € D" sych that 27" < [(Q) < 27". Then by Case One just
proven,

m m
Wm = ¥nl3ag = 1) coBoeliag, <2 lcollAg¢lia,,
n n
m
<2C7) 1Mo ¢l
n

But by the Adapted Martingale Decomposition (7.15),

Y 140¢ls, < 2lell7s, < oe.
QGDlran

Thus the sequence {1/,,} is Cauchy, and so convergent, in L(u).
Applying the desired norm inequalities to the v, s (already proven in Case One)
and letting n — oo, we get the desired norm inequalities for . O
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7.8 Bad Squares and Their Rarity

We now restore the w that has been repressed in the last three sections. Thus we
shall write “D,,” instead of “D,” “QS)” instead of QY, etc.
For any w € €2, the family of squares

j j+1 k k+1Y\ .
gw:{w+|:27, o )X[27,7 .n:0,1,2,...andj,kZO,:I:I,:I:Z,...

is called the extended full dyadic lattice based at w. Call a square dyadic if it is an
element of &, for some w € Q. Denoting & more simply by £, note that we always
have &, = {w+ Q0 : Q € &}

Given a positive finite number M’, a subset E of C is called M’-negligible when-
ever u({z € C : dist(z, E) < r}) < M'r for every r > 0. We now make an
observation that will be of importance a few paragraphs down. Suppose E is not
M’ -negligible, so ¢ = u({z € C : dist(z, E) < r}) — M'r > 0 for some r > 0.
Then, since {z € C : dist(z, E) < r} C {z € C : dist(z, w + E) < r + |w|},
consideration of r+|w| in place of » now shows that w+ E is also not M’-negligible
whenever |w| < ¢/M’.

Recall that /(Q) denotes the edge length of a square Q. Let o Q denote the square
concentric with Q whose edge length is o times that of Q. What follows is the most
important definition of this chapter: given a dyadic square Q and a point w € €2, we
shall say that Q is w-bad if there exists an R € &, such that either

1. I(R) > 2™[(Q) and dist(Q, dR) < 161(Q)/*I(R)3/* or
2. I(R) = 1(Q)/2"*!, R Cint{4-2™ + 1}Q, and 3R is not M’-negligible.

Note that our definition of “w-bad” involves two parameters m and M’ that are
presently unspecified. We are free to choose these at will and shall now exploit
this freedom of choice to arrange for bad squares to be “rare.” Before attending to
this however, we make three comments which will allow the reader to dispose of
measurability questions that will arise in this and the next two sections.

First, for this section and the next, note that {w € Q : Q is w-bad according
to clause i of the definition} is P-measurable for any given dyadic square Q and
i = 1, 2. The definition of w-bad and our observation from a few paragraphs before
show this and much more, namely that these two sets are open in 2!

Second, for two sections hence, note that {(w1, w2) € Q x Q : w1+ Q is wy-bad}
is (P x P)-measurable for any given Q € £. Again, the definition of w-bad and our
observation from a few paragraphs before show this and much more, namely that
this set is open in 2 x 2!

Third, again for two sections hence, recall Proposition 7.4!

Lemma 7.18 It is possible to choose the parameter m so that for every dyadic
square Q of C,

Plw € Q: Q is w-bad according to the first clause of the definition}) < §/2.



182 7 The T (b) Theorem of Nazarov, Treil, and Volberg

Proof Choose m large enough so that 1,700(2~1/4)" /(1 — 2=1/%) < §/2. Suppose
a dyadic square Q is w-bad according to the first clause of the definition. Thus there
exists an R € &, such that [(R) > 2" 1(Q) and dist(Q, dR) < 161(Q)'/*1(R)3/*.
Clearly I[(R) = 2k [(Q) for some integer k > m. Setting

G (k) = {x 4+ iy :x oryis of the form j - 2K1(Q) for some j =0, +1,£2,...},
note that dR € w — G (k). Thus, letting z denote the center of Q, we have
dist(w, zg + G(k)) = dist(zg, @ — G(k)) < dist(zp, IR)
<1(Q) +dist(Q, dR) < 171(Q)*1(R)** = 1723/ *)1(0).
Setting G (k) = {» € C : dist(w, z¢ + G(k)) < 172%*/*)I(Q)}, we obtain

(*x) P{w € Q: Q is w-bad according to the first clause of the definition})
< Y 4L5(G(K)).

k>m

Now G (k) is a grid with £2-measure zero whose complement in C can be writ-
ten as a union of a countably infinite pairwise disjoint collection S of open
squares of edge length [ = 2K1(Q). Since G (k) is just G (k) “thickened up” by
17(23%/*)1(Q) on either side of its constituent segments, it is clear that for any square
Ses,

L2GH)NS) <4-172*1(Q) - 1(S) = 6827 F/*)2.

Let 8’ denote the collection of squares of S that intersect 2. The cardinality of
S’ is at most {{(2)/1+2}2. Since [($2) = 1/2and [ < 1, it follows that [>-{I(Q)/[+
2y = {I(Q) + 21}* < 25/4 and so

(%) L%(G (k) = Z LE(GK)NS) < 68Q7FM2 (1) /1+2)> < 425(27/4).
SeS’

From (x) and (xx) we see that the probability to be estimated is dominated by
1,700 4= 27k/* Using the geometric series formula and recalling our choice of
m, we are done. m]

Proposition 7.19 It is possible to choose the parameters m and M’ so that for every
dyadic square Q of C,

Pw e Q: Q is w-bad}) < 8.
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Proof Let m be as in the previous lemma. Setting

12
M = [{4-2’”+1}.2m+l : ?+11|M,
choose M’ > M" large enough so that SO0M {4 - 2™ +2}/M' < (8/12) - (1/2"+1).
Suppose a dyadic square Q is w-bad according to the second clause of the definition.
Thus there exists an R € &, such that /[(R) > l(Q)/Zm“, R C int{4 - 2™ + 1} 0,

and OR is not M'-negligible. But then u({z € C : dist(z, 9R) < r}) > M'r for
some r > (. Note that

{z € C:dist(z,dR) <r} C B(zg; {4-2" + 1}I(Q) +r).

Suppose for the moment that r > (§/12) - (l Q)/ 2’”“). One would then have
{4-2" + 1}(Q) +r < (M"/M)r and so

u({z € C:dist(z, 3R) <r}) < u(B(zg; (M"/M)r)) <M"r < M'r

by the linear growth of 1 and our choice of M’. But this contradicts the way r arose!
Hence

x)r<(5/12) - (l(Q)/2m+1).
Clearly then r < /(Q) and so
{z € C:dist(z, dR) <r} C B(zp; {4-2" +2}(Q)).

Thus, denoting the restriction of the measure p to B(zg; {4-2™ 4+2}/(Q)) by ft and
invoking the linear growth of u again, we have

(x%) fi({z € C : dist(z, 9R) < r}) > M'r with i(C) < M{4 - 2™ + 2}1(Q).

Set
l
VL:{x+iy:x=j~25nQ+2 for some j:O,j:l,:l:Z,...}
and
HL = +iy: —k-l(Q) forsome k=0,=+1,+2
=(x+iy:y= T =0, s R I

Since 0R C (w + VL) U (w + HL), it follows from (x%) that we must either have

(t) i({z € C : dist(z, 0 + VL) <r}) > M'r/2 or
() p({z e C: dist(z, 0w+ HL) <r}) > M'r/2.
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Supposing that () is the case, it suffices to prove that P({w €
w satisfies ()}) < 6/4. For then this and the corresponding result for () yield

P{w € Q: Q is w-bad according to the second clause of the definition}) < §/2

and we shall be done by the last lemma.

Recall that 2 = [—1/4, 1/4) x [—1/4, 1/4). The condition (T) is invariant under
translation of w by %/(Q)/2"+! and actually only depends on the real part of w.
Thus {w € © : w satisfies (1)} is the union of the sets j - [(Q)/2"+! + E x
[—1/4,1/4) where

E= {x € [0, l(Q)/Zm'H) : (1) holds with w replaced by x}

and j = 0,41, £2, ... ranges only over those values for which j - [(Q)/2"*! +
E x [—1/4,1/4) € Q. Now recall that P is just planar Lebesgue measure on
2 normalized to have mass 1. It follows that P({w € € : w satisfies (1)}) =
LYE)/{1(0)/2™ 1}, so it suffices to show that LL(E) < (§/4) - (1(Q)/2™+1).

To this end, let v be the positive measure defined for an arbitrary Borel subset E

of C by the equation
VWE) =i ({Eﬂ [0, %)} +VL> .

If x € E lies a distance at least (8/12) - (1(Q)/2™*1) from the points 0 and
1(Q)/2™+! then B(x;r) N[0,1(Q)/2™*!) = [x —r, x + r] by (x). Hence

v(B(x;r)) = a(x —r,x+r]+ VL) = i({z € C : dist(z, x + VL) < r}) > M'r/2

and so (M iv)(x) > v(B(x;r))/2r > M’'/4. Recall that M 1v is the maximal
function of v with respect to £! as defined just before Proposition 5.27. It now
follows that

LYE) <2(5/12) - (1(Q)/2" ) + LN (M piv > M /4)).
Invoking Proposition 5.27 and (xx), we see that

/ (©) 1(C) M{4-2" +2}(Q)
L'(Mpiv > M'/4)) < 125 1“’4//4 < soo“M/ < 500 T

< (8/12) - (1(Q)/2™ )

by our choice of M’. From the last two displayed equations we have LYE) <
(8/4) - (1(Q)/2"*1) and so are done. O

The use of Proposition 5.27 above, whose proof relies on the difficult Besicovitch
Covering Lemma (5.26), can be avoided by using [RUD, 7.4], whose proof relies on
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an almost trivial covering lemma [RUD, 7.3]. If one does this, the 125 gets replaced
by 3!

For the rest of this chapter we assume m and M’ to have been chosen as in
Proposition 7.19. Also, to make the obvious official, we say that a dyadic square is
w-good if it is not w-bad.

7.9 The Good/Bad-Function Decomposition

Supposing ¢ € L*(u) and (w1, w2) € Q2 x 2, we now define a decomposition with
respect to (w1, wz) of ¢ into a good part (¢)good and a bad part (¢)pad as follows:

(@)good = A ¢ + > Aoe

(0] e'Dg*l’“ is wp—good
and

(@)bad = Z Agop.

QeDgfl‘“ is wp—bad

But how are we to interpret the two sums just written down? Via Proposi-
tion 7.17! The good part (¢)good is @ sum as in Proposition 7.17 with ¢ = 1,
co = 1 when Q € Dg?“ is wp-good, and cp = 0 otherwise. The bad part (¢)pad
is a sum as in Proposition 7.17 with ¢ = 0, cg = 1 when Q € D" is wz-bad,
and cg = 0 otherwise. Thus our sums are partially reassembled adapted martingale
decompositions. The point w; determines the adapted martingale decomposition we
are working with, while the point w; determines which pieces of this decomposi-
tion go into each partial reassembly. If we were hyperfinicky, we would write, for
example, “(¢)(w,,wy)—good” instead of just “(¢)good” and “co(w2)” instead of just
“cg.” We shall never do the former and only once the latter (in the proof of (c) of
the following assertion since it then helps our understanding).

Proposition 7.20 Let (¢)good and (¢)vad be the good and bad parts of ¢ € L*(w)
with respect to (w1, wp) € Q2 X Q. Then

() p = (‘P)good + (@)bad>
(b) ||((P)good||L2(M)a ||(‘P)bad||L2(M) = 2”('0”L2(M)’ and
(c) viewing w1 € Q2 as fixed and wy € Q2 as variable,

P({an € Q: 1@adll 20 > 8'7}) < 48" 0l -

Proof (a) By Proposition 7.17 and the Adapted Martingale Decomposition (7.15),

(@good + @b =Ap+ Y Agp =¢.
QeDgi‘"
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(b) By Proposition 7.17 and the Adapted Martingale Decomposition (7.15),

2 2 2
1@goodllzagy < 20A @I+ Do 1A0¢l7a,)

Q€D is wy—good

<2lA @l + Do 18000724, = 410072,
QeDjan

The estimate on [|(¢)badllz2(,,) is proven similarly.
(c) Denote the set {wy € Q : [|(@)badll12(,) > 8'/°) by E. Set co(w2) = 1 when

0 is wy-bad and 0 otherwise. Then by Proposition 7.17, Proposition 7.19, and the
Adapted Martingale Decomposition (7.15),

FEPE) < [ Nomal, dP@2)
E

< [2 % ko@Pisoelis, dP

QeDgr

=2 >y { / lco(@)]? dP(wz)} 180 @172,

QD 1€
=2 ) P(aoreQ: Qisw-bad)Agls,

QeDy
<26 ) l1Agelia,, = 481el7a,,

QeDge
Dividing both sides by §%/3 now gives us what we want. O

7.10 Reduction to the Good Function Estimate

Given ¢ € Lz(u) and (w1, wp) € Q x Q, call ¢ good with respect to (w1, w2)
if O € ng‘“ is wz-good whenever Ag ¢ # 0, or contrapositively, if Aggp = 0
whenever Q € Dgfl‘“ is w-bad. We shall need to know that (¢)go0d, the good part of
@ with respect to (w1, @), is always good with respect to (w1, w2) according to this
definition. This follows easily from (c) and (d) of Lemma 7.16. It is also the case
that ¢ is good if and only if ¢ = (¢)good, but we shall have no use for this result.
The point of this section is to show how to complete the proof of Theorem 7.1 from
the following.

Reduction 7.21 (The Good Function Estimate) There exists a positive finite num-
ber N such that for all (w1, w) € Q x 2, for all Lip(1)-functions ® such that
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infc ® > 0and ©® > § max{®,,, Py,}, and for all g1, ¢ € Lz(,u) such that ¢ is
good with respect to (w1, w2) and ¢y is good with respect to (w2, w1), we have

[(Keog1, p2)| < N lloill2¢) @20l 12¢)-

In the above we have used, and will continue to use, (-, -) to denote the inner
product in L?(i1). Also, the condition infc ® > 0 imposed above is simply to make
the integral defining KCg¢ converge absolutely and so be well defined.

For the rest of this section we shall frequently denote (w;, wp) more concisely
by @.

Lemma 7.22 Suppose ¢ € L*(u) and & = (w1, w3) € 2 x Q.

(a) Let Sz = {z € C: s max{Dy, (2), Py, (2)} > ®(2)}. Then

P xP){d e QxQ:loXs;ll 12 > 83} < 431/3||<p||izw).

(b) Let (¢)bad be the bad part of ¢ with respect to (w1, w2). Then

P xP)([o € 2 x 1 1@hadll 20 > 67°)) < 46l
(c) Let (¢)bad be the bad part of ¢ with respect to (wp, w1). Note the switch in
indices! Then

(P xP)({a € 2 x Q: @l 2y > 8°}) <48 lel7s -
Proof (a) First, given z € C, set S* = {w € Q : §®,(z) > P(z)} and suppose that
P(S?) > 2§. Then, by the Upper Continuity Property of Measures [RUD, 1.19(d)],
we also have P(SZ) > 26 for some ¢ > O small enough where SE={weQ:
6P,(z) > P(z) + €}. Thus, given any Q C Q such that P(Q) < &, we have
P(SEN\ Q) > & and so

P(z) +¢
1)

f _ D,(2) dP(w) > / _ D,(2) dP(w) > P(SI\ Q) > D(2) +¢.
Q\Q S3\Q

Infing over all such € and recalling the definition of ® from Section 7.4, we obtain
the contradiction ®(z) > ®(z) + ¢. It follows that P(S§%) < 2§ forall z € C.
Second, noting that @ € (S* x Q) U (2 x S%) whenever z € S, it immediately
follows from the last paragraph that (P x P)({o € Q x Q : z € Sz}) < 46 for all
zeC.
Finally, from Fubini [RUD, 8.8] and this last estimate we obtain

S P x PY(|d e x Q1 loXs,ll 2 > 8'7°))

< loXs, 1122, . d(P x P)(@)
./stz L2(p)
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= fg . / lo(2)1*1Xs, (2)|* du(z) d(P x P)(&)

= f lp@QPPxP){@exQ:zeSHdu = 48lel},

Dividing both sides by §?/3 yields what we want.
(b) This is a simple consequence of Fubini [ RUD, 8.8] and (c) of Proposi-
tion 7.20:

(P x P)({@ € @ x Q: (@hadll 2 > 8'7})
= /QP({wz € l@badll 2 > 8'3)) dP (1)

1/3 2 _ 1/3 2
< [P 10s, dP@) = 4'lels,,,

(c) Similar. O

Proof of Theorem 1.1 from Reduction 7.21 We must show that sup [[ICo1 |2
A>0

L?(1)< 0o. We shall actually show more, namely that sup N; < 10N < oo where
A>0

(W)=

N, = sup{liellL2(uysr2( : © is Lip(1) and © > @ + A}.
The reasoning given in the paragraphs after the proof of Proposition 6.13 and
before the statement of Theorem 6.14 is easily adapted to show that N < u(C)/x
and so each N, is a finite number. Hence, given A > 0, we may choose a Lip(1)-

function ® > & + XA and functions ¢1, g2 € LZ(/L) with L2 norm at most 1 such
that

9
) (Keg1, ¢2)| = —N;.
10
Consider the following sets:

Eq={®eQxQ: o1 Xs;ll1200) > 8" or ll92Xs 12, > 8},

Ep={® e Qx Q: l@Dhdll 2 > 8'°)
where (¢1)bad is the bad part of ¢ with respect to (w1, w3), and

Ec={®eQxQ: (@)hall2g > 8"
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where (¢2)pad is the bad part of ¢, with respect to (w2, w1). Then by the last lemma
we have (P x P)(E, U E, U E.) < 168'/3.

Since 168'/3 < 1, we are thus ensured of the existence of an & € Q x Q \{E, U
E» U E.}. Fixing such an @, we have [|o1 Xs;, [l 12,,), 192X5; 112005 [1(@1)badl 2
and [[(@2)badll22(,) < 8173, Thus by (b) of Proposition 7.20,

(n)>

||(</’1XC\S&,)bad||L2(M) = ||((/’l)bad||L2(u) + ||(<P1XSE))bad||L2(,L)
<87 42001 Xs, |l 12,0y < 3817,

Similarly [[(2XC\s; )badll 2y = 381/3. Since 38'/3 < 1/10 (here is where the
number 1/27,000 in the hypothesis of Theorem 7.1, and Theorem 6.14, comes from),
we obtain

Ox) N1 Xs; 12y N92Xs; 1200y, (@1 XDy\s; )bad |l 12,0y, and

1
1(@2e\s; badll 220 = 15
It follows from (%) and the first two estimates of (xx) that

9
EN’\ < {Kep1Xe\s;» p2X0\s;) ] + [(Ko@1 Xs,, p2X0\s,) | + [(Keogr, p2Xs;) |
Ny N,

< {Ke@1 X\ - Xows- — 4+ —
< {Kep1Xe\s,, v2XC\s;0 | + 10 + 0"

i.e.,

7

Define © = max{®, §®, , §P,,}. Suppose w € C is such that (:)(w) # O(w).
Then ®(w) < ®(w) +A < O(w) < § max{P,, (w), Py, (w)},ie., w € S;. Hence
kg(¢,z) = ke(g, z) forall ¢,z € C\ S; and so

(xxx %) (Kgp1Xes,» v2X0\s;) = (Kep1Xe\s;, p2XC\s;) -

It follows from (x x %), (x * x %), the last two estimates of (xx), and (b) of
Proposition 7.20 that

7
ENA < [(Kge1 s, p2Xcs;)|

=< (K& (@1XC\s;) good> (92XC\s;) good) |
+ [(Kg (@1 X\ s, )bads (92 X0\ s;) good) |

+ [(Kge1Xe\s;» (92X, )bad) |

2N, N,

< {Kg (e X(C\S{;,)good, (‘PZX(C\S@)goodH + 10 + 10°
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ie.,
4N,
(% * % % %) W = |(IC(:) (‘plX(C\SL;,)good, ((PZX(C\SH-,)gOOd) [

Clearly Qisa Lip(~1)-function and © > d max{®,,, P, }. Moreover, o) >0 >
® + A > A, soinfc ® > 0. We may thus apply Reduction 7.21 to the right-hand
side of (x x x x %) and then use (b) of Proposition 7.20 twice to get

4N,
10 <N ”(‘PIX(C\S(;))good”LZ(M) ”((ﬂZX(C\S(;))good”LZ(M) <4N,

i.e., Ny < 10N as claimed! m]

7.11 A Sticky Point, More Reductions, and Course Setting

We remind the reader only once, right now, that the Good Function Estimate is
Reduction 7.21!

The Sticky Point. We are clearly dealing with complex-valued L? spaces here.
Thus our L?(p) is the set of all measurable functions ¢ : C +— C such that
f lp|?> din < oo. Is the inner product we are using in the Good Function Esti-
mate the “real” one or the “complex” one, i.e., is our inner product given by
(@, Y)Real = [ @Y dp or (@, ¥)com = [ @ dpu? Ones first impulse is to opt
for the “complex” one since our L? space is complex-valued. However, all that is
required of our choice is that we be able to deduce the norm estimate [|A|| < N
for a bounded linear operator A : L%(u) — L*(w) from the inner product esti-
mates [(Ag, ¥)| < N [lgll [|¥| for all ¢, € L*(u). Now since (Ag, ¥)real =
(A@, ¥)com, either inner product will do for that! Moreover, it turns out that under
the “real” inner product the antisymmetry property of our kernels kg given in (a) of
Proposition 6.10 carries over to a nice antisymmetry property of the corresponding
operators Kg:

Koy, ¥)Real =[C(/C®90)(Z)W(Z) dp(z)

/ { / ko (¢, 2) w(C)du(C)} ¥ (@) dp2)
C C

—/ 90(5){/ ke(z,¢) ¥ (2) du(z)}du(i)
C C

—/C<P(C) (Ke¥)(©) du(Z)

—{@, KoV¥)Real-
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So that settles it: We shall use the “real” inner product in verifying the Good
Function Estimate! Note that this choice of inner product is always symmetric in its
two variables. Thus a trivial consequence of the antisymmetry in g just demon-
strated is that we always have (Kgg, ¢) = 0.

First Reduction. To prove the Good Function Estimate it suffices to show that for
some positive finite number N we have

) [(Kog1, 92)| <2N lleill 20 @21l L2

for all w1, wy, O, @1, and ¢, as in the Good Function Estimate with ¢; and ¢;
additionally satisfying: A ¢; = 0and A ¢ = 0.

Proof Note that for any z € C and any ¢ > 0, the function

¢ €Cr>kol(g,2) h(¢) Xo\B(z:6)(¢) € C

is dominated in absolute value by the function ¢ € C +— |h(¢)|/infc ® € [0, 00)
because of (d) of Proposition 6.10. Since this last function is in Ll(,u) (L% ()
even), we may invoke Lebesgue’s Dominated Convergence Theorem [RUD, 1.34]
and hypothesis (5) of Theorem 7.1 (recall that each ®,, > o by construction) to
conclude that for any z € C,

((Keh)(2)| = ‘/ k@(C,Z)h(C)du(C)‘ = lim f ko (¢, 2h(&) du@)| < M,
C el0 C\B(z:¢)

ie. [KohlLoq < M. It follows that [Kehll 2y < IKehlL=uw~/r(C) <
M /i(C) and so for any ¢ € L?(1),

lp)cl
(D) 1Ko A ¢ll 2, = HZ—énK@han(m
1 llellpzvmn@©  ~ ~
. -M C 2M .
=13 L©) w(@) = el

In the above we have also used (a) of Lemma 7.10, the fact that 0 < § < 1/2, and
the Cauchy—Schwarz Inequality [RUD, 3.5].
Now given ¢ and ¢, as in the Good Function Estimate, clearly we have

) (Keoo1, )| < [(KeA @1, ¢2)] < (D!

+ [(Kel(pr — A o1), A ¢2)| < (D!

+ [(Ke(p1 — A o), 92 — A ¢2)|. < (ID!
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From (f) we immediately see that

M < IKo A @1l 20 10202200y < 2M N0l 200y 10201220

From the antisymmetry of Kg, the Adapted Martingale Decomposition (7.15), and
(1), we see that

D = ller = A @ill2) IKe A @2l 2,

< (L+ VD) lpill 2 2M 1921l 2

<SM lloilliz2q le2llz2(-

By (e) of Lemma 7.16, we have A(¢p; — A ¢1) = A(p2 — A ¢2) = 0. Thus we
may apply (*) to ¢1 — A @1 and g2 — A ¢2, followed by the Adapted Martingale
Decomposition (7.15), to see that

D) < 28 g1 — A @1l 200 92 — A 92112,

< 2N (A +V2)lleillz2 A+ V2)lle2ll 2,

< 12N llgill 2 021l 220)-

Replacing (I), (I), and (III) in (%) bJ our eslimates on them, we see that the Good
Function Estimate holds with N = 7M + 12N. O

Second Reduction. Set D = Dy x D", To prove that (%) of the First Reduction
holds for a positive finite number N, it suffices to show

) |3, Koo, 1. Mg, 92| = 28 llgill 2, I021l12,

for all w1, wy, O, @1, and ¢; as in the First Reduction with ¢; and ¢, additionally
satisfying: Ag, ¢1 # O for only finitely many Q; € Dg?n and A g, 2 # 0 for only
finitely many Q2 € D"

Proof Set D1(n) = {Q; € Dg?“ 2 1(Q1) = 27"} and Da(n) = {Q; € Dg*zm :
[(Q2) = 27"}, Given ¢ and ¢; as in the First Reduction, set

Pl = ZDI(”) Ag, o1 and @, = sz(n) Ag, ¢2.

By Lemma 7.16 we have A ¢1, = 0 and Ag, ¢1,, = Ag, ¢1 or 0 according as
Q1 € Di(n) or not. Similar formulas hold for ¢, ,, so we may apply (**) to ¢,
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and ¢ ,,. Hence, by the linearity of Kg, these formulas for Ag, ¢1,, and Ag, ¢2.,,
and this application of (xx), we have

() [Kopra )l = Y o (Kebo o1 Ao, 02)]

= ‘ZD (KoAg, 1.0, Ao, 92.n)

< 2N llotnll2¢) 2,1l 22¢)-

Since A ¢1 = A ¢ = 0, we have that ¢1, — ¢ and ¢, — ¢ in the norm of
L?(1) by the Adapted Martingale Decomposition (7.15). Thus to finish we need to
merely let n — oo in (7). O

Remark. Since the sum appearing in (x%) is actually a finite sum, its terms may be
rearranged and regrouped at will. The same is of course true of any subsums of the
sum in (xx). These facts will prove very useful and will be used without mention in
what follows!

Third Reduction. Set G = {(Q1, Q2) € D : 1(Q1) <1(Q2)}and G* = {(Q1, Q2) €
D :1(Q1) < 1(Q2)}. To prove that (x*) of the Second Reduction holds for a positive
finite number N, it suffices to show

() |32, (Kot o1, Mg, )] = N gl 2y el 2
and
) |32, (Koo, 01, Mgy v2)| < N lletll gy ezl

for all w1, wa, ®, @1, and ¢; as in the Second Reduction.

Proof Clearly we may dominate the absolute value of our sum over D in (xx) by the
sum of the absolute value of two sums, the first over G and the second over D \ G:

‘ZD (KeAg, g1, Ag, 902)‘ =< ‘Zg (KeAg, ¢1. Ag, @2)‘ <~ (D!

+ ‘ZD\Q (KoAog, 91, Ao, <P2)’. <~ (11!

The first term (I) is taken care of by (x %) immediately. Thus to finish we need only
show how the second term (II) will be taken care of by (x » % x).

Our notation for D, G, and G* does not reflect the dependence of these objects
on (w1, wz). This dependence is important now, so we must draw attention to it!
The mapping (Q1, O2) — (Q2, Q1) takes the set D \ G corresponding to (w1, @3)
in a one-to-one manner onto the set G* corresponding to (w2, ). Moreover, the
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antisymmetry of our operator Kg and the symmetry of our inner product (-, -) imply
that

ZD\Q (KoAg, 91, Ag, ¢2) = — Zp\g (Koo, 92, Mg, 1)

Thus our second term (II) is actually a term of the type estimated in (x * x x) with
the set G* corresponding to (w2, wy) rather than (w1, w). O

Remark. The Third Reduction has just been a matter of convenience ...it will cut
six cases down to three. But note that it has broken the symmetry between ¢; and
¢>. To emphasize this, and to avoid subscripts, let us replace ¢1, ¢2, Q1, and Q2
by ¢, ¥, O, and R respectively (we leave w1 and w; as is). The import of all our
work and reductions up to now, along with one more soon-to-be-justified reduction,
is summarized in the following assertion: To prove Theorem 7.1 it suffices to show
the following.

Reduction 7.23 (The Final Good Function Estimate) There exists a positive finite
number N such that

>, Korgw. Ar )| = N 92 1112,

whenever

() G ={(Q,R) € DI x Dg;‘" 1(Q) <I(R)} with (w1, w2) € 2 x L,

1
(2) O isa Lip(1)-function satisfying infc ® > 0 and ® > § max{®,,,, Dy,},
(3) ¢ € L3(w) with A ¢ = 0 and ¥ € L*(w) with A = 0,
4) Ao ¢ # 0 for only finitely many Q € Dg*l‘“ with each such Q being wy-good,
and
(5) Agr ¥ # 0 for only finitely many R € Dggn with each such R being w1-good.

Remark. Except for the change in notation, this reduction differs from the Third
Reduction above only in dropping the estimate (x x x x). Although (% x x x) does not
follow directly from (x » ), it will be the case that the way we prove (x * %) will
also prove (x * x x). To see this, and to see how the rest of the proof will proceed,
we now turn to the last order of business in this section.

Course Setting. Split G up disjointly into three pieces Gy, G2, and G3 as follows:

G1={(Q, R €G:1(Q) = 27" I(R) and dist(Q, R) < [(R)},

G»={(Q.R) € G:1(Q) = 27" I(R) and dist(Q, R) = I[(R)} U
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{(Q,R) € G:1(Q) <27™I(R)and QN R = ¢}, and
G3={(Q,R)€G:1(Q) <27"I(R)and Q N R # (}.

Our proof of the Final Good Function Estimate will start with the obvious inequality

() [X, Kosop. Axpl| <Y, (Koo e Arv)]
+ 25, (Koo, Ar )l

+ 32, Kosop. Ary)

and then proceed to show that each of the three right-hand terms of () can be
estimated by constant multiples of the product of the L? norms of ¢ and .

We can now explain the dropping of the estimate (x x x x) of the Third Reduc-
tion from the Final Good Function Estimate. In this paragraph the reader should
continually take into account our notational change from (Q1, Q») to (Q, R)! Note
that the sum in (x x x %) is gotten from the sum in (x * x) by dropping those terms
corresponding to pairs (Q, R) for which /(Q) = I(R). These pairs occur only in the
two terms of (1) corresponding to G; and G;. These two terms are sums of absolute
values and so sums of nonnegative terms. Thus any upper estimates of these two
terms of (f) will still be upper estimates if we drop some of their summands. In
consequence, any upper estimate of the absolute value of the sum in (x x x) gotten
via () will also be an upper estimate of the absolute value of the sum in (x * x *).

To conclude, note that we have left the term corresponding to G3 in () as an
absolute value of a sum and have not used the Triangle Inequality to convert it into
a sum of absolute values (as we did with the G; and G, terms). Indeed, to have done
so would have proven disastrous since the estimation of this term ultimately ends
up depending on a crucial cancellation argument involving telescoping sums. Of
course, some such thing was to be expected somewhere along the line since we are
dealing with a singular integral here!

7.12 Interlude: The Schur Test

We state the Schur Test (L2 version only) in a form most convenient for our needs.
It is usually stated as a bound on the norm of an integral operator /C arising from a
kernel k. We want instead a bound on |{/C ¢, )| valid only for functions ¢ and v
vanishing off certain sets ... thus the presence of X and X» in our version. Lastly,
given our future use of it, we state it solely in terms of k, omitting any reference to /C.
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Proposition 7.24 (Schur Test) Let i be a positive measure on a set X. Suppose
that A : X +— [0,00],k : X x X — [0,00], X1, X2 C X, and Cy, Cy € (0, 00)
together satisfy

(1) 0 < () < ooforall ¢ € Xy,
2) / k(C, 2)M&) du(¢) < CiA(z) forall z € X», and
X1

3 k(C, DA (2) du(z) < Cad(¢) forall ¢ € X|.
X

Then for any ¢, ¥ : X — [0, oo] such that ¢ = 0 off X1 and ¥ = 0 off X, we
have

/X /X K(E. DOV @) di() di(z) < VCIC ol 2gn 1120

Proof Using the hypothesis on ¢, (1), the Cauchy—Schwarz Inequality [RUD, 3.5],
and (2) in succession, one sees that for any z € X5, one has

*) / K(C. D9(0) du() = / K(Z. D0(0) du(@)

f VAG. 4©), ﬁ; (@) du (@)

12 k(Z. ) 12
< [ / k(. M) du(()} [ / 2 20 du(;)]
X x, ()

1/2
Cin 1/2[/ k¢, 2) d ] .
< [C1A(2)] ) 30) 9* () du(¢)

Thus using the hypothesis on ¥, the Cauchy—Schwarz Inequality [ RUD, 3.5], (%),
Fubini’s Theorem [RUD, 8.8], and (3) in succession, one obtains

/X/Xk(f,z)w(f)llf(z) du(t) du(z)

:/ {/ k(¢, z)w(C)du«(C)}w(z)du(Z)
X, LUJx

2 172 172
< / [/ k(C,Z)w(C)du(s“)} du(z)} { / wz(zmu(z)]
X, LJXx X2

(C1A)] [ f KE-2) oy du(:)] du(Z)}l/z 120
X, x, MO "
12

_le f e [/ k(c,z)uz)du(z)]du(;)} 1l
x; MQ) Lx, w

IA
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172

2
s{cl /X Q”M(;)) [sz@)]du(;)} 11200 = VCICa 0200 19 112200-
1

O

Setting A equal to 1 and both X and X; equal to X, we immediately obtain the
following.

Corollary 7.25 Let v be a positive measure on a set X. Suppose thatk : X x X —
[0, oc] and C1, C2 € (0, 00) together satisfy

() / k(¢,z)du(¢) < Cy forallz € X and
X

2 / k(¢,z)du(z) < Cyforall ¢ € X.
X

Then for any ¢, ¥ : X +— [0, oco] we have

/X /X K(Z. D00 () du(@) di@) < VCICa ol 120 19111200,

7.13 G1: The Crudely Handled Terms

Lemma 7.26 Let Q be a dyadic square whose boundary is M'-negligible. Then for
everyz € C\ 00,

12M’
Jdist(z, 00)

. 1 1 1
[‘c\ag mln{dist(g, 90" dist(z, aQ)} T 90) du(g) =

Proof Set

1

_dist(z, 00)}

Ap={c €C\30: 4%dist(z, 1) < dist(¢.90) < -

and
B, ={¢ e C\aQ :4"dist(z, Q) < dist(¢,0Q) < 4"+1dist(z, 10)}.

Then the left-hand side of our desired inequality is just

1 1 | .
Z/An R T IO AP D /B R TN T T

n>0

Using the M’-negligibility of d Q and the geometric series formula, we can dom-
inate the first term of the above by
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1 on+l 1
M —di
Z dist(z, dQ) /dist(z, 90) an dist(z, 0Q)

n>0
oM 3 1AM
Vst 00) 2 Jdist(z, 00)

and the second term by

1 !
- M4 dist(z, 9
n; 41dist(z, 00) 27 /dist(z. 90) i5t(z. 00)

aMm’ 3 1 8M’
Vdist(z, Q) 4= 2" - Jdist(z,00)

The correctness of the desired estimate is now clear. O

Lemma 7.27 (Negligible Square) Let Q be a dyadic square with M'-negligible
boundary and let ® be a Lip(1)-function for which infc ® > 0. Suppose that n; €
L?(w) vanishes off cl Q and no € L?(u) vanishes on int Q. Then

[(Keom, n)l < 12M" Imll 20 20220

Proof Since 8 Q is M'-negligible, it follows that (3 Q) = 0 and so we may assume
that 1 vanishes off int Q and 1, vanishes on cl Q. Note that

I(/C@m,nz)lS/(C/(;Ik@)(E,Z)IIm(C)IITIz(Z)Idu(()du(z).

Thus to finish the proof it suffices to verify the hypotheses of the Schur Test (7.24)
with A(¢) = 1/4/dist(£,00Q), k(5,2) = lke(¢,2)|, X1 = intQ, X, = C\clQ,
Ci=Cr=12M", ¢ = |m|, and ¢ = |n2|.

That hypothesis (1) holds is clear. To deal with hypothesis (2), consider { € int Q
and z € C\cl Q. Let g be the intersection point of the segment [¢, z] with d Q. Then
by (c) of Proposition 6.10,

1 1 1 1 1
ko (C, o i s < mi - ,
koG- 2l = 7 Smm{lc—m |q—z|} <mm{d1st<;,aQ) dlst(z,BQ)}

and so

1
/imQ Ko (6. 9| s (0

<

. 1 1 |
= /C\BQ i { dist(¢, 00) " dist(z, 90) } JASUC, 90)

dp(g).
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The last lemma now gives us hypothesis (2). Hypothesis (3) is verified similarly. O

For the rest of this section, w1, w;, ®, ¢, and ¥ are as in the Final Good Function
Estimate (7.23).

Lemma 7.28 There exists a positive finite number U such that for all (Q, R) € Gy,

[(Koho @, AR < U 180 ¢llr2g 18R V1200

Proof If Ag ¢ = 0, then our conclusion follows trivially, so by (4) of the Final
Good Function Estimate (7.23) we may assume that Q is wp-good. Similarly we
may also assume that R is w-good. Let Q;, j = 1,2, 3, 4, denote the four children
of Q labeled starting with the northeast one and proceeding counterclockwise for
the sake of definiteness. Let Ry, k = 1,2, 3,4, be similarly related to R. A little
fiddling around with the definitions of w-good and G| shows that dQ ; and d Ry are
M’-negligible for all j and k.
Note that

(Kedoo, ArY) = (Ke(Xo; A0 @), Xp, AR V).

4
j k=1
and that for each j and k,
(Ko (Xg, A0 ¢), X, Ar¥) = (Ko (Xg, Ao @), Xrao,Ar ) < (D!
+ (Ko(Xo,\r Ao @), Xo;nr, Ar ) < (ID)!
+ (IC@(XanRkAQ 90)’ XQjﬁRkAR I//) <~ (III)'
By the last lemma,

|D]

IA

12m’ ||XQ,- AQ <P||L2(,,,) ||XRk\Q_/ AR I”HLZ(M)

A

= 12M' ||AQ (ﬂ”LZ(M) AR ¢I|L2(M)'
Using the antisymmetry of Kg and then proceeding similarly we obtain the same
bound on |(IT)|. To deal with |(II)| we must consider cases.

Case One (Q; is terminal). Note that for ¢ € int Q; we have ©(¢) > § Py, (r) >
8 dist(¢, Q). Thus by (d) of Proposition 6.10,

(11 . 1 1
®) lko (¢, )| < 3 min { o) %} = Emm{dist(g, 90,)" dist(z, an)}

for every ¢,z € int(Q;. We now seek to apply the Schur Test (7.24) with

AMe) = 1//dist(¢,0Q)), k(¢,2) = lke(, 2, X1 = X2 = int(Q; N Ry),
Ci=Cy=12M')8, ¢ = |XQijkAQ ¢|, and ¥ = |XanRkAR ¥ |. Hypothesis
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(1) of the Schur Test is clear while hypotheses (2) and (3) follow from (x) and
Lemma 7.26. It follows that

/

12M
)| < 1X0,nr Ao @l 20 1X0,0R AR Wl 20

/

< Ao @llr2gy AR Y IlL2()-

Case Two (Ry is terminal). Similar to Case One with the same bound obtained
on [(IIT)|.

Case Three (Q; and Ry are transit). In this case both Xg, ﬁRkAQ ¢ and
XQ,ﬂRk A g ¥ are constant multiples of h = XQ nr B, say ¢ h and czh respectively.
Thus (III) = (IC@clh, czh) = clcz(lC@h, h) = 0 by the antisymmetry of Kg and
the symmetry of our inner product (-, -).

Putting this all together, we see that the lemma holds with U = 16(12M’ +
12M' + 12M'/8) = 192M' (2 + 1/8§). O

To state the next lemma we need some notation. Set Dom = {Q : (Q, R) €
G for some R} and given Q € Dom, set Ran(Q) = {R : (Q, R) € G}. Also, set
Ran = {R : (Q, R) € G for some Q} and given R € Ran, set Dom(R) = {Q :
(Q.R) € Gi}.

Lemma 7.29 There exists a positive finite number V such that #Ran(Q) < V for
every Q € Dom and there exists a positive finite number W such that #Dom(R) <
W for every R € Ran.

Proof If Q € Dom and R € Ran(Q), then [(R) = 2/ 1(Q) for j =0,1,2,...,m
so there are m + 1 choices for the size of R. Also dist(Q, R) < I(R), so R C
int{4 - 2 4+ 1} Q. Thus the number of squares R € Ran(Q) of a given fixed size is
at most

L2427+ 1}0)  (4-2" +111(0)?

. nm 2
2R = IR <{4-2" +1}

since [(Q) < I(R). It follows that #Ran(Q) < V = (m + 1){4 - 2" + 1}%.
For R € Ran, a similar argument show that #Dom(R) < W = (m + 1)25(4™).
(The difference in V and W is because we now have Q C int5R and [(R) <

2" 1(Q).) O

Proposition 7.30 (Estimate on the G; Sum) There exists a positive finite number
Ny such that

> (Koo e, Ar ¥l < Nillgllag 1V 1200

for all w1, wa, O, ¢, and ¥ as in the Final Good Function Estimate (7.23).
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Proof Denote the left-hand side of the inequality that we wish to prove by LHS!
Then by Lemma 7.28 and the Cauchy—Schwarz Inequality [RUD, 3.5 — we inform
the reader just this one time that the integral version of Cauchy—Schwartz easily
implies the sequence version!],

LHS < U7 o oo 180 0li2g) 18R V2,

= UZQeDom A0 @ll2() [ZReRan(Q) AR "’“L%m]

1/2 211/2
= U[ZQEDom ”AQWH%Z(H)] {ZQEDom[ZReRan(Q) ”ARw”Lz(“)] } ’

Applying the Cauchy—Schwarz Inequality [ RUD, 3.5] to the squared sum in the
above and then using the first part of Lemma 7.29, we see that

2
2 2
[ZReRan(Q) ”ARIMLZ(W] = [ZReRan(Q) ! ][ZReRan(Q) ”ARWHLZ(/L)]

= [#Ran(Q)] [Z AR ‘/f”izm]

ReRan(Q)

2
<
=V ZReRan(Q) 1AR 1'/’”Lz(uf

Putting the last two results together, we obtain

12
2
LHS = Uﬁ [ZQeDom ”AQ('D”LZ(M)}

1/2
2
[ZQEDom ZReRan(Q) 1AR 1!/”LZ(M)}

Switching the order of the double sum in the above and then using the second part
of Lemma 7.29, we see that

2 _ 2
ZQeDom ZReRan(Q) AR 1/f”Lz(u) - ZReRan ZQeDom(R) 1AR ‘/’”U(m

— 2
=D reray FPOMMBINAR V72,

2
SW 2 peran 187 V2

Putting the last two results together and invoking the Adapted Martingale Decom-
position (7.15), we obtain

172 172
/ 2 2 2 : 2
LHS = UvVW l QeDom 1A0 (p||L2W)} { ReRan AR w”l‘z(/“)}
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Clearly N| = 2U~/VW will do. O

We have called G; “the crudely handled terms” not simply because we are esti-
mating the sum of the absolute values of terms (KeAp ¢, Ag ¥) corresponding
to (Q, R) from G| as opposed to the absolute value of the sum of these terms, but
rather because the absolute value of each term (Ko Ao ¢, Ag ) was estimated by
U Ao ¢lip2y IAR VL2 With U independent of Q and R. This only suc-
ceeded in giving us an effective estimate when we summed over all (Q, R) from G,
because each Q involved in G; interacted with at most a fixed constant number of
Rs involved in G; and vice versa. In the next section we turn to the G, terms which
cannot be handled so simply!

7.14 G,: The Distantly Interacting Terms

The pairs (Q, R) from G, are of two types: those with O not too small com-
pared to R ...for which we know Q and R are “far apart" ...and those with
Q very small compared to R ...for which we know Q and R are disjoint.
For either type we will obtain an estimate of the form [(KeAg ¢, Ar V)|
27 To.r 1AQ@l2g IAR VL2, With the numbers Tp g being small enough
to enable us to extract an appropriate estimate upon summing.

Given two dyadic squares Q and R, define the long distance D(Q, R) between
them by

D(Q, R) =1(Q) +dist(Q, R) +I(R)

and set

[ [(R)
Tor = YUOVIR) o iR,

D(Q, R)?

Lemma 7.31 (Distant Interaction) Ler Q and R be dyadic squares for which
[(Q) < I(R) and let ® be a Lip(1)-function for which infc ® > 0. Suppose
0o, VR € L?(w) are such that 0o =00ff Q and Y = 0 off R with f(C podu =0
and dist(Q, spt(¥g)) = [(Q)/*I(R)3/*. Then

[(Keowo, Vr) =27 Tor l9olr2qy IVRIIL2(0-

Note that we have not assumed that Q and R are “far apart" but rather that Q
and spt(yg) are “far apart.” Indeed, in estimating some G3 terms later on we will in
effect use this lemma through Proposition 7.34 on pairs (Q, R) for which Q and R

)

intersect, yet Q and spt(yg) are “far apart”!
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Proof Denote the center of Q by {o. Given z € spt(yg), let g be the intersection
point of the segment [¢(, z] with d Q. Note that

1
/(@) < It —qland [(Q) = ()R < dist(Q, spt(¥r)) < lg — z.

Thus for any ¢ € Q, we have

11
lto—¢l= —=l(Q) < l(Q)=§{§l(Q)+l(Q)} {lEo—ql+lg—zl} =3 ICQ—ZI-

\S) \

f

Hence from (f) of Proposition 6.10,

Heo—t¢l 310 31(0)
k k .
kol 2) koo D = 1 "0 = 127 = @i, spt(w) 2

It now follows from our hypothesis that ¢ ¢ integrates to 0, the estimate just gotten,
and the Cauchy—Schwarz Inequality [RUD, 3.5] that

(Koo, ¥r) = 'A[J@(L 290 (VYR du(¢) du(z)

_ ‘ fc fc ko (£, 2) — ko(Cor D)po(@)Vr() di(D) du(2)

st e e e
d d
= dist(Q, spt(yr))>2 { - lpoldu - |Yrldp

310)
< Gnto oo VE©@ Ioglizo | {VE® 1l

Comparing this with what is to be proven, we see that it now suffices to show that

1(Q) _ WIQVIR)
dist(Q, spt(¥r)?* =~ D(Q,R)?

Case One (I(R) < dist(Q, spt(¥r))). Then D(Q, R) < 3 dist(Q, spt(¥g)), so

[(Q) 2 D _IVIQVIR)
dist(Q, spt(¥r)* ~ D(Q, R)? ~  D(Q,R)*

Case Two (I(R) > dist(Q, spt(¥g))). Then D(Q, R) < 3I(R), so

[(Q) _ [(Q) _ VIQWVIR) _ IVI(Q)VI(R)
dist(Q, spt(¥r)? ~ LQVHR2 —  I(R? T D(Q,R?*
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An inspection of the last proof yields up the following result which will be needed
toward the end of the chapter to prove Lemma 7.40.

Scholium 7.32 Dropping the hypothesis ¥g = 0 off R from the Distant Interaction
Lemma (7.31), one has

(Kewg, vr)l = 31(Q) V(D) llgollz2 { LIR@1, (z)}

c 1¢o — zI?
where ¢ denotes the center of Q.

For the rest of this section, Z denotes a sum over all (Q, R) € Dg’;‘“ X Dg’;‘“
(Q.R)
such that /(Q) < [(R), i.e., a sum over all (Q, R) € G, Z denotes a sum over all
0
0 € D", and Z denotes a sum over all R € D"
R

Lemma 7.33 (T r) For all nonnegative “sequences” {GQ}QE'Dg‘}n and {bg} ReD,

1/2

1/2
Z TQ,R ag br < 180M ZaZQ {Zb%{} .
(Q.R) 0 R
(J,k)
Proof Given j, k > 0, Z denotes a sum over all (Q, R) € ngm X Dg‘;“ such
(Q.R)

Jj+k
that [(Q) = 2~/ I(R) = 2-Uh (so I(R) must be 27%), Z denotes a sum over all

0

k
Q € DI such that /(Q) = 27U +H and Z denotes a sum over all R € D" such
R
that [(R) = 2%,
Our proof will proceed in a backward manner!
Claim. To prove the lemma, it suffices to show
; : 1/2 1/2
(J.k) Jtk k
45M 2 2
0 roraotes PTG {2l
(Q.R) 0 R

Verification. The left-hand side of (x) summed over all j and k > 0 becomes the
left-hand side of what we wish to prove. Summing the right-hand side of (x) over
all £ > 0 and using the Cauchy—Schwarz Inequality [RUD, 3.5], we obtain
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s |25 17 1S " e [t <1
WL|Ta (a] =THTEal (xya
k>0 R k>0 ©Q k>0 R
45M . 2
T ]

Since . 1/2//% = 1/(1 = 1/+/2) < 4, we thus see that the right-hand side of
(x) summed over all j and k > 0 is less than or equal to the right-hand side of what
we wish to prove.

Claim. (%) can be reformulated as

45M
(%%) /CLk(j,k)(5,2)¢j+k(§)¢k(2) dp(§)du(z) < iz l@j+ill L2y 1kl L2

where
(j.k)
ki, 2) = Xo($)XR(2),
! (QZR) «/M(Q \/M(R
Jj+k ag k
Pj+k(&) = Xo(¢), and Y (z) = Xr(2).

! % V@ ; M(R

Verification. Since squares of the same size in a dyadic lattice are pairwise
g2 IV e

disjoint, we have @7, = Z Xo. Thus @kl 2 =Y ap( - Simi-

Q) >

X 1/2
larly, [k ll 12y = { > bk } . Lastly,
R

[C/Ck(j,k)(é“,Z)¢j+k(§)1ﬂk(2) du(¢) dp(z)

_ Ny __Tor ,
- Z V1 (Q)v/ i (R) {/Qwﬁk(f) dﬂ(f)} {/Rlﬂk(z) d,u(z)}

(Q.R)

(k)

(k)

_ oa {0 [\ )
Dy N W o J_M(R)/Rd“

(Q.R)
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(k)

= Z To.r ag bg.
(Q,R)

Claim. To prove (x*), it suffices to show

(% * %)

.
—_—d 5M
e —a 4 O =

forallz € Cand r > 0.
Verification. Given j, k = 0,let { € C be such that it is contained in some square
Q of DI with edge length 2~V and let z € C be such that it is contained in

some square R of Dggn with edge length 2%, Then |¢ —z|+27% = ¢ —z|+I(R) <
3D(Q, R) and so

Tor  _NIQWVIR) _27/72.27% 9 27k
VEQVE®R)  DQ, R D(Q.R? T 202 (g —z+27K)2

k(j (& 2) =

Note that this estimate on k(; ) (¢, z) is trivially true for all other ¢, z € C. Thus we
may use it and (x x x) with r = 27k to obtain

ki du() < — 27k ey < M
(T)[C G0 (&5 2) M@)_m/cm ,L(g)_zj7

for all z € C. Since (x x ) is invariant upon switching ¢ and z, we also have
—k

k d < 9 2 d <45M

for all ¢ € C. Because of (1) and (%), the corollary to the Schur Test (7.25) now
gives us (x*).

Claim. (x % ) is indeed true!
Verification. Invoking the linear growth of u, we quickly see that

r r
——d < —=Mr=M.
/;?(z;r) {It -z +V}2 nie) = r? g

Moreover, setting Ay = B(z; 2t1r) \ B(z;2%r) and again invoking the linear
growth of u, we have

.Lanuc—a+-P ““)—E:f o

k=0

1
<y (zkr)zM(2k+1 =2M ) o =

k=0 k=0




7.14  Gy: The Distantly Interacting Terms 207

Adding the last two displayed inequalities together, we obtain (x x *). O

For the rest of this section, wy, wz, ®, ¢, and V¥ are as in the Final Good Func-
tion Estimate (7.23). The next proposition will end up being used thrice before the
chapter’s end!

Proposition 7.34 Let H C G be such that for each (Q, R) € H there is an
associated subset A(Q, R) of C. Suppose that dist(Q, spt(Xs0,R)ARV)) >
1(Q)A1(R)3/* whenever (Q, R) € H is such that Q is wy-good. Then

ZH [(KeAg @, Xao.ryAr V) = 9.720M @l 120 1V 112
Proof We claim that for each (Q, R) € H,

*) 1(KoAg ¢, Xao.mAr Y| <27 To.x 180 ¢ll200 1AR W 1200-

If App = 0, then (x) is trivially true, so by (4) of the Final Good Function
Estimate (7.23) we may assume that Q is wy-good. But then the hypothesis of the
proposition allows us to apply the Distant Interaction Lemma (7.31) to g = Ag ¢
and Y g = Xa(p,r)Ar ¥ and invoke the trivial inequality || Xa(g,r)AR W”LZ(M) <
I AR Vil 2 to get ().

Using (%), the Tp g Lemma (7.33) applied to agp = [Ag ¢l 2, and b =
IAR ¥ll2(. and the Adapted Martingale Decomposition (7.15), we see that

ZH (Kol ¢, Xao,R)Ar V)

<27y Tor 1809l 18R Vii2g

<27 )" Tor 1Agell2g 1AR V2,
(Q,R)
1/2

1/2
<27(180M) { 3 180 ¢l72,, {Z IAR wniz(m}
0 R

< 27(180M)(2]l@ 1172, } 2 211 1172, )2

=9,720M el 220 11220

Proposition 7.35 (Estimate on the G Sum) There exists a positive finite number
N> such that
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D g, (Koo e, Ar ¥l < Na llgllag 1V 1260

forall w1, wy, O, ¢, and ¥ as in the Final Good Function Estimate (7.23).

Proof This is a simple application of the last proposition with H = G
and A(Q,R) = C always. Clearly ﬁz = 9,720M will then work. Since
spt(Xaco.ry)ARY¥) C R, it suffices to check that dist(Q, R) > 1(Q)Y/*I(R)3/*
whenever (Q, R) € G is such that Q is wy-good.

Case One ((Q, R) € Gy by the first clause of the definition). Then dist(Q, R) >
I(R). Since I[(R) > 1(Q), we also have [(R) > [(Q)"/*1(R)3/* and so we are done.

Case Two ((Q, R) € G, by the second clause of the definition). Since QNR = {J,
we have dist(Q, R) = dist(Q, dR). Since /(R) > 2™ [(Q) and Q is wy-good, we
also have dist(Q, dR) > 161(Q)'/*1(R)?>/* and so we are again done. O

7.15 Splitting Up the G3 Terms

For any dyadic square R, let Ry, k = 1, 2, 3, 4, denote the four children of R labeled
starting with the northeast one and proceeding counterclockwise for the sake of
definiteness.

Considering any (Q, R) € G3, we have QN R # ) by definition and so QN Ry #
¢ for some k. Define Rp = Ry where k is the smallest index such that Q N Ry # ¢.

Now suppose that in addition Q is wy-good. Since (Q, R) € G3, we have [(Q) <
27" [(R) by definition, and so [(Rp) > 2" [(Q). Since Q is w;-good, this forces
dist(Q, dRp) > 161(Q)/*I(Rp)** > 0. But Q is much smaller than R, so Q
must lie totally within the interior of Ry and it is all the same whether we say
ONRg #9¥, 0 € Ry, or Q CintRg. Thus when Q is wz-good, (Q, R) € G3 if
andonlyif R € Dgg“, 1(Q) < 27™I(R), and Q is totally contained in one of the four
children of R, namely R¢. Note that in this situation we also have dist(Q, 0Rp) >
81(Q)'/H1(R)**.

We may now write G3 = G¥™ U G*" disjointly where

Gy™ ={(Q, R) € G3 : R is terminal} and Gy*" = {(Q, R) € G3 : Ry is transit}.

Thus to estimate ‘Z G (KoAg @, AR lﬂ)’ it clearly suffices to separately estimate
3

Zggerm |<K@AQ @, AR 1/f>| and ‘Zggan (’C@AQ @, AR Kl’) .
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7.16 Q;e““: The Suppressed Kernel Terms

To estimate the sum of the terms corresponding to Qgerm we need three lemmas,
the first of which is a very special case of a well-known result from analysis and
requires a preliminary definition and some notation.

Say that a dyadic square S is nicely placed with respect to another dyadic square
R* if § € R* and dist(S, dR*) = I(S). Recall that 2§ denotes the dyadic square
concentric with § whose edge length is double that of S. Note that when S is nicely
placed with respect to R*, we have 2§ C R* and dist(2S, dR*) = I(S)/2 =
1(28)/4.

Lemma 7.36 (Whitney Decomposition for a Dyadic Square) For any dyadic
square R* there exists a subcollection W (R*) of dyadic descendents of R* with
the following properties:

(a) W(R*) is a partition of int R*,

(b) each S € W(R¥) is nicely placed with respect to R*, and

(c) each point of C belongs to at most 11 of the doubled squares 2S corresponding
to S € W(R™).

Proof We will work through the successive generations of R* throwing into W (R*)
all and only those squares of the generation under consideration that are nicely
placed with respect to R*.

None of the four children of R* is nicely placed and so they contribute nothing
to W(R*).

Of the 16 grandchildren of R*, only the four central ones are nicely placed and
so go into W (R*) giving us four pairwise disjoint dyadic descendents that cover all
points of R* whose distance to d R* is greater than [(R*) /4.

Of the 64 great-grandchildren of R*, only the 20 which form a belt about the
four previously selected squares are nicely placed and so go into W (R*) giving us
24 pairwise disjoint dyadic descendents that cover all points of R* whose distance
to dR* is greater than /(R*)/8.

Of the 256 great-great-grandchildren of R*, only the 52 which form a belt about
the 24 previously selected squares are nicely placed and so go into W (R*) giving us
76 pairwise disjoint dyadic descendents that cover all points of R* whose distance
to d R* is greater than /(R*)/16.

Proceeding through all the generations in this manner, we obtain W (R*). It is
clear by our construction that (a) and (b) are satisfied (with regard to (a) it is impor-
tant to note that our squares are half-closed as in the proof of Frostman’s Lemma
(2.9)).

Any point z ¢ int R* is contained in none of the doubles of the squares of W (R*)
since each of these doubles is contained in int R*. So consider z € int R*. Let S be
the square of W(R™) that contains z. Say that one square “touches” another if the
closures of the two squares intersect. Clearly any square from W (R*) that touches
S has a double that intersects S. Also, the squares of W (R*) that touch S, excluding
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S itself, form a belt around S thick enough so that any square from W (R*) that
does not touch S has a double that does not intersect S (here it is again important
to note that our squares are half-closed as in the proof of Frostman’s Lemma (2.9)).
Thus the double of a square of W(R*) intersects S if and only if it touches S. It
follows that the number of squares of W (R*) whose doubles contain z is at most the
number of squares of W (R*) which touch S. Call a square of W (R*) “diagonal” if
one of its diagonals is contained in one of the diagonals of R*. Any diagonal square
of W(R™) is touched by 11 squares of W(R™) (including itself). Any nondiagonal
square of W (R*) is touched by nine squares of W(R*) (including itself). Thus S is
touched by at most 11 squares of W(R*) and so (c) follows. O

Lemma 7.37 Suppose that 0y, 1y € L?(w). Then for any A C Dlran,

5 1/2
Y pen lBomml = {230 1o miag, ) Inalig.

Proof For each Q € A, choose a complex number cg with modulus one such that
co{Agni,m) = [{Agni,n2)|. Then by the Cauchy—Schwarz Inequality [ RUD,
3.5] and Proposition 7.17,

ZQEA (Agm,m)l = <ZQ€A coBom, nz)

<
= [Xges corom

L2 ”772”L2(M)

172
= {22 pu leoPI1domIag, ) Iz

1/2
_ 2
= {23 1o miagy ) Il

m}

For the rest of this section, wy, w3z, ©, ¢, and ¥ are as in the Final Good Function
Estimate (7.23).

Lemma 7.38 (Nicely Placed Square) Suppose that R* € D;f;m and S is a dyadic

square nicely placed with respect to R*. Then for any function € L*(w) such that
Y =0o0ff 28,

3M
||XZSIC(~)¢||L2(M) =< T ||1,0||L2(M).

Proof For any z € 28, ©(z) > § @, (z) > & dist(z, 9R*) > & dist(2S, IR™) =
61(25) /4. Hence by (d) of Proposition 6.10, |kg (¢, 2)| < 1/0(z) < 4/{51(2S)} for
every ¢ € C. Then by the Cauchy-Schwarz Inequality [RUD, 3.5],
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4
[(Ke¥)(2)] < /25 lke (&, DI () du(g) < 5125) /25 [ (O du(g)
4/ u(2S)
= W”W”Lz(u)'
This leads to
V2 4 pes)
IX2sKeo¥ll L2 = {/25 |(Key) (@) dM(Z)} =5 1028) (K2 VEIhE

Letting B denote the closed ball circumscribing 2§ and invoking the linear growth
of u, we see that u(2S) < u(B) < Mrad(B) = M{l(ZS)/«/E} < {3M/4}(2S)
and so are done. O

Proposition 7.39 (Estimate on the g;erm Sum) There exists a positive finite num-
ber N5™ such that

> gem Koo @, Ar )| < NE™ gl 20 W12,
3

for all w1, wa, O, ¢, and ¥ as in the Final Good Function Estimate (7.23).

Proof Set H = {(Q,R) € Qéerm : Q is wr-good} and note that we need only
estimate the sum of [(KgAg ¢, Agr )| over all (Q, R) € H by (4) of the Final
Good Function Estimate (7.23). Recall from the last section that when (Q, R) € 'H,
there exists a unique terminal child Ry of R that contains Q. Moreover, we have
dist(Q, dRp) > 8l(Q)1/4l(R)3/4. In this situation, denote the unique square
of W(Rp) that contains g, the center of Q, by S(Q, R). Note that 8/(Q) <
81(Q)/H(R)/* < dist(Q,dRp) < dist(¢g, dRg) < 2I(S(Q, R)). In conse-
quence, Q € 25(Q, R) and, moreover,

[SQ.R) Q) US(Q.R)
2 2 4

dist(Q, 3{25(Q, R)}) > > 1(O)*1(R)YA.

Clearly

Do, |Ketow. Ar)l <) 1(KeAg g, Xrpso.p Ar )| < (D!
+ 2, [(Kedg e, Xaso.mAr ¥)I. < (D!

Since dist(Q, spt(Xr\25(0,m AR ¥)) = dist(Q, 3{25(Q, R)}) > 1(Q)/*1(R)*/*,
we may apply Proposition 7.34 with H as defined above and A(Q,R) =
R\ 2S(Q, R) to deduce that

M =9,720M Il 20 1V 122 ()
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For the rest of this proof, we make the following notational conventions: first,
Z denotes a sum over all R* € D™ (thus we are summing over all the terminal
R*
children R* of all the squares R € Dg"zm); second, given such an R*, Z denotes a
s
sum over all § € W(R*); and third, given such an R* and such an S, Z denotes a

Q
sum over all Q € Dg';m such that Q is wy-good, [(Q) < 27" {2I(R*)} = 27" I(R),
and ¢p € S. The point of all this is the following:

() D, I(Keroe XasomAr¥)l =D > 3 Kooy, XasAr )l

with each term in the single sum on the left-hand side associated with a pair (Q, R)
corresponding to the term in the triple sum on the right-hand side associated with
R*=Rp,5=S(Q,R),and Q = Q.

Given R* € Dﬁfzrm and S € W(R™), using the antisymmetry of g, the contain-
ment of each Q in 2§, and the last two lemmas, we obtain

) ZQ (KeAg ¢, XosAr )| = ZQ [(Ag ¢, XosKe(XosAr ¥))]
5 1/2
< {20, 18001, } " 1Ko (as AR W)l

=75 {ZZQ ”AQ*””LZ(;A)} 1X25 AR ¥l 120y

An immediate consequence of (), (i), and the Cauchy—Schwarz Inequality
[RUD, 3.5] is

12
CIRUEE D SN SN ) DA LTI bt | L2

3M 1/2
5 {2ZR*ZS ZQ”AQ ‘/’”%Z(u)} {ZR* Zs ./25 AR YT du}

1/2

IA

Let («) and (B) denote the first and second square roots occurring in the last line
of (x) respectively. Since the R*s being summed over are pairwise disjoint and for
each R*, the Ss being summed over form a partition of int R*, each ||Ag (p||i2 W in
(av) occurs only once and so

1/2

@ =12 > 1800l =2lel2q
QeDg
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with the last inequality holding by the Adapted Martingale Decomposition (7.15).
By (c) of Lemma 7.36,

3N NINTLS Tty NINST
28 R*

This, the pairwise disjointness of the R*s being summed over, and another invoca-
tion of the Adapted Martingale Decomposition (7.15) allow us to deduce that

1/2

1/2
(ﬁ)i{llzR*/R*lAkwlzdu} <1 D0 18RV Ty = V221Vl

ReDin

From (x) and our estimates on («) and (), it follows that

622M 30M
an < lollzzgo Wiz < == lelligy 1V li2g-
Clearly 1\~/§erm =9,720M 4 30M/§ = 30M (324 4 1/6§) will do. O

7.17 g;’ 4. The Telescoping Terms

For the whole of this section, w1, w2, O, ¢, and i are as in the Final Good Function
Estimate (7.23).

Before launching into three lemmas, we will first explain our basic approach to
the estimation of the gga“ sum. Recall that when Ry is transit we have defined

ARy tobe cg g hon Ry where

CO.R =

Now Ar ¥ need not be this constant multiple of /2 on the rest of C. We will make
it so! Thus we will throw away Ag Vlc\r, and then add cg r hlc\r, onto the
remaining Ag ¥|r, = c.r h|R, left behind in our Gf*" sum to get cg g h. Of
course it must be shown that the sum of the terms removed and added are bounded
by a constant times the L2 norms of ¢ and v. Once this is done, we are left with a
sum over appropriate pairs (Q, R) of terms of the form (KeAg ¢, cg g h). Using
the antisymmetry of g and then rewriting our sum over pairs as an iterated sum
over appropriate Qs and then appropriate Rs, we obtain

_ZQ {ZR CQ,R} (Ag @, Keh).
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Now the sum of the cg gs over the appropriate Rs is a telescoping sum resulting in
massive cancellation! When the smoke clears, we will put hypothesis (5) of Theo-
rem 7.1 to crucial use on what remains to finish off the proof!

Lemma 7.40 For (Q, R) € G§™,

M [I(Q) | n(Q)
lco,rI{KeAg ¢, Xo\r, ) =7 I(R)\ n(Rp)

||AQ (P”LZ(H) |Ag ¢ ”LZ(H)'

Proof If Ag ¢ = 0, then our conclusion follows trivially, so by (4) of the Final
Good Function Estimate (7.23) we may assume that Q is wz-good. Recall from
Section 7.15 that in this situation dist(Q, dRp) > 81(Q)Y/*I(R)3/*. Since Ry is
transit, by (a) of Lemma 7.10 and (c) of Lemma 7.6,

0.&ll(h A (AR V)R LA
) lco.xl < CRIMRGL _ [ARVIRG| o _ 1 I8rYligy
1= 1-4 1= 1-6 Ju(Rg)

Since dist(Q, spt(Xc\g, h)) = dist(Q, dRp) > 1(Q)/41(R)3/*, we may apply
Scholium 7.32 with ¢g = Ag ¢ and Y = X\, h to obtain

|h(z)]

(%) [(Koho ¢, Xovrg B < 31(0) Vi(Q) A0 ¢l 12 f ) | -
C\Rg S0 — 2

Let R®, k = 0,1,..., N, denote the sequence of squares from Dg;m ascend-

ing from R to R, Thus R© = Ry, RWM = R, each R**D contains R® with
I(R®+Dy =27(RW), and RN = RY. Since Q is wp-good and 2" [(Q) < I[(Rg) <
I(R®)), we have

(1) dist(Q, R*D\ R®y = dist(Q, aR®) > 16 1(Q)/*1(R®)3/4
> 81(Q)/AI(RK+D)3/4,
Also, by (a) of Lemma 7.10 and the linear growth of 1,
(1) fR oy 111 = (1D o p(REHD) < (A48 u(RED) = (1+8)MI(R* V) V2.
Lastly,
(111 LRED) = 24 1(R).

Note that as far as 4 is concerned C \ Rg = R™)\ Ry since spt(u) € R® = RW).
From this fact, (), (1), (f171), and the geometric series formula, we thus obtain
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|h(2)] . |h(2)]
(%) C\Rg IC0 —ZI2 dp@) = Z /(k+1)\R(k) 1Co — zI? )
N—1 k
< (1+86)M Z (L)
64v2VIQVIR) =5 \V2
(1+86)M

< .
T 64(V2 — DYVIIO)VIR)

Putting together (x), (3%), and (x x x), we see that |[cg r|[(KeAg ¢, Xevry )l
is at most

1434 1(Q) | n(Q)
1= 64(ﬁ—1) ) \ 1(Rg) 120 l2g TARVL2G)-

Since (1 +6§)/(1 — &) < 2 and 3/{64(\/5— 1)} < 1/8, we are done. O

For the next result we return to the summation notations of Lemma 7.33.

Q) | n(Q)
IR)\ n(RY)
SJor which Q € Ry with R transit and set Tg g = 0 otherwise. Then

Lemma 7.41 (TQ,R) Set ?Q,R =

for those (Q, R) € D" x D"

1/2

172
- Toragbe =213 a} {Zb%}
R

(Q.R) Q

or all nonnegative “sequences” {a wan and {bg ran.,
8 q 01QeDi ReDy2

Rjtran
Proof Let Z denote a sum over all R € D" for which R is transit. Given
R
k,R
R € D" with Ry transit and k > 1, let Z denote a sum over all Q € D"
Q
k
for which @ € R; and [(Q) = 27X I(R). Finally, given k > 1, let Z denote
(Q.R)
a sum over all (O, R) € D‘ra“ X D“a“ for which Q € R; with R transit and
Ritran k,R
I(Q)=2" k [(R). Clearly, (x) Z TQ Rag br = Z Z TQ R ag bg.
(0. X 0

By the Cauchy—Schwarz Inequality [RUD, 3.5],
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1/2 172 1/2
kR kR kR kR

- n(Q) — 1(Q) - 2 - 2

) ag =1 St 129 =2%

o u(R1) o n(R1) o o

with the last inequality true since all the Qs occurring in our sums are pairwise
disjoint and contained in R;. It now follows that

k,R k,R 172
ZTQ’R ag bg 52*"/2 ZCIZQ br
0 0]

since for all the Qs occurring in our sums we have +/[(Q)/I(R) = 27k/2, Summing
the last inequality over all R € Dg‘;“ for which Rj is transit, using () and then the
Cauchy—-Schwarz Inequality [RUD, 3.5] once more, we obtain

k Ritran | k,R 1/2
> Tonaghe =2 Y 15 a3l b
(Q.R) ® |2
Ritran k,R 172 Rjtran 172
—k/2 2 2
s Y Yl {3
R 0O R
1/2 12
syl (va)
0 R

(In passing from the middle line of the displayed array above to the last, the reader
should be sure to understand why any Q occurring in the double sum of the middle
line occurs there only once!)

Summing the last inequality over all k > 1 and noting that ) ,_, 27k2 =

1/(«/5 — 1) < 5/2, we are done. i

Lemma 7.42 Suppose that n1,n12 € L*(u). Then for any B € {Q € pran
”AQ m ”LZ(M) > 0}7

3 (Ao n1, m))?

0<B A nil7a,,

< 212072,

Proof By the Cauchy—Schwarz Inequality [RUD, 3.5] and Proposition 7.17,

2 2
(%) ‘ZQEB co (Mg, 772)‘ = KZQEB coAom, 772>‘
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2
<[ X conem|,  Imlix,

2
L2(n

= {22 o lcolP1Bom Iz | Il -

(Ao n1,m2)

Substituting cg = Ao ml?,
L ()

into (x), we obtain

2
3 (Agm,m)l* | _ 53 (Aom.m)| o
-5 —_ - 2 .
0eB |Agml? 0eB ||Agm|? Loy

L2(w) L2(p)

Dividing both sides by the sum, we are done. |

Proposition 7.43 (Estimate on the g;“"‘ Sum) There exists a positive finite number
NI such that

< N gl g 1911220

’thm (KoAo ¢, Arv)
3

for all wy, wa, O, @, and ¥ as in the Final Good Function Estimate (7.23).

Proof Putting into effect the strategy outlined at the beginning of this section, by
simple algebra we obtain

‘ng (KoAo . Ar w>‘ <D g |(Kodo o, Xovrg AR )| < (D!
3 3

2 g Ic0kIIKo 80 ¢, Xeyroh)| < (D!

+ ‘Zgg co.r (Mg . Keh)|. < (III)!

Estimation of (I). Since dist(Q,spt(XC\RQAR ¥)) = dist(Q,9Rp) >

I(O)Y4I(R)3* whenever Q is wy-good, we may apply Proposition 7.34 with
H =Gy* and A(Q, R) = C\ R to deduce that

(D = 9.720M NIl 2 11l L20)-

Estimation of (II). We may apply Lemma 7.40 to each term of (II). We may then
apply Lemma 7.41 withag = ||Ag @liz2q andbo = [[AR ¥l 2, to those terms
of (II) corresponding pairs (Q, R) for which Ry = Rj. Although Lemma 7.41 was
stated with reference to Ry, the northeast child of R, it clearly still holds when R is
replaced by Ry, R3 or R4, the northwest, southwest, or southeast child of R respec-
tively. Apply these variants of Lemma 7.41 to those terms of (II) corresponding
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pairs (Q, R) for which Rg = Ry, Rp = R3, and Rg = R4 in turn and then add the
resulting four estimates together to see that

=422 [ZMAQ wlle(ﬂ)} {Z”AR‘/fHLz(M)} < SM Il 20 W12

with the last inequality being a consequence of the Adapted Martingale Decompo-
sition (7.15).

Estimation of (IIl). Let Dom = {Q € Dy : (Q, R) € Gy*" for some R €
Dg;“ and Ag ¢ # 0}, and given such a Q, let Ran(Q) ={R € Dggn :(Q,R) €
GY™}. Then, since the inner product occurring in (III) does not involve R and van-
ishes whenever A g ¢ does, we have

(IH) = ‘ZQEDom {ZRGRan(Q) CQ'R} <AQ ¢ ]C®h> ’

Now, given a Q € Dom, what are the appropriate Rs over which we are sum-
ming, i.e., what exactly is Ran(Q)? Note that Q must be wy-good by (4) of the
Final Good Function Estimate (7.23). For such a Q it follows from Section 7.15
that R € Ran(Q) if and only if R € Dgg‘“, I(Q) < 27™(R), and Q € Rp with
R transit. Letting R(Q) denote the smallest square from Dg;‘“ that contains Q
and has edge length greater than or equal to 2™ [(Q), we see that the Rs from

Ran(Q) form a chain in Dg);‘“ starting just above R(Q) and proceeding upward
through Dgg“, doubling in size at each step, to end at RS)Z, the largest square of
Dg‘;“. Since cg. g = (V)ry /(M) Ry — (¥)R/(h)R, the sum over all appropriate Rs
of the ¢ gs is a telescoping series and so

> cop= VIRQ WIre,  (W)reo
ReRan(Q) ¢ (h)r(0) (ngQ (M) reo)

with the last equality holding by (3) of the Final Good Function Reduction (7.23).
It follows that

(V)rQ)
(h)Rr(0Q)

(¥)r0)

Ao o, Keh)l.
(th)( 0¥, Keh)

() = 'ZQeDom (Aog, IC@h)‘ = ZQEDom

Note how after the orgy of cancellation involving the telescoping sums we have
simply crashed the absolute value crudely through the remaining sum over the QOs.
Because of this we need not be too picky anymore about exactly which Qs we are
summing over. We are free now to sum up “too many" Qs since the terms now being
summed are all nonnegative! Set 4 = {Q € D“a“ 1 1(Q) <27™and Ag ¢ # 0}.
Clearly Dom C A. Any Q € A, being transit, must intersect spt(i) < B(0; 1/8)
(see hypothesis (1) of Theorem 7.1) and have [(Q) < 27 < 1/8 (see the proof of
Lemma 7.18). Thus such a Q is always contained in [—1/4, 1/4) x [—1/4, 1/4).
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But for any wp € @, [—1/4,1/4) x [—1/4,1/4) is always contained in Rgz (see
Section 7.2). It follows that R(Q) still makes perfect sense for any Q € A since Rgz
is always a square from Dg‘;“ that contains Q and has edge length greater than or
equal to 2" [(Q). Thus by (a) of Lemma 7.10 and the Cauchy—Schwarz Inequality

[RUD, 3.5],

1 [{Ag @, Keh)l
) ) <—> Ao @ll2q) —————— (V)R]
1= OcA 0 L=(n) ”AQ (p”Lz(u) Q)
1 1/2 (Ao @, Koh)|? 12
¢, Ao 2
< A 2 } Q—
= {2 pen 1200l {2 0ct Tagelt, WNO)

Let («) and (B) denote the insides of the first and second square roots occurring
in the last line of ().

By the Adapted Martingale Decomposition (7.15), (o) < 2 ||g0||i2 )

To handle (8) we shall invoke the Dyadic Carleson Imbedding Inequality (7.8)
on the full dyadic lattice F corresponding to w,. Thus F consists of the square
wr+[—1/2,1/2) x [—-1/2, 1/2) along with all its dyadic descendents. The Dyadic
Carleson Imbedding Inequality (7.8) was stated in terms of squares Q and R from
F, but we are presently using Q to denote squares from Dgi‘n, a dyadic lattice cor-
responding to w;. Because of this we shall replace the Qs and Rs of the Dyadic
Carleson Imbedding Inequality (7.8) with Rs and Ss respectively. Apologies to the
reader!

Given R € F,set A(R) ={Q € A: R(Q) = R} and

- Z |(AQ§0JC®h>|2
AR [ Ag eI,

‘We here adopt the convention that a sum over the empty setis 0, so ag = 0 whenever
A(R) = @. In particular, ag = 0 forall R € F \ Dggn. Thus we have

B =) oy ar|(V)rI

We recall a bit of notation from the Dyadic Carleson Imbedding Inequality (7.8):
F(R) ={S € F: S C R} for R € F. In addition, we introduce a new bit of
notation: B(R) = {Q € A: Q € R} for R € F. Note two things: first, Q € B(R)
whenever Q € A(S) and S € F(R), and second, A(S) N A(S") = ) whenever S #
S’. Next note that hypothesis (5) of Theorem 7.1 implies that [|[ICoh| 1o < M
(see the first paragraph of the proof of the First Reduction in Section 7.11 for the
details). From these observations and the last lemma, we see that for any R € F,

Z a ZZ Z |<AQ<P»/C®}1>|2
SeF®R) S SeF(R) QeA(S) ”AQ(OHZB(M)
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= (Ag ¢, Xk Koh)[?
0B®  lAgels,

< 2| Xk Kohls,,

—) / KohPdu = 202u(R).
R

Having verified the hypothesis of the Dyadic Carleson Imbedding Inequality (7.8)
with A = 2M?, we may apply it to conclude that (8) < 8M* ||y/|17, (

From (%), our estimates on («) and (), and the fact that 1/(1 — §) < 2, we
conclude that

(D) < 22191172, 28 1Y 1172} > = 8M N19ll 20y 1 112)-

Clearly NY@ = 9 720M + 5M + 8M = 9,725M + 8M will do. 0
Yy N3

Putting Propositions 7.30, 7.35, 7.39, and 7.43 together, we see that the Final
Reduced Good Function Estimate (7.23) holds with N = N + N» + Nf Nierm 4 N} N tran,
We have thus proved Theorem 7.1.



Chapter 8
The Curvature Theorem of David and Léger

8.1 Restatement of the Result and an Initial Reduction

The goal of this very long chapter is to prove Theorem 6.16, the second of the two
difficult results needed to complete the resolution of Vitushkin’s Conjecture. Our
treatment here is from [LEG]. The theorem is actually stronger than we have stated
in two ways. First, it is a result dealing with R” and not just R> = C. We however
are interested in the result only for C and so will stay there and feel free to avail
ourselves of any conveniences that two dimensions gives us (e.g., the nonexistence
of skew lines). The second way that it is stronger, which we do wish to incorporate
into our restatement, requires a comment. By Corollary 4.23, any Lipschitz graph is
the graph of a rectifiable curve. Of course the converse fails. So the stronger version
of Theorem 6.16 that we state now, the proof of which is the whole point of this
chapter, is the following.

Theorem 8.1 (David and Léger) Suppose E is an H'-measurable subset of C such
that H'(E) < 00 and ¢* ('H}E) < 00. Then there exists a countable family of Lips-
chitz graphs whose union T satisfies

HYE\T) =0.

Theorem 8.1 immediately leads to strengthened versions of Reduction 6.3 and
Theorems 6.4 and 6.5 in which the graphs of rectifiable curves are replaced by
Lipschitz graphs.

In this section we will show how Theorem 8.1 follows from a reduction whose
lengthy proof will occupy the rest of the chapter. Before stating this reduction we
need the following.

Lemma 8.2 Suppose M’ and «' are positive finite numbers. Then, given any com-
pact subset F of C such that HIF is nontrivial, H}p has linear growth with bound M’ ,
and cz(’H;) < 00, there exists a compact subset K of F such that H'(K) > |K|/4
and cz(H%) < '|K|. Of course it is then also the case that H}< is nontrivial and
has linear growth with bound M'.

J.J. Dudziak, Vitushkin’s Conjecture for Removable Sets, Universitext, 221
DOI 10.1007/978-1-4419-6709-1_8, © Springer Science+Business Media, LLC 2010
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Proof Givenr > 0,set F(r) = {(¢,n,§) € F x F x F : |t —nl|,1¢ —&], and
In—&| < r}. Since ¢? (H}p) < 00, by Lebesgue’s Dominated Convergence Theorem
[RUD, 1.34] we may choose an rp > 0 so small that

*) ff/ A, 0, &) dH (@) dH () dH' (&) < —H' (F).
F(ro) 8M

Denote the collection of all closed balls B centered on F for which |B| < rg and
H! (FNB) > |B|/4by V. By Lemma 6.12, V is a Vitali class of closed subsets for
a subset G of F such that H!(F \ G) = 0. Thus by (b) of Vitali’s Covering Lemma
(5.14), there exists a countable pairwise disjoint subcollection {B,} of V such that

1 1 1
HY(G) < ;|Bn| + 16,
Clearly,
(%) Z'B | > H (G) = SH'(F).

The collection {(F N B,) x (F N By,) x (FN By,)} is a pairwise disjoint collection
of subsets of F(rp). So from (x) we may conclude that

56 () < g

n

Set G = {n : F(MHppp) < //4M)|Byl} and B = {n : (Hpnp) =
(«'/4M")| B |}. From the last displayed inequality it follows that

Z'B | =< _Z (HFmB ) —Z (H}mBH) < %H‘(F).

neBB neBB

But then from (xx) it follows that G must be nonempty. So choose and fix an element
n € G. For this n we have

1 1
HY(FNB,) > 1Bl = ZIF N Byl

and

/

K
C2('H}m3n)<4M/|B|<—H (FN B,) <«'|FN B,
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with the last inequality following from the triviality that any set is contained in a disc
of radius the diameter of the set and the linear growth of the measure H}p. Clearly
K = F N B, works. |

Reduction 8.3 For any positive finite number M, there exists a positive finite num-
ber i such that the following holds:
If  is any positive Borel measure on C for which

D) Ispt(w)] < 1,

2 n@© >1,

(3) w has linear growth with bound M, and
@ () <«

then there exists a Lipschitz graph T such that

99
u() > 1OOM((C)-

In the reduction’s conclusion, the percentage of the mass of w that the Lipschitz
graph must at least cover can be anything short of 100%. We have arbitrarily chosen
99% and, to be on the safe side, our proof will actually produce a Lipschitz graph
covering at least 99.99% of the mass of the x! The use to which this reduction will
now be put simply requires that the percentage be anything exceeding 0%! Finally,
it is worth noting that p is automatically regular by [RUD, 2.18].

Proof of David and Léger’s Theorem (8.1) from the Reduction (8.3) Set
o = sup [Hl (ENT):T isacountable union of Lipschitz graphs} .

Since a countable union of sets each of which is a countable union of Lipschitz
graphs is again a countable union of Lipschitz graphs, the supremum defining « is
easily seen to be a maximum. So let I" be a countable union of Lipschitz graphs
which attains this maximum. Thus H'(E N T") = «. To finish it suffices to prove
that H!(E \ ') = 0. This we do by contradiction.

So assume H'(E \ T') > 0. By Proposition 5.21 and Corollary 6.2, there exists
a compact subset F of E \ T' and a positive finite number M’ such that HlF is
nontrivial and has linear growth with bound M’. Let ¥ be the number produced
by Reduction 8.3 corresponding to M = 8M’. Setting ¥’ = « /256, Lemma 8.2
produces a compact subset K of F such that H!(K) > |K|/4 and CZ(H}() < «'|K]|.
Of course H}( is nontrivial and has linear growth with bound M’.

Let ¢ : C — C be the similarity transformation defined by z — 2| K |z. Define a
positive Borel measure u on C by setting u = (4/|K|)H}< o @, i.e., set

4

_ 1
w(G) = |K|HK(¢(G))
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for any Borel subset G of C. The reader should have no trouble checking that p
satisfies hypotheses (1), (2), and (3) of the reduction. To check hypothesis (4), first

note that by the usual approximation argument that starts with characteristic func-
tions and finishes with increasing limits of nonnegative simple functions, we have

/fd(H}( o) = /(fogo_l)dH}(
for any nonnegative Borel function f. Second note that we obviously have

¢ n &
2IK|" 2|K| 2|K]|

A @ e, e E) = c2< ) = 4K P (L, 0, &)

since the curvature of a point triple is the reciprocal of the radius of the circumcircle
of the triangle determined by the point triple. Thus we have

() = / / / A, &) du(g) du(n) du(E)

|K|3 5 [ cetone o en ark o ank o ange)

256

T K] /ff c*(¢. 1. €) dMje (¢) dHj () dH (&)
256

= |K| Z(HK) < 256K = K,

i.e., u satisfies hypothesis (4).

The reduction now supplies us with a Lipschitz graph I'* such that u(I'*) > 0,
i.e., H'(K N(I'*)) > 0. But ¢(I'*) is in turn a Lipschitz graph, so ' U ¢(I'*) is a
countable union of Lipschitz graphs. Since K € E \ T, it follows that

HUEN{T U} =HYUENT) + H(E\T}Ne@™)

>HYUENT) +H' (K NeT™) > a.

This contradicts the way o was defined and so finishes the proof. O

8.2 Two Lemmas Concerning High-Density Balls

Stipulation 8.4 For the rest to this chapter, we shall assume that M is a positive
finite number and that | is a positive Borel measure on C satisfying (1), (2), and (3)
of Reduction 8.3. Moreover, we will denote the support of by K. Thus K = spt(uw).
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We note in passing that our number M is not just positive but actually is greater
than 1. Also, our measure u is not just positive but also compactly supported and of
finite total mass. That this is so follows easily from (1), (2), and (3) of the reduction
and is left to the reader to verify. In the next four sections we state and prove a
number of geometric/measure-theoretic facts concerning our measure pu that will
be of basic use to us throughout. After that we have a section which, given our M,
produces the positive number « asserted to exist in the reduction. The remainder of
the chapter then assumes that p also satisfies (4) of the reduction and is devoted to
constructing a Lipschitz graph which threads its way through at least 99% of the
mass of u.

For any nontrivial closed ball B = B(z; r) of C, the density of u in B is defined
to be

5(8) = (2 ) = HEED)

We have control from above over this density since (3) of the reduction says that
8(B) < M always. What makes the reduction so difficult to prove is the lack of any
control from below over this density. This leads us to introduce a density threshold
parameter § > 0, which will be specified precisely later and then denoted &y. The
first half of our proof will use balls B for which §(B) > §y to construct the desired
Lipschitz graph and show that it contains a subset K¢ of K. The second half of our
proof establishes and then exploits the fact that 6 (B) > 8o does not fail “too often”
to show that K \ Ky has less than 1% of the mass of u.

This section sets forth two basic geometric lemmas concerning high density balls
that are consequences of Besicovitch’s Covering Lemma (5.26). Recall that through-
out this book we have used rad(B) to denote the radius of a closed ball B. From this
point onward, it will be convenient to similarly denote the center of B by cen(B).

Lemma 8.5 Given 0 < § < 1, set

1 8 c1(M, 8)2 18
Cl(M,5)=W~Mandcz(M,5): 1,000 . :]O”.m.

Then for any nontrivial closed ball B for which §(B) > §, there exist two non-
trivial closed balls By and By centered on K N B such that
(a) rad(By) and rad(B;) = ¢ (M, §) rad(B),
() w(By N B) and w(By N B) > co(M, §)rad(B), and
(c) dist(By, B2) > 10¢1(M, §) rad(B).

Moreover, if there exists even a single nontrivial closed ball B for which
8(B) > 8, then c;(M, 8) < 107* and co(M, §) < 10711,

The small “constants” ¢1 (M, §) and c2(M, §) just introduced will be more con-
cisely referred to as c¢; and ¢ in what follows when the values of M and & are
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clear from context or have been made clear by stipulation. Of course c¢; and c;
are not really constants at all due to their dependence on the parameters M and §.
We will be introducing more parameters in what follows and will be defining more
“constants,” small and large, depending on this enlarged repertoire of parameters as
the chapter proceeds. When the “constant” is large, a “C” will be used in place of a
“c.”” When first introduced, such “constants” will have their parameter dependence
explicitly indicated; afterward this dependence will usually be suppressed when the
parameters are clear from context or have been made clear by stipulation. Eventually
all these parameters will be fixed absolutely or in terms of M, the one parameter
given to us by nature and so not open to our free choice.

Proof We verify the last assertion of the lemma first. For the ball B stipulated to
exist we have § < §(B) < M. Thus §/M < 1 and so the assertion concerning
c1 and ¢; follows from the way these constants have been defined and the fact that
s < 1.

We now turn to proving the main assertion of the lemma. Applying (a) of Besi-
covitch’s Covering Lemma (5.26) to the collection of closed balls centered on K N B
and of radius ¢ rad(B), we obtain a countable subfamily F of such balls which
covers K N B and has overlap at most 125.

SetG = {E e F: M(EﬂB) > ¢p rad(B)}. To finish it suffices to show there exist
B1, B, € G satisfying (c). This we do by supposing not and getting a contradiction.

Claim. Y " ju(B) < 2,500 M c| rad(B).
BeG
Without loss of generality, G # #. So choose and fix a B’ € G. Then for any Be g
we have B € 20B’ with room to spare since we are assuming that (c) fails for B

and B’. Thus ) Beg X5 = 125 Xpop . Integrating with respect to 4, one obtains the
Claim:

> w(B) < 125 1(20B") < 125 M rad(20B') = 2,500 M ¢, rad(B).

BeG
~ 500
Claim. Y w(B N B) < 2= rad(B).
~ C
BeF\G 1

Since ¢; < 1074, for any B € F we have B C 2B with room to spare
and so ) 5.y Xy < 125A5p. Integrating with respect to area, one sees that
(#F) - m{cirad(B)}? < 125 - wrad(2B)? = 125 - w{2rad(B)}?, i.e., #F < 500/c3.
The Claim now follows easily:

- 500
3 wBNB) < #F) - crrad(B) < > rad(B).
BeF\G ‘1

From our density assumption, the fact that F covers K N B, and the two Claims,
we obtain
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- 500

srad(B) < u(B) < Z w(B N B) <2,500M c rad(B) + 262 rad(B),
= C
BeF 1

i.e.,8 < 2,500 M ¢y +500 cz/c%. But ¢; was chosen to make 2,500 M ¢; = 6/4 and
¢ was chosen to make 500 ¢,/ c% = §/2, so our desired contradiction is at hand. O

The next lemma just involves applying the last lemma three times over and doing
the necessary bookkeeping.

Lemma 8.6 Given 0 < § < 1, set

3
C3(M,8)=01(M,8)c1<M,M-8>— L9

1,000 T 105 M3

and

7
ca(M. 8) = ¢ (M, 8) CQ(M, 1M, 9) -5) L9

1,000 = 10% M6

Then for any nontrivial closed ball B for which §(B) > §, there exist four non-
trivial closed balls By, By, B3, and By centered on K N B such that

(a) rad(B;) = c3(M, 6) rad(B) for each j,
(b) u(Bj N B) > c4(M, §) rad(B) for each j, and
(c) dist(Bj, Br) > 10c3(M, 8) rad(B) for each pair (j, k) with j # k.

Moreover, if there exists even a single nontrivial closed ball B for which
8(B) > 8, then c3(M, 8) < 1071 and ca(M, 8) < 1073,

Proof Apply the last lemma to 1 and B to get two balls which we choose to label B]
and Bé instead of By and B;. Let ¢; and ¢ denote ¢1(M, §) and c(M, §), respec-
tively.

Next apply the last lemma to 1’ = up and B’ = B to get two balls which we
choose to label By and B;. Note that B; and B; are centered on spt(n') N B C
spt(u') C spt(u) N B = K N B. But what are M’, §', |, and ¢} in this situation?
Clearly we can take M’ = M. However,

w'(B)y w(BiNB) cyrad(B) ¢
= > = —
rad(B’) rad(Bj) cirad(B) ¢’

so we can take 8’ = ¢3/c; = (c1/1,000) - 8. It follows that

G=eM 8y = e[ M.~ .5) and ch = ea(M',8) = co[ M, —— . 5).
1,000 1,000
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In the statement of this lemma, we have defined ¢3 and ¢4 to be clc’1 and clc’z,
respectively. Hence for j = 1 and 2, rad(B;) = c¢jrad(B’) = cjcirad(B) =
c3rad(B) and w(B; N B) = u'(Bj) > ' (B; N B') > ¢, rad(B’) = cjcirad(B) =
c4rad(B). Also, dist(By, By) > 10¢| rad(B’) = 10c/ci rad(B) = 10 c3 rad(B).

Finally, apply the last lemma to ’ = up and B’ = B} to get two balls which we
choose to label B3 and Bj4. Arguing with B3 and B4 as we just did with By and B,
all that is left to prove is that dist(B;, By) > 10c3rad(B) for j = 1,2 and k = 3, 4.
But clearly in this situation

dist(B;, By) > dist(B}, By) — rad(B;) — rad(By) > 10 ¢ rad(B) — 2 c3rad(B),

so it suffices to verify that 10c¢; — 2¢3 > 10¢3, i.e., c3 < (5/6)cy, i.e., c/lc] <
(5/6)ct.ie., ) <5/6.

This last inequality and the last assertion of this lemma are verified just as the
last assertion of the previous lemma was verified. O

8.3 The Beta Numbers of Peter Jones

Given a closed ball B, recall that kB denotes the closed ball concentric with B and
with radius k times that of B. We need a measure of how well the support of ©
can be approximated by straight lines at a given point z € C and on a given scale
determined by r > 0. This measure is provided by the L? beta numbers of Peter
Jones: Given a closed ball B = B(z;r)of Cand 1 < p < o0, set

Bp(B) = Bp(z: r) = inf{}(B) : L is aline in C}

where

T dist(¢, L))” 1/p
ﬁp(B)—ﬁp(Z,r)—{rad(B) kB{W} dﬂ(f)} .

Note the dependence of these quantities on a parameter k > 1 as well as on w. This
dependence will usually be notationally suppressed.

Jones first introduced, not these beta numbers, but rather a dyadic supremum
norm version of these numbers, denoted B0 (Q), in [JON2]. They were defined with
reference to a bounded subset E rather than a measure i and Jones used them to
obtain a sufficient condition for E to lie within some rectifiable curve. The L? beta
numbers defined above were introduced later and used by Guy David and Stephen
Semmes in their theory of uniformly rectifiable sets in [DS1] and [DS2]. The result
of most interest for us is a result of Hervé Pajot from [PAJ1] and states: Given
1 < p < o0, if E is a compact Ahlfors—David regular subset of C such that

|E|
/ / Bo(z:r) dMHp(2) ar_ o0,
0 C r
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then E is contained in a rectifiable curve. Two comments should be made here:
one minor, the other major. First, the minor comment: the L” beta numbers in the
integral above are with respect to the measure H}E. Second, the major comment:
for us this result falls short because of the assumption of Ahlfors—David regularity.
We have the upper control on density that is assumed by Ahlfors—David regularity
but not the lower control (if the reader has forgotten the definition, see the end of
Section 6.5). David and Léger’s proof overcomes this obstacle and at the same time
ensures that a similar integral to the one above converges by bounding it above by a
multiple of the curvature of our measure squared (see Proposition 8.10 below).

For what we wish to do only the L' version of the beta numbers will be needed
(except for a brief appearance of the L? version in the next section). The number
ﬁlL(B) is supposed to be a scale-invariant measure of the average distance within
kB of the support of u from L. For this really to be the case we should have had
1/u(kB) instead of 1/rad(B) in front of the integral in the definition of ,31L(B).
When w(kB) and rad(B) are comparable this objection becomes moot. By (3) of
Reduction 8.3, we always have w(kB) < Mkrad(B). Thus we need only worry
about comparability from below. Since w(kB) > w(B) > J§rad(B) whenever
8(B) > 4, this can be secured by insisting that B be a high density ball as deter-
mined by the density threshold §. Thus in what follows we are only interested in
beta numbers for high density balls.

The point of the next proposition is that given two points not too far apart and
with small beta numbers in a high density situation, any two lines almost realizing
these beta numbers will be “close” to one another.

Proposition 8.7 Given 0 < § < 1 and k > 2, set

a(M,8)c(M,8) 1 &

M0 = 106 =107 e
C1(M,8) = : =10% it
10¢5(M, 8) 4

Suppose z,w € C and r > 0 satisfy §(z;r) > 8 and |z — w| < (k/2)r. Let L
and Ly be lines in C such that

,BIL‘(z; r) < 5,000 ¢ and ,BILZ(w; r) <5,000¢
where 0 < ¢ < ¢c5(M, 8). Then
(a) dist(z, L) and dist(z, Ly) < 2r,

(b) dist(¢, Lo) < C1(M,8)e{|t —z|+r}forallt € Ly, and

(©)0 < L(Ly, Lp) < /40 with sin(L(Ly, Lp)) < L(L1, Lp) < tan(Z(Ly, L)) <
Ci(M,d)e.
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Moreover, if there exists even a single nontrivial closed ball B for which
8(B) > 8, then cs(M, 8) < 1072 and C; (M, §) > 10%.

With regard to (c), our convention is that the angle between two distinct intersect-
ing lines is to be acute or at most right whereas the angle between two parallel or
identical lines is to be 0. (The reader may be wondering why the bound of 5,000 ¢
on the beta numbers in the enunciation of this proposition. If so, see the proof of
Proposition 8.33 where 4,800 ¢ is needed!)

Proof Apply Lemma 8.5 to B = B(z; r) to get closed balls By and B; as stated.
Since k > 2, By N B and B> N B are contained in B(z; kr) and B(w; kr). Set

G;={¢ € B;N B :dist(¢, L) +dist(¢, L2) < (2 x 10*/cy) er}
for j = 1,2. Then

dist(¢, L) + dist(¢, L) d

w(B;NB\Gj) < /B‘jnB\Gj 2 x 10%/c2) er w(@)
cor o
= 2x10he [ﬁfl(z; r)+ﬂf2(z;r)} < 2

and so u(G;j) = w(B; N B) — u(Bj N B\ Gj) > cor — (c2/2)r > Ofor j =1,2.
Thus we may pick z; € G1 and 2z € G».

We already have (a): By our choice of cs5, (2 x 10*/c2)e < (2 x 10%/cy)
¢5 = ¢1/50 < 1. Thus the mere existence of the point z; € G; (or z2 € G; for
that matter) implies that for j = 1, 2,

2 x 10%
(&)

dist(z, Lj) < |z — z1| +dist(z1, Lj) <r + cer < 2r.

Denote the orthogonal projections of z; and z> onto Ly by z11 and z»1, respec-
tively.

Claim. |z11 — z21| > cir.

Fix a line Lf- perpendicular to L1 and denote the orthogonal projections of z;
and zp onto Lf- by Zﬁ and zj‘l respectively. We proceed by contradiction. Since
lz1 — z2| = dist(By, Bz) > 10cir, the falsity of the Claim would imply that
|zll1 — zé‘l| > /99¢r by the Pythagorean Theorem (Euclid 1.47). But then we
would have dist(Bi, Bj-) > (\/9_ — 4)c1r where Bll and le denote the orthog-
onal projections of By and B, onto L]L respectively. It would then follow that
dist(B;, L1) > («/@ — 4)c1r/2 > 2cyr for either j = 1 or 2. For this j, on
the one hand, one would have that

1 dist(¢, L1) 2cy
—/ e, Ly du(¢) = —u(Bj N B) > 2cics.
r BjﬂB r r
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On the other hand, by our choice of c5 one certainly has that

1 dist(¢, L1) L
—/ —————dp(¢) < B (z:r) £5,000¢5 = c1c2/200.
" JB;NB r

This contradiction establishes the Claim.

Given ¢ € Ly, since z11 and z»; are points of L that are distinct (by the Claim),
we may write £ = tz11 + (1 — #)z21 for some ¢ € R. Recall that the distance of a
point (xg, yo) to a line ax + by = c is given by |axg + byy — c|/~/a? + b%. From
this it follows that

dist(¢, Lp) < |t|dist(z11, L2) + |1 — ¢|dist(z21, L2)
< |t|{dist(z11, L2) 4 dist(za1, L2)} + dist(z21, L2).

Now dist(z11, L2) < |z11 — z1] + dist(zy, L) = dist(zq, L) + dist(z1, Lp) <
(2 x 10%/c2) er. Similarly, dist(z21, L2) < (2 x 10%/c;) er. Thus

, 2 x 104
(%) dist(¢, Lp) <

er{20t] + 1).

We now make three observations. First, since [ — z21| = [t]|z11 — 221/, the
Claim implies that |z| < |¢ — z21]/(c17). Second, |z — z3| < r since z; € B. Third,
lzo — z21| = dist(z2, L1) < (2 x 10*/cp) er < (2 x 10%/¢2) ¢sr < ¢yr/2. Putting
these observations together, we obtain

2
Gox) 201+ 1 < —{I0 =zl + ]z — 2l + |22 — zanl} + 1
1

< €L —zl+ A +cor}
c|r

G/D{g —zl+r)

c|r
It easily follows from (%) and (x*) that

4

1 C
e{lt—zl+r)=——e{lt =zl +r) = — e {l —z|+r}

dist(¢, L) <
st L2) = 20cs 2

Thus (b) has been established with some wiggle room to spare. This wiggle room
will now be used to establish (c)!

In proving (c), we may as well assume that L; and L, are distinct intersecting
lines and so have a unique intersection point {o. Then for any ¢ € L with [ —z| >
|¢o — z|, by what has just been proven we have

dist, L) _Ci |t —zl+r

in(Z(Ly, Ly)) = =2 -z -100—z
sin(Z(Ly, L)) Iz — 2ol 2 ¢ —z|— 1% —zl
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Upon letting | — z|] — oo while keeping ¢ € L1, we see that
C
sin(Z(Ly, La)) < 71 6.
From the simple inequality sinx > (2/m)x valid for 0 < x < /2, we then obtain
T, T
L(Ly, L) < 5 sin(Z(L1, L)) < 1 Cie.

From this and the way we have specified C;| with respect to cs,

[(Li. L) < = Cres = —

Lho) = hies =0

But now the simple inequality tan x < (4/m)x valid for 0 < x < 7 /4 yields
tan(Z(Ly, L) < Cq &.

Since sinx < x < tanx forall 0 < x < w/2, we have established (c).
The very last assertion of the proposition is true for the usual reasons. O

8.4 Domination of Beta Numbers by Local Curvature

In this section we prove a difficult result that is the first of two steps which will
allow us to get enough balls with small beta numbers from a measure with small
enough global curvature. The stepping stone will be through a notion that localizes
curvature.

Given a closed ball B = B(z; r), set

1/2
c(B)=c(z;r) = {///A( _ )cz(sﬁ n,8)du(g) du(n) du(&)}

where

A(B) = A(z;r) = {6, n, &) € K'Bxk'B xk'B: |t —nl, |t —&l,
and [ — &| > rad(B)/k'}.
Note the dependence of this quantity, the local curvature of u in B, on a new

parameter k' > 1 as well as on u. This dependence will usually be notationally
suppressed.

Proposition 8.8 Given 0 < 6 < 1l and k > 1, set

Cr(M, 8, k) =

4 2 2 4
Mk[(kﬂ) { 4 }+81{ 4 }+9(k+1)M{ 4 ﬂ
4 c4(M, 5) c4(M, 5) 50c3(M,8) | ca(M,$)
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Suppose that k' > max{k, 1/c3(M, 8)}. Then for any closed ball B for which
8(B) > &, one has

c2
,31 (B) < Mk ﬂz(B) < Cr(M,$6,k) d((lz))
Proof The first inequality is an easy consequence of the Cauchy—Schwarz Inequal-
ity [RUD, 3.5] and (3) of Reduction 8.3. Thus we may turn our attention to the
second inequality.

Without loss of generality, c2(B) < 00. Let « be finite and greater than cz(B)
(so @ # 0). Apply Lemma 8.6 to B to get closed balls Bj, By, and B3 as stated (we
will not need By).

Given ¢ € C, set

A1) ={m. &) : (&, n. &) € A(B)}

and let G denote the set of all points { € By N B such that

d d
A = //m &) dun) dp(®) < ~—o

Then

4 «
cq rad(B)

W(B N B\ G) < f AQ) du(@) < A(B) <a,

B1NB\G|
ie, u((B1 N B\ G1) < (c4/4)rad(B). Since u(B; N B) > c4rad(B), it follows

that £(G1) > 0. We may thus choose and fix a point z1 € G7.
Given n € C, set

Aa(z1,n) =1{§: (21,1, ) € A(B)}

and let G2 denote the set of all points n € B> N B such that

o

412
e s |2 st
f12(z1,m) //AIZ(ZM)C (21,7, §) dp(§) < ca] rad*(B)

Then

41° « 4
— BoNB\G ,n)d -
{64 } radz(B)M( 205 12)5/32%\01;12(& mdum = fiz) < cqrad(B)’

ie., w((B2N B\ G12) < (ca/4)rad(B). Since (B2 N B) > carad(B), it follows
that £ (G12) > 0. We may thus choose and fix a point z5 € G 2.



234 8 The Curvature Theorem of David and Léger

So we now have points z; € By N B and z» € B> N B such that

f 22120, 6) d (s><{4}2 “
C —_— .
A12(z1,22) e a C4 radz(B)

Let L be the line through z; and z;. This line is well defined, i.e., 71 # z2,
since B and B, are disjoint. Because k' is greater than or equal to k and 1/c3, we
have kB \ {2B1 U 2B} C A12(z1, z2). From Proposition 4.1 it follows that for any
& e€ekB,

c(z1,22,8) c(z1,22,8)

dist(¢, L) = 3 &=zl 1§ =22l < > Ak + 1) rad(B))*.

Thus

(*)/ {M}zd ® <
kB\(2B,U2B,) | rad(B) HS) =

(k + 1)

c4

rad®(B) (21,22, &) du(€) <

A12(z1,22)

(k + 1)* { 4 }2
o
4
To finish we need similar estimates for the corresponding integrals over 2B
and 2B,.
Given & € C, set
A3(z1,8) = {n: (z1,1,§) € A(B)}

and let G3 denote the set of all points £ € Bz N B such that

(07
rad’(B)

412
f13(z1,8) 2/ (z1, 1, 8) du(n) < {a}

A13(z1,6)

Arguing as we did with G2, we see that (B3 N B\ G13) < (c4/4) rad(B).
Given & € C, set

A23(22,8) =1{¢ : (£, 22,8) € A(B)}
and let G»3 denote the set of all points £ € Bz N B such that

o

412
< (2] i
c™(£,22,8)du(g) < rad (B)

c4

f23(22,8) =f

Ap3(22,6)

Arguing as we did with G2, we see that £ (B3 N B\ G23) < (c4/4) rad(B).
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Finally, let G3 denote the set of points £ € B3 N B such that

distc,L))> *k+D*(4) «
{ rad(B) } STy {a} rad(B)’

Noting that Bs N B C kB \ {2B1 U 2B,}, we see that (x) implies

(k+1)4{4}3

- 2
a % (BsNB\Gy) s/ {M} du(e)
B3NB\G3

rad(B) rad(B)

dist(£, L) }2
———t d
= /kB\{2B|UZBz} { rad(B) w5

(k+1)4{4}2
il

4 c4

c4

<

ie., u(B3N B\ G3) < (c4/4) rad(B).

Since (B3 N B) > cqrad(B), it follows from the last three paragraphs that
w(G13NGr3NG3) > 0. We may thus choose and fix a point z3 € G13 N G23 N G3.
So we have a point z3 € B3 N B such that

/ *(z1,m,23) dp(n) < { h }2 a
17 b 3 - —’
A13(21.23) cs) rad*(B)

/ LN Z)du(§)<{4}2 ©_and
» 225 23 — —,
A23(22.23) cs) rad*(B)

dist(zs, L) | *k+D*[4) «

< — .

rad(B) 4 cq ) rad(B)

Let L’ be the line through z> and z3. This line is well defined, i.e., zo # z3,

since B; and Bj are disjoint. Because &’ is greater than or equal to 1/c3, we have
2B; C A»3(z2, z3). From Proposition 4.1 it follows that for any { € 2By,

dist(¢, L) = C(CZ—22Z3) ¢ =zl - |8 —z3] < C({ZTW - {3rad(B)}>.
Thus
dist(¢, L) }2 81 ,
— 1t d < —rad*(B . d
() s, { rad(B) n(g) < 1 rad“(B) s (¢, 20, 23) du(2)

81 (4)?
< — — o
4 |cy
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Given ¢ € 2By, let ¢’ be the foot of the perpendicular from ¢ to L’. By Similar
Triangles,

o 18" =z ¢ — 22| 3rad(B) .
dlSt({ . L) = |Z3 | di St( L) < ﬁ dlSt(Z L) < mdlSt(Z?,, L)

Thus

{dist(;’,L)}2< 9 {dist(z3,L)}2< 9 (k+1)4{i}3 a
rad(B) - 100c§ rad(B) lOOc% 4 cs| rad(B)

From this and the estimate ©(2B1) < Mrad(2By) = M(2c3rad(B)), a conse-
quence of (3) of Reduction 8.3, we obtain

dist(¢’, L) | 9k +1)*M (4
® 231{ rad(B) }d“ © = 3003 {a} o

Now note that {dist(¢, L)}*> < 2|¢ — ¢/|? + 2{dist(¢’, L)}* = 2{dist(¢, L")}*> +
2{dist(¢’, L)}>. From this inequality, (1), and (%), we obtain

dist(¢, L 81 2 9k4+ 1M (4]
/ {—@ )}d@) { } L 2ex DM {—} o
28, | rad(B) 2 C4 100 c3 cq
This last estimate, a corresponding and similarly obtained estimate for the inte-

gral over 2B;, and (x) imply that

5 L » 1 / dist(¢, L) o
B) < (BB = s kB{ 2d(B) } Ah) < 3 By

Letting o | c2(B), we are done. |

8.5 Domination of Local Curvature by Global Curvature
The next result is the second step from beta numbers to global curvature.
o , *© 2 dr / 2y 2
Proposition 8.9 For k' > 1, c“(z;r)du(z) — = MK In(2k™) ¢= ().
0 C r
Proof Given (¢, 1.£) € C, set A(¢.7.§) = {(z.7) € Cx (0,00) : ({.7.8) €

A(z; r)}. Then, by Fubini’s Theorem [RUD, 8.8], the left-hand side of the inequality
that we wish to establish is just

d
/// {fﬁ du(z)—;}cz(é,n,é)du(;)du(n)du(s)_
c AE.n.8) r
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Thus to finish it suffices to show that the double integral inside the curly brackets
above is always at most Mk’ In(2k’).
Given (z,7) € A(¢, n, &), note the following:

Loj¢—nl=r/k ie,r <kt —nl,
2. [ =nl=1¢—zl+|z—nl <2k'r,ie,r = [¢ —nl/(2k), and
3. [¢ =zl <k'r,ie,z € B k'r).
Moreover,
4. du(z) = w(B(; k'r)) < MK'r by (3) of Reduction 8.3.
B(:k'r)

Hence

dr  Ke-nl dr
[ %< [ awa%
AE.n.8) r [¢—nl/(2k") J B(g;k'r) r

Kie-nl g
< MK T MK n@K?).
lc—nl/@k"y T

O

Putting the last two propositions together we could get a result whose punch line
would read as follows:

* 2 dr 2
A (C,Bl(z; r) Xisz:r=sy dp(z) - < C3c ()

for an appropriate constant C3. This gives us control over the f;s corresponding to
discs with high density. We will need something a little more general however —
control over the B;s corresponding to discs that may not have a high density, but are
“close” to a disc of the same radius with high density. Thus a regional version of
density must be introduced.

Given a closed ball B = B(z; r), set

8(B) = 8(z; r) = sup{8(B’) : cen(B’) € k*B and rad(B) = rad(B)}.

Note the dependence of this quantity, the regional density of n about B, on a
new parameter k* > 0 as well as on p. This dependence will usually be notationally
suppressed.

The next proposition is the whole point of this and the previous section.

Proposition 8.10 Given 0 < § < 1, k > 1, and k* > 0, set k' = max{k + k*,
1/e3(M, 8)} and

C3(M, 8, k, k*) = M{K' + k*} InQ{k’ + k*}?) C2(M, §, k + k*).
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Then
* 2 dr *y 2
) e Bi(z;r) X{S(z;r)zé} du(z) - < C3(M, 58,k k™) c™ ().

Proof Local curvature, although not occurring in the enunciation of the proposition,
will occur in its proof. What shall we take the local curvature’s parameter & to be?
To use Proposition 8.8 as we wish below, it turns out that X" = max{k + k*, 1/c3}
will suffice. Thus our choice of &’ in the proposition’s enunciation.

Consider any z and r for which 8(z;r) > 8. Then almost (but not quite) by
definition, we obtain a point w € B(z; k*r) such that §(w;r) > § (one needs
to show that the supremum defining 3(z; r) is actually a maximum — this is left
to the reader and involves a use of the Lower Continuity Property of Measures
[ RUD, 1.19(e)]). At this point it is convenient to subscript the beta numbers,
local curvatures, and auxiliary sets A involved in the definition of local curva-
ture with the parameters upon which they depend and not suppress them as usual.
Note that B(z; kr) € B(w; (k + k*)r) and Ap(w;r) S Apip(z; 7). Then, by
Proposition 8.8,

2
ci(w;r)
B (2 1) < B e (wir) < Co(M, 8, k + k%) *——

2
()
< Co(M, 8, k + k*) XK= 2

Proposition 8.9 now finishes off the proof. O

8.6 Selection of Parameters for the Construction

The construction of the Lipschitz graph involves eight parameters: M, §, k, k*, «,
¢, k, and 6. The last parameter € occurs in a technical context toward the very end
of our construction and is thus rather awkward to explain just now. Accordingly we
will simply fix its value in this section and offer no explanation here of what it is.
The other seven parameters, whose values will also be fixed in this section, can be
more easily explained. Indeed, the reader has already encountered the first four of
the seven. Nevertheless, for the convenience of the reader, we now reintroduce these
four familiar parameters . .. and then newly introduce the three remaining strangers:

e M is a possibly quite large positive upper bound on the density of our measure
holding for all balls without exception,

e § is a small positive lower density threshold determining which balls are to be
counted as having high density,

e k is a large positive number occurring in the definition of the beta numbers,

e k*is alarge positive number occurring in the definition of the regional densities,

e « is a small positive number whose double will be an upper bound on the angles
that certain lines associated with certain “good” balls will make with a baseline
Lo to be selected in the next section,
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e ¢ is a small positive number whose triple will be an upper bound on the beta
numbers of these “good” balls, and

e « is the small positive upper bound on the global curvature of the measure occur-
ring in the enunciation of Reduction 8.3. Indeed, to prove Reduction 8.3 in a
constructive fashion, one must produce a candidate for ¥ and then show that the
purported candidate actually works!

Of these parameters, M is the one that is given to us fixed and so unalterable.
The other seven parameters are open to our free choice and must be very carefully
chosen. This we now do and as their values are fixed we subscript each parameter
with a zero.

In order to do this, however, we must first specify more “constants.” Recall that
in Lemma 8.5, Lemma 8.6, and Proposition 8.7 we defined five small quantities
ci(M,d),i = 1,2,3,4,5, and one large one C{(M, §). Moreover, in Proposi-
tion 8.8 and Proposition 8.10 we defined two large quantities, C2(M, §, k) and
C3(M, 5, k, k*). We now need to define five more large quantities of which the
first three depend on the familiar numbers M and § while the last two depend on a
smooth function ¢ compactly supported on R:

C4(M,5)=6{2+§+C1(M,6) [2+§“

4 108BM%2cy(M, 58
) (M, §)2

1

Cs(M, d) =maxiﬁ|:

2
] ,2[1,201 C1 (M, )1 |,
Ce(M, 8) = 10 C (M, §)* 4+ 11,522 C5(M, §),

{lelZ + 9”12} llel%
47

Ci(p) = , and

71
Cs(p) = 16y/7TH{1 +2loll1 I plloo} + 7|I¢/||1I|<p||oo-

These quantities will make their first appearance, in the order we have listed them
above, in Lemma 8.19, Proposition 8.53, Proposition 8.59, Proposition 8.71, and
Proposition 8.74 to follow.

First, fix the value of the parameter § by setting 89 = 1/(54 x 10°). The full force
of this choice will be needed later to prove Proposition 8.50. At most other places it
will suffice simply to know that 0 < §p < 1.

Second, fix the value of the parameter « by setting g = 1/(32 x 71). The full
force of this choice will be needed later to prove Proposition 8.52. At most other
places it will suffice simply to know that 0 < 9 < 7/8.

Third, fix the value of the parameter k by setting ko = 880 C4(M, 80)/cp. The
full force of this choice will be needed later to prove Lemma 8.38. At most other
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places it will suffice simply to know that ko = 1,999,360 C4(M, §p) due to our
choice of «y.

Fourth, fix the value of the parameter k* by setting k; = 40. The full force of
this choice will be needed later to prove Proposition 8.53.

Fifth, fix the value of the parameter 6 by setting 6y = min{l/2, c;1(M, &9)/
[12 Cg(¢p)]} where ¢ is a fixed function as in Lemma 8.60 to follow. The full force of
this choice will be needed later to prove Lemmas 8.74 and 8.79. It bears emphasizing
that Lemma 8.60 in no way depends on the construction we are now embarking on —
for if it did, there would be some danger of circularity! So the reader should convince
him- or herself, now or sometime later, that we could easily have stated and proved
this lemma right here. Indeed, here is the purely logical place to put the lemma; we
have instead elected to put it later for essentially aesthetic reasons of narrative flow.

Our last two parameters must be more elaborately chosen to satisfy a number of
inequalities! A parenthesized item after an inequality indicates where the full force
of the inequality is needed.

Sixth, fix the value of the parameter ¢ by choosing g9 > 0 but so small that it
satisfies the following seven conditions:

(1) &9 < ¢5(M,5p) (Lemma 8.19 and any other place where Proposition 8.7 is
used),

(2) [1 4 3ag] C4(M, 80)\/e0 < [3 — (8/m)] ctp (Corollary 8.24),

(3) 6,000,000 C;(M, &) g9 < ag (Lemma 8.37),

Ca(M, 8)°

c2(M, o)

5) {1 +1In(1/60)} C1(M, &) g0 < /6 (Lemma 8.76),

4 3x10°% M V&0 < 1073 (Proposition 8.49),

(6) 2./e0 < Cg(¢) by op (Lemma 8.79), and

Ce(M, &p) C ..
(7) 8,004,000 M M 8(2) <1073 (Proposition 8.82).

)
6o g

Seventh and last, fix the value of the parameter « by choosing «p > 0 but so
small that it satisfies the following four conditions:

(1) Cr(M, 8¢, ko) ko < sg (Construction 8.12),

(2) C3(M, 80/4, ko, k) ko < {€0/64}% (In2) (2 x 107°) (Proposition 8.43),
C4(M, 50)*
(M, 8)3
4) C3(M,20c2(M, o), ko, kg;) Ko < eé (Proposition 8.59).

3) 101'm ko < 107> (Proposition 8.45), and

Our choices for 8o, ko, kg, and g let us apply Lemmas 8.5 and 8.6 and Propo-
sitions 8.7, 8.8, and 8.10 as needed. Also, note that by Proposition 8.7, Condition
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(1) for the selection of &g implies that &g < 10721, a fact that will be of use to us a
number of times in what follows.

Stipulation 8.11 For the rest to this chapter, we shall assume that the measure |t
of Stipulation 8.4 also satisfies (4) of Reduction 8.3 with the number k there having
the value kg just chosen. Thus we are assuming that ¢*(j) < Ko.

In what lies ahead we will be defining and constructing a profusion of auxiliary
objects. For the sake of ease of future reference, these definitions and constructions
will henceforth be enumerated.

8.7 Construction of a Baseline L

Construction 8.12 (A Baseline L) Arbitrarily fix a point zo € K. By (1) and (2) of
Reduction 8.3 and our choice of 8o, 6(z9; 1) = w(C) > 1 > 8g. Because of this and
our choice of ko, we may apply Proposition 8.8 (with k' = max{kq, 1/c3(M, 80)})
to get

B2 (z0: 1) < C2(M, 80, ko) (20 1) < Ca(M, o, ko) ().

But (4) of Reduction 8.3 and Condition (1) for the selection of ko imply that
Cr(M, 69, ko) cz(u) < 8(2). Hence B1(z0; 1) < &o. The definition of B1 now allows
us to choose and fix a line L in C such that ﬁlLO (zo; 1) < &o.

We now engage in some conveniences available to us since we have elected to
work only in C = R? and not more generally in R". Via a rotation and vertical
translation of C we may assume that Ly is the real axis of C. As a general convention
for the rest of this chapter, given a > 0, set U, = (—a,a) € R = Lg. Let
denote the orthogonal projection of C onto Lg. Then, by (1) of Reduction 8.3, via a
horizontal translation of C we may also assume that w(K) C Uy 2. The imaginary
axis of C will now serve as a line perpendicular to Lo and be denoted Ld‘. Let
denote the orthogonal projection of C onto Lé. We have thus conveniently arranged
things so that 7 (z) = Re z and ' (z) = i Im z for all z € C.

The line L is the baseline referred to in the last section in connection with the
parameter «; it will serve as the x-axis for the Lipschitz graph that will eventually
be constructed.

8.8 Definition of a Stopping-Time Region Sy

The presence of the 3 and 2 in (ii) and (iii) of the following definition is to avoid the
presence of fractions much later in Definition 8.41.

Definition 8.13 (The Total Region) Let Sioa1 denote the set of all ordered pairs
(z,r) € K x (0, 3) which satisfy the following three conditions:

1) 8(z;r) = o,
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(ii) Bi(z:r) < 3eo, and
(iii) 3 a line L such that ﬁlL (z;7) < 3epand L(L, Lp) < 2.

Proposition 8.14 For any (z,r) € K x [1,3), §(z;r) > 8o and ﬁlLO(z; r) < é&o.
Thus K x [1, 3) c Stotal-

Proof For (z,r) € K x[1,3), by (1) and (2) of Reduction 8.3 and our choice of §,
8(z;r) > u(C)/3 > 1/3 = §y. Also, by our choice of kg, (1) of Reduction 8.3, and
Construction 8.12,

1
Br(zir) = -
.

/ dist(¢, Lo)

du(ﬁ“)f/ dist(¢, Lo)du(¢) = By (zo0: 1) <zo.
B(z;kor) r C

Since Z (Lo, Lo) = 0, the final assertion of the proposition is now clear. O

What would be highly desirable for what we wish to do is for Sy to have a
property called coherence in [DS1] and [DS2], i.e., for it to be the case that (z, r’) €
Stotal Whenever (z,7) € Siora1 and r’ € [r, 3). This is unfortunately not necessarily
the case. Accordingly, we will find and drop down to a subset Sy of Siota Which is
coherent. In [DS1] and [DS2] such a collection is called a stopping-time region —
hence the title of this section. The subset Sy will be defined in terms of an important
auxiliary function & to which we now turn.

Definition 8.15 (The First Auxiliary Function) Given z € K, set
h(z) =2sup{s € (0, 1) : Jw € K such that z € B(w; s/4) and (w, s) ¢ Stotal }-

A few remarks are in order. First, here we adopt the convention that sup @ = 0.
Thus 0 < h(z) < 2 always. Second, in the definition we are restricting s to (0, 1).
By the last proposition we could have restricted s to (0, 3) instead with no change
at all in the resulting value of & (z). Third, given a closed ball B = B(w; s), think
of z as being “deep within” B when z € B(w; s/4) and think of B as “bad” when
(w, s) ¢ Siotal- Then h(z) is a measure of how big the bad balls that z lies deep
within can get. So points where £ vanishes are best for what we wish to do.

We are now ready for the following.

Definition 8.16 (The Stopping-Time Region) So = {(z,7) € Sota : ¥ > h(2)}.
Proposition 8.17 If z € K, r € (0, 3), and r > h(z), then (z,r) € Sp.

Proof Proceeding by contradiction, suppose (z,7) ¢ Sp. Then we must have
(z,7) ¢ Siotal- By the last proposition, » € (0, 1). Thus we may set w = z and
s = r in the Definition of & (8.15) to conclude that 4(z) > 2r. But r > h(z) by
assumption, so r > 2r. This is absurd since r > 0. O

That Sy is coherent and so a stopping-time region is just (c) of the following.
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Corollary 8.18(a) If h(z) = 0 where z € K, then (z,r) € So for all r € (0, 3).
) If h(z) > 0 where z € K, then (z,r) € So forallr € [h(2), 3).

In particular, (z, h(z)) € So when z € K and h(z) > 0.
©) If (z,r) € Sy where 7 € K, then (z,r") € So forall ¥’ € [r, 3).

The sets Sioral and Sy will frequently be thought of as sets of closed balls in C.
Thus when it is written that B € Sy where B is a closed ball, what is really meant is
that B = B(z;r) and (z,r) € Sp. Clearly the balls of Sy are good for constructing
the sought-after Lipschitz graph. The next lemma makes this observation concrete
and precise. We call it a lemma since its sole purpose in life is to be superseded by
Proposition 8.22 in the next section!

Lemma 8.19 Suppose z, w € K, r > 0, and N > 1. Then
|7+ (2) =t (w)| < B/m) ap |7 (2) — w(w)| + (Ca(M, 8)/3){/e0 + 1/ N}z — w|

whenever B(z;r) € So, B(w;r) € Sy, and |z — w| > Nr.
Recall that the quantity C4(M, §) was defined back in Section 8.6.

Proof For now and forevermore, note that Proposition 8.7 may be applied with 4§,
k, and ¢ set equal to dy, ko, and &g, respectively, because of our choices of ép and ko
and Condition (1) for the selection of &.

Setting By = B(z; |z — w|), we have B] € Sy by (c) of Corollary 8.18 since
N > 1. Then the Definitions of Sy and Sp (8.13 and 8.16) imply that §(B1) > 8¢
and that there exists a line L such that ﬂlL‘ (B1) < 3g09. Now set B| = B(z; /&0 |z2—
w| + r). Using (c) of Corollary 8.18 and the Definitions of Sy and So (8.13 and
8.16) again, we see that §(B}) > 8o and so i(B]) > 80./€0 |z — w|. Let z’ be a point
of B{ closest to L. Then, by our choice of k),

dist(z’,L1>60¢s—o|z—w|s/, dist(¢, L) du(@) < By (Bi)lz —w|* <3eolz—wl*,

1
ie., dist(z', L1) < (3/80)/20 |z — wl.
Setting By = B(w; |z — w]) and Bé = B(w; /g0 |z — w| + r), we may proceed
similarly to get a line L, such that ,81L2(Bz) < 3e9, L(L2, Lp) < 2w, and a point

w’ € B) such that dist(w’, L) < (3/80) /€0 |z — w|. (We could also have arranged
for Z(L1, Lo) < 2w above but that turns out not to be needed below.) Clearly

|z — 2| and |[w — w'| < /g0 lz —w|+r < {/eo + 1/N}|z — wl.

Let 7} be the foot of the perpendicular from z’ to L and w) be the foot of the
perpendicular from w’ to L;. Clearly

|2 — zjland Jw" — wy| < (3/80)/e0 |z — w| < (3/80){/e0 + 1/N}lz — wl.



244 8 The Curvature Theorem of David and Léger

Moreover, letting z/, be the foot of the perpendicular from z} to Ly, applying (b)
of Proposition 8.7 to the lines L and L obtained from the balls By and B, and
using the last two displayed inequalities, we see that

|z} — Z},| = dist(z}, L)
<Creo{lz] —zl+ 1z —wl}
< Ci{lz] —zl + (Vo + 1/N}z — wl}
< Ci{2+ (3/80)H{/20 + 1/N}z — w|.

Finally, the last three displayed inequalities imply
() |z — 2ol + 1w — wh| < (C4/6){/e0 + 1/N}z — wl.
Note that both 1/12 and wé lie on L, which makes an angle of at most 2¢ with

L. Also, recall the easy inequality 0 < tanx < (4/m)x valid for 0 < x < 7 /4.
Thus, by our choice of «,

(x%) [ (2] ) —mH(wh)| < (tan 200) |7 (2),) —7 (wh)| < (8/7) g I (2h) — 7w (W)
From both (x) and (xx) we obtain

) 7t @) — 7t (w)|
<t @) — 7t @)+ In (@) — W)+ [t (wh) — 7t (w)]
< |z = 2l + 7 () — T Wh)| + [wh — w
< (8/m) g I (2],) — w(wh)| + (C4/6){/E0 + 1/N}|z — wl,

whereas from (x) alone we obtain

(H) 17 (2)y) — m(wh)| < |7(2)p) — 7w (@) + |7 (2) — w(w)| + |7 (w) — 7 (w))|
<lzjp — 2+ 7@ —r(w)| + |lw — w)]
< |7(z) — m(w)| + (C4/6){/e0 + 1/N}|z — w|.

The inequality of interest to us now follows easily from (), and (}):

7t (2) — 7wt (w)| < (8/m) ap |7 (2) — 7w (w)]
+{(8/7) ag + 1} (C4/6){ /50 + 1/N}|z — w|
< (8/7) ao |7(z) — T (w)| + (C4/3){/20 + 1/N}|z — w|.

8.9 Definition of a Lipschitz Set K, over L

In this section we will define a closed subset Ky of K and then show it to be a
Lipschitz set over the base line L. Eventually we will construct a Lipschitz graph
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over Lo which treads its way through K. Our proof of Reduction 8.3 will then be
completed by showing that K¢ carries more than 99% of the mass of u.

A glance at (a) of Corollary 8.18 and Lemma 8.19 suggests that we take K to
be {z € K : h(z) = 0}. It turns out that, although this choice of K is indeed a
Lipschitz set through which we can thread a Lipschitz graph, we would then have
difficulty showing that K carries more than 99% of the mass of n. The difficulty
would stem from a lack of effective control on our part over where £ is positive.
So we now turn to a function d, essentially a smoothed out version of /, which is
dominated by & and will take its place in defining Kj.

Definition 8.20 (The Second Auxiliary Function) Given z € C, set
d(z) =inf{|z — Z| +r : B(Z;r) € Sp}.

The elementary, but very useful, facts of interest to us concerning d are summa-
rized in the following.

Proposition 8.21 (a) The function d is Lipschitz on C with bound 1.
(b) Forallz € K, 0 <d(z) < h(2).
(c) Forall z € C, dist(z, K) < d(z) < dist(z, K) + 2.

Proof (a) Note that for each B(z;r) € Sp, the functionz € C +— [z —Z|+7r €
[0, 00) is clearly Lipschitz on C with bound 1. Since the infimum of any number of
nonnegative Lipschitz functions with bound 1 on a metric space is again a Lipschitz
function with bound 1 on the metric space, we are done.

(b) Given r € (h(z),3), B(z;r) € So by Proposition 8.17. Thus, by definition,
d(z) <l|z—1z|+r =r.Lettingr | h(z), we are done.

(c)If B(z;r) € Sp, then 7z € K and so dist(z, K) < |z —Z| < |z — z| + r. Upon
infing over all B(z; r) € So, we see that dist(z, K) < d(z).

Letz € K be such that |z—z| = dist(z, K). Recall that 2(z) < 2 by the Definition
of h (8.15). Thus B(Z; 2) € Sp by Proposition 8.17. Hence d(z) < |z —Z| +2 =
dist(z, K) + 2. O

A deeper fact about the function d, essentially an improvement of Lemma 8.19,
follows.

Proposition 8.22 Suppose z, w € K and N > 1. Then
7t (2) — 7 (w)| < 8/7) ap |7 (2) — w(w)| + Ca(M, 80){/50 + 2/N}|z — w|

whenever d(z) < |z — w|/(N +2) and d(w) < |z — w|/(N + 2).

Proof Setr = |z — w|/(N + 2),s0d(z) < r and d(w) < r. By the Definition
of d (8.20), there exist B(Z;s) € Sy and B(w; 1) € Sy such that |z —Z| +s5 < r
and l[w — w| + ¢ < r. From (c) of Corollary 8.18 it follows that B(Z; r) € Sp and
B(w; r) € Sp.Clearly |Z—w| > |z—w|—{|z—Z|+|w—w|} > (N+2)r—2r = Nr.
Lemma 8.19 applied to z, w, r, and N now yields
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@) — (@) < ®/7) e |7 (2) — (@) + (Ca/3) {60 + 1/N}Z — .
Moreover, |z — Z| + |w — w| < 2r < 2|z — w|/N, and so

7t (2) — 7t (w)| < |7t @) — 7t @) + 17t @) — 2t @) + 7t @) — 7 (w)]
<lz—zl+ 7t @) — 7t @) + D — w]
< |7t @) — 7wt @W)| + 2|z — w|/N.

Similarly
7 (@) — ()| < |7(2) — (W) + 2|z — w|/N
and
Z—w| <|z—w|+2|z—w|/N <3|z —wl|.
From the last four displayed inequalities one gets

7 (2) — 7 (w)| < (8/m) ag |7 (2) — 7w (w)]
+[Ca{/20 + 1/N}+ {(8/7) a0 + 1}(2/N)]1lz — w].

A look at the definition of Cy4 in Section 8.6 makes it clear that C4 > 12. Thus, by
our choice of «g, we see that {(8/7) ag + 1}(2/N) < C4/N and so are done. O

Of course the conclusion of this proposition is nontrivial only when C4{./g0 +
2/N} <« 1 or even just < 1. We will now arrange for these two events to happen
in the next two corollaries! To state the first corollary we need to first define our
Lipschitz set.

Definition 8.23 (The Lipschitz Set) Ko = {z € K : d(z) = 0}.

By (a) of Proposition 8.21, K| is closed and so compact. That it is a Lipschitz set
with bound 3« is the content of the following.

Corollary 8.24 For any z, w € K,
7t (2) — 7 (w)| < 3aplm(z) — 7w (w)].

Proof Without loss of generality, z # w. Since d(z) = d(w) = 0, we may apply
Proposition 8.22 to z and w with N arbitrarily large to obtain

|7(2) — mt(w)| < (8/7) e 7 (2) — w(w)| + Can/e0 |z — W
< [(8/m) &g + Ca/70 117 (2) — 7w (w)]
+ Cav/E0 It (2) =t (w)l.
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Condition (2) for the selection of ey and our choice of g imply that C4./ep < 1.
Thus the last displayed inequality may be rearranged to yield

8 C
@) — )] < ¢ /Tf“’ci/%ﬂ () — 7 (w)l.

Since Condition (2) for the selection of g( also implies that

8
(8/m) ap + Ca./20 3
1 — C44/e0

we are done. O

05

Construction 8.25 (A Function £ on w(Ky)) From Corollary 8.24 we see that  :
Ko — Ly is injective and so we can define a function £ : m(Kg) € Lo = R —
R = L(J)‘/i by (z) — nL(z)/ifor z € Ko. (Recall that in Constuction 8.12
we conveniently arranged for Ly and Lé to be the real and imaginary axes of C,
respectively.)

The corollary also implies that £ is Lipschitz on 7 (K() with bound 3. More-
over, Ko is contained in {x +i £(x) : x € w(Kp)}, i.e., the graph of £ over K. Of
course for Ky to be really contained in a genuine Lipschitz graph, we would need
to have £ extended in a Lipschitz manner to some subinterval of Ly = R containing
7 (Kp). It may occur to reader that we could proceed in the simple-minded fashion of
the proof of Lemma 4.24 where we encountered another Lipschitz set. This would
indeed result in a genuine Lipschitz graph, but we would then have trouble com-
pleting the proof of Reduction 8.3 by showing that K has substantial © measure.
To accomplish this it turns out that we need to extend £ in a more devious manner;
indeed, in a manner that results in “most” of K lying “near” the graph of £. The next
few sections are preparatory to this more devious manner of extending €.

But before turning to that, we close this section with a second corollary to the
last proposition. This one, unlike the first corollary, is valid for all points of K, not
just those from K.

Corollary 8.26 Suppose z, w € K and r > 0 are such that d(z) < r, d(w) < r,
and |t (z) — w(w)| < r. Then

|z —w| < 9Cs(M, o) r.

Proof Condition (2) for the selection of g9 and our choice of g imply that C4 /g9 <
1/4. So for N = 8 C4 we have Cy4{,/e0 +2/N} < 1/2. A look at the definition of
C4 in section 8.6 makes it clear that Cq4 > 12.

Thus, on the one hand, if r < |z — w|/(N + 2), we may apply Proposition 8.22
and use our choice of «( to obtain

I7(2) — 7wt (w)| < (8/7) ao |7(2) — w(w)| + Cals/e0 +2/N}z — wl
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< |m(@) — )|+ (1/){|7 (@) — 7 ()| + |7 (2) — 7= (w)]}.

This may be easily manipulated to yield |71J-(z) — T[J‘(w)| < 3|m(z) — w(w)|, from
which we have |z — w| < 4|7 (z) —w(w)| <4r <9Cyr.
On the other hand, if » > |z — w|/(N +2),then |z —w| < (N+2)r <9C4r.O

8.10 Construction of Adapted Dyadic Intervals {1}

The intervals we seek are defined through an auxiliary function D, involving d,
which will enable us to associate a nicely placed ball of Sy to each point of Ly.

Definition 8.27 (The Third Auxiliary Function) Given p € Lo, set
D(p) = inf{d(z) : z € 7~ (p)).

The elementary, but very useful, facts of interest to us concerning D are summa-
rized in the following.

Proposition 8.28 (a) For p € Ly, D(p) = min{d(z) : z € 7~ (p)}.
(b) For p € Lo, D(p) = inf{|p — 7 (2)| +7r : B(z;r) € So}.

(¢) The function D is Lipschitz on Lo with bound 1.

(d) Lo \ n(Ko) ={p € Lo : D(p) > O}.

Proof (a) Choose z, € 7~ !(p) such that d(z,) | D(p). By (c) of Proposition 8.21,
the sequence {z,} is bounded. Thus we may drop to a subsequence and assume that
{zn} converges to a point z € C. By (a) of Proposition 8.21, d(z,) — d(z). Clearly
zZ € n_l(p) and d(z) = D(p), i.e., the infimum defining D is actually a minimum.

(b) For brevity’s sake, denote inf{|p — 7 (z)| +r : B(Z; r) € So} by 5(p). Given
B(Z; r) € Sy, let z be the point of C such that 7(z) = p and 7+(z) = 7+(Z). Then
D(p) <d(z) <z —~Z| +r = |p —n(Z)| + r. Upon infing over all B(z;r) € Sp,
we see that D(p) < D(p).

For the reverse direction, given 1 > 0, from the Definitions of d and D (8.20 and
8.27) we obtain a point z € 7Y (p) and aball B(Z;r) € Sp such that |z — Z| +r <
Dp)+n.ButD(p) <|p—7@|+r=|n@ —7a@)|+r <|z—2Z|+7r,so
ﬁ(p) < D(p) + n. Upon letting n | 0, we obtain 5(p) < D(p).

(¢) Note that for each B(Z;r) € So, the function p € Lo — |p —7w(2)| +r €
[0, 00) is clearly Lipschitz on Ly with bound 1. Since the infimum of any number of
nonnegative Lipschitz functions with bound 1 on a metric space is again a Lipschitz
function with bound 1 on the metric space, we are done by (b) just shown.

(d) We show 7(Kg) = {p € Lo : D(p) = 0} instead. So suppose p € 7 (Kjp).
Then p = 7 (z),i.e.,z € rr"(p), for some z € Ky, i.e., for some z € K such that
d(z) =0.Thus 0 < D(p) <d(z) =0.

Conversely, suppose p € Ly is such that D(p) = 0. By (a) already proven,
d(z) = 0 for some z € 7! (p). By (c) of Proposition 8.21, d(z) = 0 forces z to be
an element of K and thus K¢ also. Hence p = 7(z) € 7 (Kj). m|
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Recall that in Construction 8.12 we made the convention that U, = (—a, a)
fora > 0.

Construction 8.29 (Adapted Dyadic Intervals {I,,}) In Construction 8.12 we
arranged for m(K) C Uy Thus m(Ko) € Us C Lo. Consider the collection
of dyadic intervals on Lo of length at most 1 generated by the interval Us, i.e.,
consider the collection of all intervals of the form

(=5, =54 1/2") and [-5 +m/2", =5 + (m + 1)/2")

wheren =0,1,2,...andm =1,2,3,...,10-2" — 1. For p € Us \ n(Ky), let J,,
denote the largest of these dyadic intervals containing p for which

1
) [l = ginf{D(q) q € Jp}

The interval J, exists by (c) and (d) of Proposition 8.28. From (c) of Proposi-
tion 8.21 it follows that inf{D(q) : q € Jp,} = infld(z) : z € 71_1(],,)} <
inf{dist(z, K) +2 : z € n’l(J,,)} < 8. But then |J,| < 1 by (x) and so J, has
length at most 1/2. Thus J), has a dyadic parent which we denote by J 1/7' Clearly J ;
satisfies

1.
(%%) |J,’,| > glnf{D(q/) iq’ € J,/,}.

Now the collection {J), : p € Us \ w(Ko)} is actually countable and so may be
relabeled {I,, : n = 0, 1, 2, . ..}. These intervals I,, are our adapted dyadic intervals.

As an exercise using the lower bound on d(z) in (c) of Proposition 8.21, the
reader may show that the open interval (-5, —54-1/2) is an adapted dyadic interval.
By (a) of the next proposition, all other adapted dyadic intervals are half-open. As a
matter of convenience we shall frequently act as if all the adapted dyadic intervals
are half-open. No harm will come from this practice.

The elementary, but very useful, facts of interest to us concerning the adapted
dyadic intervals are summarized in the following.

Proposition 8.30 (a) The collection {1,} is a partition of Us \ w(Ky).

(b) For each n, 41, N 7 (Ky) = .

(c) For each n and each q € 41,, 6|1,,| < D(gq) < 20|1,|.

(d) For each m and n, if 41,, N 41, # @, then either |I,,| = |1,,|/2, |In| = |1, or
[Im| = 2|1 ].

(e) For each n, there are at most 25 intervals I, such that 41, N 41, # O.

Proof (a)If I, N I,,, # @, then, since these are dyadic intervals, we must have either
I, € I, or I, C I,. Without loss of generality, suppose I,, C I,,. By construction,
I, = Jp for some p € Us \ m(Kp). But now both /,, and I, qualify as the largest
interval J,, containing p and satisfying () of Construction 8.29. Thus we must have
I,, = I, and pairwise disjointness is shown.
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Clearly Us \ m(Ko) € Un I,, € Us by construction. Thus to finish it suffices to
show that 7, N 7 (Ko) = ¥ for each n. This clearly follows from (b) to whose proof
we now turn.

(b) By construction, I, = J, for some p € Us \ n(Kp). By (d) of Proposi-
tion 8.28, D(p) > 0. Then for any g € 41, = 4J), by (c) of Proposition 8.28 and
(x) of Construction 8.29 we have

1
|ID(p) = D()| = |p —ql =4lJp| = > D).

This forces D(q) > 0. Another application of (d) of Proposition 8.28 yields g ¢
7 (Kop).

(c) By construction, I, = J, for some p € Us \ mw(Ko). Let g be the center
of Jp. Then by (x) of Construction 8.29 and (c) of Proposition 8.28 we have 8|J,| <
D@) = D@ — D(q) + D(@) < |G — gl + D(q) < 2[J,| + D(q). i.e.. D(q) >
6|Jp| = 61,

For the other inequality, use (xx) of Construction 8.29 to find a point ¢’ € J 1/7
such that D(q¢") < 8|J ,/,| = 16]J,|. Then (c) of Proposition 8.28 and this inequality
yield D(q) = D(q) — D(¢') + D(q') < lg — q'| 4+ 16]J,| < 201J,| = 20|1,|.

(d) Let g € 41,, N 41,. Then by (c) just proven, 6|7,,| < D(g) < 20|1,], i.e.,
| Inl/11,] < 10/3. By symmetry, |I,|/|1,] > 3/10. But since we are dealing with
dyadic intervals here, |I,,,|/|I]| is an integral power, positive, zero, or negative, of 2.
It follows that we have only three possibilities: either |1,,|/|1,| = 1/2, 1, or 2.

(e) Assume 41, N 41, # (. By translating and rescaling we may assume that
I, = [0, 1). From (d) just proven, either |I,,,| = 1/2, |I,,] = 1, or |I,;,] = 2.

Consider the first case. Here ,, = [j/2, (j + 1)/2) for some integer j. It is left
to the reader to verify that if [c4 — ra,ca +7ra) N[cp — rB,cB + rp) # ¥, then
|ca —cp| < ra + rp. Thus we must have |(j/2 + 1/4) — 1/2| < 4/4 4+ 4/2. This
solvesto —11/2 < j < 13/2,i.e., j = —5,—4,...,5, 6. Thus there are at most 12
intervals 1, of length 1/2 with 41, intersecting 41,,.

One can similarly check that there are at most seven intervals I, of length 1 with
41, intersecting 41, and that there are at most six intervals [, of length 2 with 41,
intersecting 41,. Since 12 4+ 7 + 6 = 25, we are done. O

8.11 Assigning a Good Linear Function £,, to Each I,

Construction 8.31 (A Good Ball B,, Assigned to Each I,,) Consider an adapted
dyadic interval I,, and denote its center by p,. By (c) of Proposition 8.30, D(p,) <
20|1,|. So applying (b) of Proposition 8.28, we obtain a ball B(z,; ) € So such
that |pp — 7w (zp)|+7n < 20|1,|. Set r, = max{ry, |I,|}. Then we have the following:

(1) By = B(zu; 1n) € So,
@Gi) |I,| < rp < 20|11, and
(iil) |7 (zn) — pul < 20[1,].
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Note that (i) is an immediate consequence of coherence, i.e., (c) of Corol-
lary 8.18; whereas (ii) and (iii) are clear by construction.

Construction 8.32 (A Good Linear Function ¢, Assigned to Each I,,) From (i)
of Construction 8.31 and the Definitions of Siotal and So (8.13 and 8.16), we see that
for each ball B, we have §(B,) > 8§y and we may choose and fix a line L, such
that ﬂlL” (By) < 3epand L(L,, Lo) < 2ap. Let £, : Lo =R+ R = Lé/i be the
linear function whose graph is L,. By our choice of oy and the easy inequality 0 <
tanx < (4/m)x valid for 0 < x < /4, we have 0 < tan2ap < (4/7)200 < 3.
Thus each €, is a Lipschitz function on Ly with bound 3.

The following estimates will prove useful.
Proposition 8.33 If41,, N 41, # O, then

@) |zm — znl <200 C4(M, 80){|L;n| + 10|} < 600 C4(M, o) min{|Ly|, 1.},
(d) 1€, — £,] <2C1(M, &) €0, and
(c) forany p € 41, U 41,,

[€n(p) — £n(p)| = 400 C1(M, S0) €0 {|Im| + Inl}
< 1,200 C1(M, 80) €0 min{| Ly, |1}

Proof In proving (a) and (c) below we will show only the first inequalities since the
second inequalities will then follow by (d) of Proposition 8.30.

By the Definition of d (8.20) and (i) and (ii) of Construction 8.31, d(z,,) < rm <
20|1,,|. Similarly, d(z,) < 20|I,|. Moreover, by (iii) of Construction 8.31 and the
assumption that 41, N 41, # @,

|7 (Zm) — 7w (@)| < 1 (@Zm) — Pl + | Pm — Pul + 1 Pn — 7(20)]
< 200 | + 2{{Lm| + [ In|} + 20[1,|
= 22{|In| + [1nl}.

Thus we may apply Corollary 8.26 with z = z,,, w = z,,, and r = 22{|[,,,| + |I,,|}
to obtain (a):

lzm = 2l =9 Ca - 22{|1n| + [In]} < 200 Ca{|Ln| + [1n]}-

Without loss of generality, suppose r,, < r,. To prove (b) and (c) we need to
apply Proposition 8.7 with z, w, r, L1, and Ly of that proposition being z,,, zn,
Tm, Lm, and L,, respectively. Clearly 6(z;,, rm) > 6o and ,BIL’” (Zmsrm) < 3e9 <
5,000 &g by Construction 8.32. From (a) just proven, (ii) of Construction 8.31, and
our choice of ko, it follows that |z,, —z,| < (ko/2)rp. Since r, < 20|1,| < 40|1,| <
40r,, (by (ii) of Construction 8.31 and (d) of Proposition 8.30), we also have

Ly a6 Ly 2
B @ns rm) < - Bi" (zn; rn) < 407(3g0) = 4,800 &0 < 5,000 &o.

m
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Thus Proposition 8.7 applies here as desired (and this situation is what prompted us
to state that proposition in terms of 5,000 ¢ instead of just ¢).

Turning to (b), its proof is a chain of in/equalites which we exhibit now and
explain immediately thereafter:

1€, — €| = |tan(Z(Ly, Lo)) — tan(Z(Ly, Lo))|
= (sec® 9*) |£(Lm. Lo) — L(Ly, Lo)|
< 2|L(Lm, Lo) — L(Ly, Lo)|
=2|/L(Ly, Ly)|
< 2C1 £0.

Up till now we have thought of the angle ¥ between two distinct intersecting
lines L and L, as being invariably positive and non-obtuse by fiat. For the course of
proving (b) we think of our angles as being signed: our signed Z(L1, L7) is positive
and still equal to ¢ if an anti-clockwise non-obtuse rotation of the complex plane
about the intersection point of L| and L, carries L, onto L| but now negative and
so equal to —¢ otherwise. Of course, the angle between two parallel or identical
lines continues to be zero. With these stipulations, the first equality above should
now be obvious.

The second equality above is simply the Mean Value Theorem. Thus the number
" appearing there is between Z(L,,, Lg) and Z(L,, Lg). Since each of these two
angles has absolute value at most 2¢g, the same is true of ¢*. It follows that all
three of these angles has absolute value at most 7 /4 by our choice of «g. The first
inequality above now follows.

Now it is not always true that Z(L,,, Lo) = Z(Lm, Ln) + Z(Ln, Lo) for arbitrary
lines L,,, Ly, and Lg. Considering the case where /(L,,, L,) = Z(L,, Lo) = /3,
we see what can go wrong: the composition of two non-obtuse rotations need not be
non-obtuse! This is not a problem here since, as noted in the last paragraph, each of
L(Ly, Lo) and Z(L,, Lo) has absolute value at most 7t /4. The third equality above
now follows.

The second inequality above follows from (c) of Proposition 8.7 and so (b) of
this proposition is established.

Finally, turning to (c), let ¢, and ¢, be the points of L,, and L,, respectively,
such that 7(¢,) = (&) = p. Let &, be the foot of the perpendicular from ¢, to
L,. Using elementary geometry, one can see that the angle at ¢,, in the right triangle
with vertices &, {mn, and ¢, is congruent to the angle between L, and L (there
are a number of cases to consider depending on which of the collinear points &, &,
and p is between the other two). Thus

[m(p) = €n (Pl = 15m — &nl = sec(L(Ln, L0)) [&m — Emnl < 2dist(Gm, Ln)

since 0 < Z(L,, Lo) < 7/3 by our choice of «g. From (b) of Proposition 8.7 one
obtains
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dist(&m, Ln) < C180{l&m — zml + rm}-

Letting z,,, be the foot of the perpendicular from z,, to L,,, from (a) of Proposi-
tion 8.7 one obtains

17 zm) — 7 @mm)| < 2m — Zmm| = dist(zm, L) < 2rp.
Clearly then
1Sm = 2m| < 1&m — Zmm| + |2mm — Zm| < 1&m — Zmm| + 2rp.
Since 0 < (L, Lg) < 7/3 by our choice of «p,

[Cm — Zmm| = SeC(Z(Lm’ Lo)) |p — 7 (zmm)|
<2|p — 7 (Zmm)|
<2{lp — pml + |pm — 7w (@m)| + |7 (zm) — 7 (Zmm) |}

Since p € 41, U 41, and 41, N 41, # ), we have
[P = pm| = max{2|l|, 411n| + 2{1nl} < H{In| + | Inl}-
By (iii) of Construction 8.31,
|pm — 7 (Zm)| < 20{| 1| + [1n]}.
Finally, by (ii) of Construction 8.31,
rm < 20{{1pn| + [1nl}.

From the last eight displayed equations it follows that |¢,,(p) — £,(p)| <
376 Cy o {|In| + |1} and so (c) has been proven with some room to spare. |

8.12 Construction of a Function £ Whose Graph I' Contains K

For any open subset U of R, let C*°(U) denote the set of functions that are defined
and smooth, i.e., defined and infinitely differentiable, on U. Consider f : R
[0, 1) defined by

e Y whenx > 0

fx) =

0 whenx <0

This function is clearly infinitely differentiable on R\ {0}. In fact, it is also infinitely
differentiable at x = 0 with £ (0) = 0 for all n > 0! This follows by a simple
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induction from the following two facts: (a) f(x)/x" — Oasx | Oforalln > 0
(use the change of variables # = 1/x and then apply L’Hopital’s Rule n times) and
(b) on the interval (0, 0o), any derivative of f is of the form f times a polynomial
in 1/x (another simple induction). Thus we have produced a function f € C*°(R)
with f = 0on (—o0,0] and f > 0 on (0, 00).

Next consider g : R — [0, e~ ! defined by

e 1/0= when x| < 1
gx) =
0 when |x|>1

Since g(x) = f(2(1 —x)) - f(2(1 4 x)), we have produced a function g € C*°(R)
with ¢ = 0 on (—oo, —1] U [l,00) and g > 0 on (—1, 1). Clearly ||gllcc =
g(0) = e~!'. Moreover,

00 1/2
[ g(x)dx > f gx)ydx = e P12 — (=1/2)] =7
00 —1/2

and, via the change of variables u = 1/(1 — xz),

e~ 1/0=x%)

—1/(1-x?%)
(1 —x2)2

<2
(=L1)

=2/lu%e™"||(1.00) = 8¢ 2.
1,1

Il 2
=||——=e
Sl = o=y
Finally consider  : R +— [0, 1] defined by

h(x) = /‘x gx)dx //OO g(x)dx.

We have produced a function 7 € C*°(R) with 2z = 0 on (—o0, —1], h strictly
increasing on (—1, 1), and & = 1 on [1, 00). Clearly ||k||sc = 1. Moreover,

o0
17" |00 = ”g”oo// gy dx < e ljem3 =/
—0o0
and

o0
17" loo = 118" lloo / / g(x)dx <8e ?/e™3 =8e7/.
—00

With this function 4 in hand, we can now easily prove the following result.

Lemma 8.34 Suppose | > 0 and a < b. Then there exists a function ¢ € C*(R)
with @ = 0 on (—o0, a — 1], ¢ strictly increasing on [a — 1, al, § = 1 on[a, b], ¢
strictly decreasing on [b, b + 1], and ¢ = 0 on [b + [, 00). Moreover, and just as
importantly, one can also arrange that
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18" oo < 3/1 and 17" lloo < 20/1%.

Proof Define ¢ : R — [0, 1] as follows:

~ — —b
w(x)=h<1+2{x 1 “}) .h(l—z{x 1 })
All assertions except the norm estimates are immediately clear. To see these esti-
mates, note that ¢’ = ¢ = 0 off (a—I, a)U(b, b+I). Moreover, forall x € (a—I, a),

a<x>=h(1+z{x;“}).

Hence we have |¢/| = |1/| - 2/1) < '3 (2/1) <3/l and |§"| = |h"| - (2/])?* <
8¢2/3.(2/1)* < 20/1? on the interval (a — [, a). The interval (b, b + 1) is handled
similarly and so we are done. O

From this last lemma and Proposition 8.30 we will now prove a proposition
which yields a partition of unity nicely suited to our purposes. In what follows we
will refer to a collection of functions as being of multiplicity N < 0o on an open
set. By this we mean that each point of the set has a neighborhood on which at most
N of the functions of the collection are not identically zero. Clearly the sum of a
collection of functions smooth on an open set and with finite multiplicity on the set
is again smooth on the set. Moreover, the derivative of order n of such a sum is
simply the sum of the derivatives of order n.

Recall that we arranged for 7(K) C Uy > in Construction 8.12). Thus 7 (Kp) €
Us C R.

Proposition 8.35 There exists a sequence of functions {¢,} € C®Us \ 7 (Kop))
such that

(@0 <g¢, <1lonUs\n(Ky) with g, =0on{Us\ n(Ko)} \ int(41,) for each n,
() l@,| <200/|1,| on Us \ m(Ko) for each n,

(©) |¢!| <50,000/|1,|* on Us \ w(Ko) for each n,

(d >, 9. =1onUs\ n(Kop), and

(e) {¢n} has multiplicity 25 on Us \ w(Ky).

Proof For each n, let ¢, € C*®(R) be the function produced by the last lemma
when [ is set equal to |I,,|, a is set equal to the left endpoint of 27,,, and b is set equal
to the right endpoint of 21,,. Then set

~

On = $n
! Zm ‘Zm

for each n. By (a) of Proposition 8.30, Y, @, > 1 on Us \ 7 (Kp) and so the
@ns are well defined there. It also follows from (a) of Proposition 8.30 that the
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collection {int(41,)} is an open cover of Us \ w(Kp). Given n, set A, = {m :
@m Z Oonint(4l,)}. Then #A4, < 25 by (e) of Proposition 8.30. Thus {@,,} has
multiplicity 25 on Us \ w(Kp). It is now clear that each ¢, is smooth on Us \ 7 (K)
and that (a), (d), and (e) of the proposition hold.

It remains to verify the estimates (b) and (c). From (d) of Proposition 8.30 and
the last lemma, we see that on int(417,),

[z

Estimate (b) of the proposition now follows immediately, with room to spare, since
on {Us \ m(Ko)} Nint(41,) we now have

~ ~ 3 6 150
= E (p;n =< E |(p;n| = | = #-An : < .
meA, meA, meA,

B A o R S o

3 150 153
ATyt = =

< — =
7] [Inl  |nl

The verification of estimate (c) is similar, but grubbier, and left to the reader. As
a help to and check for the reader, we note that being careful and stingy one actually
gets |g)| < 47,920/|1,1|2 on Us \ m(Kp). So again we have some room to spare. O

Construction 8.36 (An Extension of £ to Us) Recall that in Construction 8.25 we
defined a Lipschitz function £ on the set w(Ko) € Uj2 whose graph contains K.
We now extend ¢ to a function defined on all of Us:

Given p € Us \ m(Ky), set

Up) =Y ta(p)gn(p)

where the functions £, and ¢, are as in Construction 8.32 and Proposition 8.35
respectively. Let I be the graph of £. Thus ' = {p +i€(p) : p € Us}.

Of course it is not at all obvious that I" is a Lipschitz graph, i.e., that £ is a
Lipschitz function on Us. The next section is devoted to establishing this fact.

8.13 Verification That £ is Lipschitz
Lemma 8.37 For any p, q € 41,, N Us,

[€(p) — L(q)| < daplp — ql.

Proof By (b) of Proposition 8.30, 41,, N Us C Us \ w(Kp). Thus
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16(p) = @) = | Y a(P)Pu(P) = Y a(@)en(q)

< 1 (p) = La@len(p) < (D!
+ Y 1a(@) = bn(@)lon(P) — @alg)] < (D!

+ € (q)l

> lon(p) — wn(q)}’ L < (Im)!

Since each ¢, is a Lipschitz on Lo with bound 3« (see Construction 8.32), by
(d) of Proposition 8.35 we have

M <Y 3a0lp — qlen(p) = 3e0lp — ql.

n

Next, note that if ¢,(p) — ¢,(q) # 0 in (II), then 41, N 41,, # ¥ because
of (a) of Proposition 8.35. By (e) of Proposition 8.30 there are thus at most 25
such n. Moreover, by (c) of Proposition 8.33, the Mean Value Theorem, and (b) of
Proposition 8.35, each such 7 has its corresponding summand in (II) bounded by

200
1,200 Cy & |1,] - mlp —q| =240,000C1 &9 |p — q].
n

Thus
(IT) <25 x 240,000 Cy &g |p — gl = 6,000,000 C 9 |p — ql| < aplp —q|

with the last inequality following from Condition (3) for the selection of &.
Finally, (Ill) = O by (d) of Proposition 8.35. The desired conclusion is now
clear. m|

Lemma 8.38 For any p € 41, N Us and any q € n(Ky),

[€(p) — £(@)| < Tlaolp — q|.

Proof The reader should reread Constructions 8.31, 8.32, and 8.36 since many facts
therein will be used in this proof without mention. By (c) of Proposition 8.30 and
(d) and (c) of Proposition 8.28, 6|1,,,| < D(p) = |D(p) — D(g)| < |p — ¢q|. Thus
[Im| < |p — ql/6, a fact that will be freely used in the rest of the proof without
mention.

Recall that §(B,,) > 89, i.e., w(B;) > Sorp- Let z;" be a point of By, closest to
L,,. Then
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dist(z),, L) 80 rm < / dist(, L) dp(2) < BI" (Bm) r2 < 3eor2,

By,

ie., dist(z,, Lm) < (3/80)e0 rm. Note that |(z;,) — pm| = |7(z;,) — w(@m)| +

m?>

|7 (Zm) — Pm| < rm + 20|1,,| < 40|1,,], a fact that will be freely used in the rest of
the proof without mention.
Clearly,

1€(p) — L@)] < 1£(p) — L(pm)| < (D!
+ 1€(pm) = b (pm)| < (D!
+ 1l (pim) — b (T (Z)))| < (D!
+ (T (2))) — 7t (2),) /il < (IV)!
+ |7 (@) /i = gl < (V)

By the last lemma,
(D) <4aplp — pml < 8aol|In| < (4/3)0lp — ql.

From (d) and (a) of Proposition 8.35, (c) of Proposition 8.33, and Condition (3)
for the selection of g, we see that

(D) < 1 (pm) = bn(Pu)l@n(pm) < 1,200 C1 0 | L]

n

<200Cielp—ql = (1/3)alp—ql.
Since each ¢,, is Lipschitz on Lo with bound 3¢,
(M) < 3ag| pm — 7(2p,)| < 300 x 40| 1| < 20a0|p — g

Let Z,, be the point of L,, such that 7(Z,,) = n(z),) and let z/,,, be the foot of
the perpendicular from z),, to L,, . Using elementary geometry, one can see that the
angle at z), in the right triangle with vertices z,,, Zn, and z,,,, is congruent to the
angle between L, and Lg and that |€,, (7 (z},)) — 7+ (2),)/ il = |Zm — 2}, | (there are
a number of cases to consider depending on which of the collinear points z),, Zy,
and 7 (z},) is between the other two). Of course, dist(z),, L) = |2, — Z,, |- Thus,
since 0 < /(L,,, Lo) < /3 by our choice of &g, we have

(IV) = sec(L(Lm, Lo)) dist(z,, L) < 2(3/80) €0 7m
< (120/d0) €0 [ Im| = (20/80) e0lp —ql = (1/3)aolp — 4l

with the last inequality true by Condition (3) for the selection of g( since the speci-
fication of C; in Proposition 8.7 makes it clear that C1 > 10%0 /80.

To estimate (V), let w be the point of K¢ for which w(w) = ¢ and
7t (w) =i £(g). Then
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) V) = @) /i — )| = |7 (z),) — 7t (w)]

and

) |7 (z,,) — 7w (w)| = |7(z),) —q|
< n(z,,) = pml + |pm — Pl + 1P — 4l
< 4O|Im| +2|]m| + |P - 6]| =< 8|p - 6]|.

Case One (|z,, — w| > (N + 2)2r,, where N = 44 Cy4/ap). Recall that
Archimedes showed that 3%—? <7< 3% = 3%. Thus by condition (2) for the
selection of &g and our choice of N, we have

Caf{/eo +2/N} < [3 — (8/m)]ag +2C4/N < [3 —56/22 + 1/22]eg = (1/2)exo.

Since z,, € B(zm;rm) € So, by the Definition of d (8.20) we have d(z),) <
|20 — zZm| +1m < 2ry < |z, —w|/(N +2). Clearly d(w) =0 < |z, —w|/(N +2).
We may thus apply Proposition 8.22, to obtain

l7t(z),) — mt(w)| < (8/m)al(z),) — w(w)| + (1/2)ag|z), — w.
< (568/223 + 1/2)ag |7 (z),) — 7 (w)]
+(1/2) |7t (2),) — 7 (w)l.

Thus
Int(z),) — 7t w)] < (1,136/223 + Daglr(z),) — m(w)].
From (7), the last displayed inequality, and (i), we conclude that
(V) = 8(1,136/223 + Daolp — q| < 49a0lp — 4|

Case Two (|z,, — w| < (N + 2)2r,, where N = 44 C4/ayp). Unfortunately nei-
ther Lemma 8.19 nor Proposition 8.22 help us here and we seem to be forced into
repeating the proof of Lemma 8.19 with small changes. The author apologizes to
the reader for this but sees no less painful way to proceed!

Since d(w) = 0, there exists a ball B(w’;r’) € Sy for which |w — w'| +
r’ < /eorm (see Definition 8.20). By (c) of Corollary 8.18, B(w'; /€0 ) and
B(w'; ryy) € So. The Definitions of Sy and Sy (8.13 and 8.16) now let us choose
a line L, such that ,BIL* (w'; rm) < 3ep and Z(Ly, Lo) < 2aq. They also tell us that

S(w's /&0 rm) = do, i.e., w(B(w'; /80 7m)) = 804/€0 . Thus

{dist(w’, Ly) — /20 Fm} 80+/€0 Fm <

f dist(, L) du(¢) < BE's ) 12 < 3eor2.
B(w'; /80 rm)
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ie., dist(w’, Ly) < {1+ (3/80)} /20 7m-
Let w), be the foot of the perpendicular from w’ to L. Clearly

12 = Zom| < (3/80)x/€0 rm and |w — wl,| < {24 (3/80)}/20 F'm-

By the case hypothesis and our choice of ko, |zm — W'| < |z — 2,1 + 12}, — w| +
lw—w'| <rm+ (N +2)2r, +rm < 10Nr, < (ko/2)ry. This allows us to apply
(b) of Proposition 8.7 to the two lines L,, and L, obtained from the balls B(z;,; 7)
and B(w'; ry,). Letting z,,,,, denote the foot of the perpendicular from z),,, to L,
we thus see that

|Zpum = Zmmse| = dist(z),0 L)
< Creo{|zpm — Zm| + rm}
< Creo{|zpm — 2| + |20y — Zm| + 7}
< C1e0{(3/80) rm + rm + 7m}

< C1 {2+ (3/s0)}eorm.

The last two displayed inequalities imply

() 123 = Zys + 1w = wi| < (Ca/6)/E0rm.

Note that both z),,,, and w), lie on L, which makes an angle of at most 20 with

L. Also, recall that 0 < tan2ag < (4/7)200 < 3¢ since 29 < 7 /4 by our choice
of ag. Thus

(%) [T (@) — T W] < 30017 (2hys) — T (WL
From (x) and (x%) we obtain
I7(2h,) — W) < 7 (2),) — T @) | + 1T ) — T (W)
+rtwl) — mtw)]
<12 = Zoms] F 1T @) — T (W] + W), — w]

< 30017 (Zpms) — T (W] + (C4/6)/E0Tm,

whereas from (f) and (x) we obtain

17 (Z ) — TW)| < |7 (Zps) — (2| + 17 (2),) — T(W)| 4 |7 (W) — 70 (W)
< \Zpme — 2| +17(2,) — T(W)| + |w — W]
< 8|p — gl + (C4/6)/e0rm.

If we invoke (1), combine the last two displayed inequalities, appeal to Condition
(2) for the selection of &g, and use the fact that r,, < 20|7,,| < 20|p — q|/6 , we
again obtain
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(V) < 24a9lp — gl + {1+ 300}(C4/6) /0 - I'm
< 24ap|p — q| + Bap/6) - 20|p — ql/6 < 49a0|p — q].

Adding up our estimates of the various pieces, the desired conclusion is now
clear. O

Proposition 8.39 (The Function £ is Lipschitz) For any p, q € Us,

[£(p) — £(q@)| < Tlaglp —q].

Proof Note that ¢ is smooth on the open set Us \ m(Ky) since it is the sum of a
collection of functions smooth on this set and with finite multiplicity on this set (by
(e) of Proposition 8.35). But then |£'| < 4ag everywhere there by Lemma 8.37 and
(a) of Proposition 8.30. The Mean Value Theorem may now be used to conclude
that [£(p) — €(q)| < 4aplp — q| whenever p and g come from the same component
of Us \ m(Kop).

If, however, p and g come from different components of Us \ 7 (Ky), then there
is a point u € w(Ky) that lies between them. Then Lemma 8.38 applied twice yields

() —L(@)| = €(p)—L@)|+|€(u)—L£(g)| < Tlap| p—ul+T1ag|lu—q|=Tlap| p—q|.

The remaining cases where one or both of p and g come from 7 (K() are covered
by Lemma 8.38 and Corollary 8.24, respectively. O

‘We conclude this section with an estimate that will be of use to us later.
Lemma 8.40 If p € 41,, N\ Us, then
1€"(p)| < 10'°C1 (M, 80) 0/ |-
Proof Recall that 47, N Us € Us \ w(Ko) by (b) of Proposition 8.30. From the

linearity of the ¢, s and the definition of ¢ in Construction 8.36 as a sum with finite
multiplicity on Us \ 7w (Kp) (the last true by (e) of Proposition 8.35), we have that

=2 2000+ ) o)
n n

on Us \ 7 (Ko). Moreover, Y, ¢, = >, ¢» = 0on Us \ w(Ko) by (d) and (e) of
Proposition 8.35. Thus

1€ ()] <Y 216,(p) = £, (D@D + Y 1n(P) = Lu(P)ll0) (D).

Each sum in this inequality has locally at most 25 terms by (e) of Proposi-
tion 8.35. Estimates on the four absolute values in the sums are provided by (b)
and (c) of Propositions 8.33 and 8.35 (with an appeal to (a) of Proposition 8.35 to
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justify using Proposition 8.33). Finally, the 1/|7,|s that result can be replaced by
2/|1,|s by (d) of Proposition 8.30. Putting this all to use, we actually conclude that
[£”(p)| < 3,000,040,000 C; £0/|1,,| and so have some room to spare. O

8.14 A Partition of K \Kj into Three Sets: K1, K>, and K3

In this section K\Kp will be partitioned into three subsets K1, K7, and K3. As
we have succeeded in threading a Lipschitz graph through Ky, the proof of Reduc-
tion 8.3 will then be completed by showing that the p-measure of each of these three
subsets is very small.

Definition 8.41 (The Sets K1, K>, and K3) Our three sets are defined as follows:

Ki={ze€e K\Ky:3w e K ands € [h(z)/4,3h(z)/4] such that z € B(w; s/2)
and §(w; s) < 280},

Ky ={zeK\{KoUK,}:3w € K and s € [h(z)/4,3h(z)/4] such that 7 €
B(w; s/2) and B1(w; s) > eo}, and

K3 ={z e K\{KoUK\UK3}: 3w € K ands € [h(z)/4,3h(z)/4] such that z €
B(w; s/2)and ¥V line L, /(L, Lo) > oo whenever ﬂlL(u); s) < &o}.

Proposition 8.42 (K;, K, and K3 Partition K\Ky)) K\Kyp = K; U K, U K3
disjointly.

Proof Given z € K \ Ky, it suffices to show that z € K; U K, U K3. From the
Definition Ky (8.23) and (b) of Proposition 8.21, we see that h(z) > 0. Thus,
applying the Definition of / (8.15), we see that there exist sequences {s, } and {w,}
from (0, 1) and K respectively such that s, 1 h(z)/2 with z € B(wy; s,/4) and
B(wy, sp) ¢ Storal for each n. Then, from the definition of Sy (8.13), it follows
that for each n either

(1) S(wps sp) < S0,
(i) &(wn; sn) = &0 and Bi(wy; sn) > 3&o, or
(iil) §(wp; sn) = S0, B1(wp; sn) < 3ep, and
Vline L, /(L, Ly) > 2cg whenever ,BIL(wn; Sn) < 3ep.

Dropping to a subsequence, we may assume by the Pigeonhole Principle that
either (i) holds for all n, (ii) holds for all n, or (iii) holds for all n. Dropping to a sub-
sequence once more, we may also assume by the compactness of K that w, — w
for some w € K. Note that z € B(w; h(z)/8) € B(w; s/2) whenever s > h(z)/4.

Case One ((i) holds for all n). We show that z € K. To this end, choose and fix
an n such that |w, —w| < h(z)/8 and s,, > 3h(z)/8. Then we have B(w; h(z)/4) C
B(wy; s,) and so, by (i),

Sn h(z)/2

S(w; h(z)/4) < h(z)/4 . S(U)n; Sn) < h(Z)/4 .

80 = 2p.
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Thus for s = h(z)/4 we have s € [h(z)/4,3h(z)/4], z € B(w;s/2), and
S(w;s) < 268, 1.e.,z € Kj.

Case Two ((ii) holds for all n and z ¢ Kip). We show that z € K. To this
end, note that for all n sufficiently large we have |w, — w| < koh(z)/4 and so
B(w; ko 3h(z)/4) 2 B(wy; ko sp)- Hence, by (ii),

S 2 Sn ?
B1(w; 3h(z)/4) > {3h(z)/4} Bi(wn; sn) > {3h(z)/4} 3ep

for these n. Letting n — 0o, we obtain

2
h(z)/2 } N

3h(2) /4 = 3% = o

Bi(w; 3h(z)/4) = {
Thus for s = 3h(z)/4 we have s € [h(z)/4,3h(z)/4], z € B(w;s/2), and
B1(w; s) > g, ie., z € K.

Case Three ((iii) holds for all n and z ¢ K1 U K7). We show that z € K3. To this
end, choose and fix an n such that jw, — w| < ko h(z)/8 and s, > h(z)/4. Since
z ¢ Ky, 8(w; s,) > 280. By (iii), there exists a line L, satisfying ,811‘” (wy; s) < 3ep
and (x) Z(L,, Lo) > 2ap.

Consider any line L such that /31L(w; sp) < &o. Applying (c) of Proposition 8.7
with z, w, and r replaced by w, w,,, and s, respectively, we deduce (xx) Z(L, L,) <
C1 &9 < ag by Condition (3) for the selection of &y. From (%) and (%) it now follows
that Z(L, Lo) > «ag.

Thus for s = s, we have s € [h(z)/4, 3h(z)/4], z € B(w; s/2), and for each line
L, /(L, Ly) > ag whenever ﬂlL(w; s) < &, 1.e.,z € K3. O

8.15 The Smallness of K,

Of the three sets that we must show to have small measure, K, is the easiest to
handle. This section, which deals with K>, is short and sweet since the hard work
has already been done in sections 8.4 and 8.5!

Proposition 8.43 (The Smallness of K>) u(K7) <2 x 1075,

Proof Suppose that z € K, and r € [h(z),2h(z)]. From the Definition of K;
(8.41), we obtain w € K and s € [h(z)/4,3h(z)/4] such that z € B(w; s/2) and
B1(w; s) > go. Note that B(z; kor) 2 B(w; kos) by our choice of kg. One also has
s/r > 1/8. Thus

2
Bi(z;r) = {i} Br(w;s) > %.

r

Next note that § (w; s) > 2§¢ since z ¢ K1 and that w € B(z; k(’)‘r) by our choice of
kg . Thus
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- s 8o
8(zir) = 8(wsr) = =8(wss) = R
r

It follows that
2h(2) 2 dr
(%) // Bi(z;r) X 3(z:r)=50/4) TdM(Z) >/ /]() — —dM(Z)
n(z
= 2} 02 ik,

However, by Fubini’s Theorem [RUD, 8.8] and Proposition 8.10, we also have

(%) // ,31 (z;r) &, Blzr)=s/4) dM(Z) < C3(M, 80 /4, kOsko)C ().

Combining (x) and (xx), the desired conclusion now follows by invoking (4) of
Reduction 8.3 and Condition (2) for the selection of k. |

The next three sections will be devoted to showing that K; has small measure.
The most difficult set to deal with, K3, is left to last and requires six sections to
polish off.

8.16 The Smallness of a Horrible Set H

The author had thought of using “B” to denote the “bad” set of this section but
then thought better of it since “B” already does duty denoting a typical closed ball.
Instead he settled on using “H” to denote the “horrible” set of this section! Without
further ado ...

Definition 8.44 (The Horrible Set)

H={ze K\ Ky:n(z)en(Ko) or z¢1,980C4(M, §9) B;, whenever w(z) €4l,,}.

Proposition 8.45 (The Smallness of H) u(H) < 107>. More strongly, we even
have

250M oS
—_—u < .
2 (M, &)

The stronger conclusion will be needed to prove the stronger conclusion of
Proposition 8.49 to follow — which in turn will be needed later to prove Lemma 8.78.

Proof On the one hand, consider a point z € H for which 7w (z) € 7w (Kg).Letz € Ko
be such that w(z) = 7 (z). Note that 7 # z, so ro = |z — z|/{1,980C4 + 1} > O.
Thus, since d(z) = 0 by the Definition of K¢ (8.23), we can find a ball B(zg; r) € So
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such that |7 — zo| + r < rp by the Definition of d (8.20). By (c) of Corollary 8.18,
By = B(zo; ro) € So. Moreover, |7 (z) —7(z0)| = |7(2) —7(20)| < 12—2z0l <22r9
and |z —zol = |12 — z| — 12 — zo| > {1,980C4 + 1} r9 — ro = 1,980C4 rg.

On the other hand, consider a point z € H for which n(z) ¢ m(Kp). Since
w(K) € Uy/2, we must have 7 (z) € 41, for some m > 1 by (a) of Proposition 8.30.
Fixing such an m, we must then have z ¢ 1,980C4 B,,. Note too that by (iii) and (ii)
of Construction 8.31, |7(z) — w(zw)| < |7(2) — Pl + |pm — w(Zw)| < 2|Ln] +
20|11, | < 22ry,.

Thus in either case we have produced a ball B, = B(z;u;rm) € So (m = 0 or
m > 1) such that |7 (z) — w(z;m)| < 221, and |z — z,,| > 1,980C4 1.

Since |z — z;| > 9C4 - 220r,,, we must have at least one of d(z), d(z,) or
|7 (z) — m(zm)| greater than 220r,, by Corollary 8.26. But d(z,,) < r, by the
Definition of d (8.20) and (i) of Construction 8.31. Also, |7 (z) — 7w (z;n)| < 22ry,.
Thus we must have d(z) > 220r,,.

We draw a number of consequences from the last paragraph’s conclusion. First,

®) |7 (z) — w(zm)| < d(z)/10.
Second, d(z) < |z — zZm| + rm < 12 — Zm| + d(2) /220, so we certainly have
(**) |z — zmm| > 19d(2)/20.

Third, d(z), d(z), and |7 (z) — 1 (z,,)| are all less than or equal to d(z), so applying
Corollary 8.26 again we have

(e x %) [z = zm| = 9C4d(2).

Fourth and last, since B(z;;rn) € So and r,, < d(z)/20, it follows that
B = B(zm;d(2)/20) € Sp by (c) of Corollary 8.18. Thus, from the Definitions
of Sioral and Sp (8.13 and 8.16), we may select a line L such that /Sf‘(B) < 3gg and
L(L, Lg) < 2a9. We may also get balls By and B; by applying Lemma 8.5 to B.
(Do not confuse these two balls with the balls B; and B; of Construction 8.31!)
For j =1, 2, set

Gj={ne€ BjNB:dist(y, L) < (6eg/c2) - d(z)/20}.

Note that

680/62 dlSt(T}, L)

. . . d L
d(z)/20 nw((B;NB)\G;) < d(2)/20 /(‘B_/HB)\Gj —d(z)/ZO n(m) < By (B) < 3ep,

ie, u((Bj N B)\ Gj) < (c2/2) - d(z)/20. Since u(B; N B) > ¢ - d(z)/20, we
obtain

(1) u(Gj) > (c2/2) -d(z)/20 for j =1, 2.
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Now consider any two points n € G and § € Gj. Let L, be the line through
n and & and z, be the foot of the perpendicular from z to L. Consider the follow-
ing three angles with vertex z: Z(n, z, 7(2)), £(7(2), z, Zx), and Z(n, z, z4). Denote
their measures by ¥, ©», and ¢, respectively. Since |n — z,,| < d(z)/20, from (%)
and (»*) we deduce that

() —7@I _ 7)) = 7@l + |7 (@m) = 7))
[n—z| - |2 = zZml — 11 — Zml
d(z)/20 4+ d(z)/10 1

sint) =

~19d(2)/20—d(z)/20 _ 6
Next note that by (c) of Lemma 8.5,

\dist(y, L) — dist(¢, L)| 2 - (6g0/c2) - d(2)/20 _ 6eg

sin /(Ly, L) | < 10¢ - d(z2)/20 5cicn

By the specification of ¢s in terms of ¢; and ¢, in Proposition 8.7 and Condition (1)
for the selection of &, the rightmost item of this last inequality is less than or equal
to 6/(5 x 106) < 1/6. Use of the simple inequality sinx > (2/7)x for0 < x < m/2
now lets us conclude that /(L,, L) < m/12. But then, since Z(L, Lg) < 7 /4 by
our choice of «yg, it follows that (L, Lo) < /3. From elementary geometry one
sees that ) = Z(Ly, Lg) ort — Z(L, Lo). Thus

sin ¥ < \/§/2.

Since ¥ is one of ¥ + ¥, ¥ — U, or ¥ — 11, the Cosine Addition/Subtraction
Formulas and our estimates on sin ©; and sin ¢, imply that

V35-43 1
cos 1 > cos ¥ cos ¥y — sin ¥} sin ¥y > —f > —
12 9
with the last inequality leaving a lot of room to spare.
As a consequence of the last paragraph, (xx), and the fact that |[n—z,,| < d(z)/20,
we have

dist(z, Lyx) = |z — z«| = |z — n| cos &
_ |z — zm| — |1 — Zml - 19d(z)/20 —d(2)/20 _ d(2)
) 9 10

Since both | — z;,| and |§ — z,,| < d(2)/20 < C4d(2), it follows from (x x x) that

|z —n]and |z — &| < 10C4d(z).
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Proposition 4.1 and the last two displayed inequalities now yield

2dist(z, Ly) 1
lz—nllz =&l ~ 500C; d(2)

(F) c(z,n, 8 = foralln € G| and £ € G,.

From () and (%), one sees that for any z € H,

, 1 1
[[ Eener duo duce = /G /G B o e e o e

2
)

>
(4 x 108) C§

Integrating both sides of this inequality with respect to p over all points z € H and
performing a bit of algebra, we obtain

250 M

2

o''mcy ,
w(H) = ———c"(w).
2

Invoking (4) of Reduction 8.3 and Condition (3) for the selection of «p, we are
done. |

8.17 Most of K Lies in the Vicinity of T’

Given p € Lo and r > 0, from here on in we will adopt the following notational
convention: / (p; r) denotes the closed subinterval of Lo with center p and radius r.

Lemma 8.46 For any z € K and any r > d(z)/10,
/ ¢ — (@) +i L@} dp(t) < (24 x 10%) &g .
B(z;r)\H

Proof Without loss of generality, » > 0. Since K is the support of x and the inte-
grand vanishes on Ky, we need only integrate over [B(z;r) N K]\ [H U Kp]. For
any ¢ € [B(z; r)N K]\ [H U Ko], there exists an index m such that 7 (¢) € 41, and
¢ € 1,980C4 By, by (a) of Proposition 8.30 and the Definition of H (8.44). Setting
M ={m:7([B(z; )NKN\[HUKo)N41,, # @} and N (m) = {n : 41,041, # @},
we see, with the help of (a) and (d)of Proposition 8.35, that

/ [ — {7 (@) +il(m@N}du(t)
B(z;r)\H

<

meM

/ 1€ — {7 () +i N} du(C)
71 (41,,) N 1980C4 B,y
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=3 f Y I~ @) + i @M e @))] du@)
meM 7-1(41,)N1980C4B,, neN (m)

<> > / 6 = {m@) + i ba(T (@)} dp(?).

meM neN (m) 1980C4 B

Fix m € M and n € N(m). We take note of a number of facts. First,
1,980C4 B, < koB,, since 1,980C4 1y, + |z2m — 20| < 1,980C4 - 20 - 2|1,| +600C}4 -
|1,] < 79,800C4r, < kor, by (ii) from Construction 8.31, (d) of Proposition 8.30,
(a) of Proposition 8.33, and our choice of kg. Second, |¢ — {7 (¢) +i L, (7w (2))}] <
2 dist(¢, Ly) since in the triangle with vertices w(¢) + i £, (7 (¢)), ¢, and the foot
of the perpendicular from ¢ to L,,, the angle at ¢ is congruent to the angle between
L, and Ly, and so at most 77 /3 by Construction 8.32 and our choice of «q. Third,
ﬁlL "(B,) < 3gp by Construction 8.32. Fourth, r,, < 40r,, by (ii) from Construc-
tion 8.31 and (d) of Proposition 8.30. Fifth and finally, #A/ (m) < 25 by (e) of
Proposition 8.30. Thus

(*) ¢ —{m @) + it du@) <2) Y / dist(¢, Ln) dpu ()

B@r\H meM neN (m)? koBn

=23 > BB

meM neN (m)

< 6¢ Z Z r,%
meM neN(m)

<240,00089 Y 1.
meM

Given m € M, there exists a point ¢ € [B(z;r) N K]\ [H U Kp] such that
m(¢) € 41,,. Hence

20 10 10 10
rm <201 | < FD(TI(Q“)) =< ?d(é“) = ?{d(z)—l-lg“—zl} = ?{101’+V} < 40r

by (ii) from Construction 8.31, (c) of Proposition 8.30, the Definition of D (8.27),
(a) of Proposition 8.21, and the hypothesis of the lemma. Dropping the initial r,,
from the this displayed chain of inequalities, we also see that each |1,,,| < 2r. Since
each 41, intersects w(B(z;r)) = I(x(z); r), it now follows that {I,, : m € M}
is a pairwise disjoint collection of half-open intervals whose union is contained in
I (m(z); 6r). Thus

(%) Z ro < 40r Y 1y <40r Y 20|, | < 800r - 12 < 10,0002,
meM meM meM

From (x) and (xx) we conclude that
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/ | —{7(0)+i L(m (O)}d () < 240,000 £0-10,000 7% = (24x10%) g9 12,
B(z;r)\H

and so are done. |

Lemma 8.47 Forany z € K \ H,

d(z)
107 Ca(M . 50) < D(7(2)) <d(2).

Proof The second inequality is trivially true by the Definition of D (8.27).

If z € Ko, then d(z) = 0 by the Definition of K (8.23) and the first inequality
obviously holds.

If z € K, then, using the Definition of H (8.44), z ¢ H forces m(z) ¢ mw(Kj).
Since it is also the case that 7(K) € Uj, by Construction 8.12, we must have
w(z) € 41, for a number of ms by (a) of Proposition 8.30. But then, using the
Definition of H (8.44) again, z ¢ H now forces z € 1,980C4 B, for at least one
these ms. Applying (c) of Proposition 8.30 to such an m and then invoking (ii) of
Construction 8.31, we see that D((z)) > 6|l,| > (3/10) ry,. Clearly, using the
Definition of d (8.20), we see that d(z) < |z — zm| + rm < 1,980C4r,, + 1y <

3,000C4 ryy,. The desired conclusion now follows. O

The following is a set of “good” points, i.e., a set each of whose points lies in the
“vicinity” of our Lipschitz graph:
Definition 8.48 (The Good Set) G = {z € K\ H : [z — {n(@) +il(w(2)}] <
S0 d (D).

That “most” of K lies in the vicinity of our Lipschitz graph translates into saying

that K \ G has small p-measure. Establishing this is the main point of the present
section. It is accomplished in the following.

Proposition 8.49 (The Smallness of K \ G) (K \ G) < 2 x 107>, More strongly,
we even have

250 M

T W(K\G)<2x107.
cz(M,So)'u( \G) <

The stronger conclusion will be needed later to prove Lemma 8.78.

Proof Since K \ G C {K \ [G U H]} U H, by the stronger conclusion of Proposi-
tion 8.45 it suffices to show that

250 M

v -5
o> (M. 50) n(K\[GUH]) <107,

Without loss of generality, K \[GUH] # @. Since Ko € G by Construction 8.25
and the Definitions of H and G (8.44 and 8.48), it follows from the Definition of K¢
(8.23) that d > 0 everywhere on K \ [G U H]. In consequence we may apply part (a)
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of Besicovitch’s Covering Lemma (5.26) to the collection {B(z; d(z)/10) : z € K \
[G U H]} to extract a subcollection 3 which still covers K \ [G U H] but, in addition,
now has a controlled overlap of at most 125. By (a) of Proposition 8.21, given any
¢ € BeB,d() > d(cen(B)) — |¢ —cen(B)| > (9/10)d(cen(B)) = 9rad(B).
Thus

[ — {7 (&) +il(mw@))} J

(%) Vo u(K \ [G U HY) < / (@)
K\[GUH] d(¢)
€ — (2(0) + i LT
d
> / y e n)

S5 Y o [l @) i e dne
<5 20 ) Jpy O H RN b

(3 x 10% & Z rad(B)

BeB

IA

with the last inequality being an application of Lemma 8.46.
We now turn to estimating the sum of the radii of the balls from 3. For that we
need the following.

Claim. Given B € B, set B(B) = {B’ € B : rad(B’) < 2rad(B) and n(cB’) N
7(cB) # ¥} where ¢ = 1/{10* C4}. Then

#B(B) < (2 x 10"%) ¢}

To see this, suppose that B = B(z;d(z)/10) and B’ = B(w; d(w)/10) for
the sake of convenience. Then B’ € B(B) implies that d(w) < 2d(z) and
|7 (z) — w(w)| < c{d(z)/10 + d(w)/10} < (c/2)d(z). We may thus apply Corol-
lary 8.26 with r = 2d(z) to conclude that |z — w| < 18C4 d(z). This implies that
B’ € 200C4 B for all B’ € B(B) and so

() Z Xp <125 Xoo0c, B-
B'eB(B)

Next note that by Lemma 8.47 and (c) of Proposition 8.28, cd(z) < D(r(z)) <
D(r(w)) + |7 (z) — w(w)| < d(w) + (¢/2)d(z). Thus d(w) > (¢/2)d(z) and so

(3) rad(B’) > (c/2)rad(B) for all B’ € B(B).

Integrating both sides of (1) with respect to area and utilizing () on the left side of
the resulting inequality, we obtain

#B(B) -7 (c/2)°rad*(B) < Y mrad*(B') < 1257(200C4)’rad*(B).
B'eB(B)
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The Claim’s conclusion is now clear.

Select a ball By € B with rad(By) > (1/2)sup{rad(B") : B’ € B} and set
By ={B’ € B:n(cB)Nnw(cBy) # ?}. Note that B; = B(B;).If B\ B; # 0, select
aball B, € B\ By with rad(B;) > (1/2) sup{rad(B’) : B’ € B\ B;} and set B, =
{B" € B\ By : m(cB") N (cBy) # #}. Note that B, € B(B;) and that w(cBy) N
w(cBy) = 0. If B\ (B UBy) # @, selectaball B3 € B\ (B; U B;) with rad(B3) >
(1/2) sup{rad(B’) : B’ € B\ (B1UBy)} andset B3 = {B' € B\ (B1UB,) : w(cB")N
7 (cB3) # #}. Note that B3 € B(B3) and that w(cB3) N {w(cBy) Un(cBy)} = 0.
Continuing in this manner for as long as possible, we obtain a sequence { B, } of balls
from B and a corresponding sequence {83,} of subfamilies of B. These sequences
may be finite or infinite. Since the finite case is simpler, let us assume the two
sequences are infinite. By construction the subintervals 7 (cB),) of L( are pairwise
disjoint. Their centers are contained in 7 (K') C Uy by Construction 8.12 and their
radii are at most ¢/5 < 1/2 by (c) of Proposition 8.21. So clearly >, 2crad(B,) <
2,ie, Y ,2rad(B,) < 2/c = (2 % 10%) C4. This implies that rad(B,) — 0 as
n — oo, which in turn implies that B = |, B, (if one had some B € B\ |J,, Bx,
then one would have rad(B,) > rad(B)/2 for all n). Finally, each B, < B(B).
From these facts and the Claim we obtain

Gex) Y rad(B) =) ) rad(B) < (2x10%) €4 ) "2rad(B,) < (4x10") Cj.

BeB n BeB, n

From (x) and (»x) one sees that

250 M 3 x 10 M3
WK\[GUH]) < ——— 2" "4 /.
2 2
Condition (4) for the selection of gy now finishes off the proof. O

8.18 The Smallness of K;

Proposition 8.50 (The Smallness of K1) (K1) <3 x 1072,

Proof Since K1 € {K1 NG} U{K \ G}, by Proposition 8.49 it suffices to show that
w(KiNG) <107,

Without loss of generality, K1 NG # ). Since Ko N K1 = ¥ by the Definition of
K1 (8.41), it follows from the Definition of K¢ (8.23) and (b) of Proposition 8.21 that
h > 0 everywhere on K1NG. In consequence we may apply part (a) of Besicovitch’s
Covering Lemma (5.26) to the collection {B(z; h(z)/8) : z € K1 N G} to extract
a subcollection B which still covers K| N G but, in addition, now has a controlled
overlap of at most 125.

First Claim. For any B € B, u(B) < 128prad(B).

To see this, note that B = B(z; h(z)/8) where z € K. Thus by the Definition
of K1 (8.41) there exist w € K and s € [h(z)/4,3h(z)/4] such that z € B(w; s/2)
and 6 (w; s) < 28p. Then B € B(z;s/2) € B(w; s) and so
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w(B) < u(B(w; s)) < 280s <280 3h(z)/4 = 128prad(B).

Second Claim. For any B € B, rad(B) < H'(I' N B).

To see this, note that B = B(z; h(z)/8) where z € G. Setting w = 7(z) +
i £(m(z)), we have B(w; h(z)/16) € B by the Definition of G (8.48), (b) of Propo-
sition 8.21, and the fact that \/% <10721/2 < 1 /16 by Condition (1) for the selec-
tion of &y. Since w(w) € 7(K) € Uy, by Construction 8.12 and h(z)/16 < 1/8
by the Definition of A (8.15), the interval I ((w); h(z)/16) is contained in Us, the
interval of definition of £. Let p; be the largest number in [7(w) — h(2)/16, 7 (w)]
such that |{p; + i €(p1)} — w| = h(z)/16. That p; exists and is well defined is
a consequence of the Intermediate Value Theorem and the continuity of £. Clearly
I'={p+il(p): p e lp1, (w)]}is a continuum of diameter at least 4(z)/16.
Another application of the Intermediate Value Theorem and the continuity of ¢
shows that I'y is contained in I" N B(w; h(z)/16) € I' N B. We may similarly get a
point pj in [ (w), w(w) + h(z)/16] such that 'y = {p +i £(p) : p € [ (w), p21}
is a continuum of diameter at least .(z)/16 contained in I' N B. Since I'; and
I, intersect at the single point w, which has #'-measure zero, we may invoke
Proposition 5.5 and Lemma 5.6 to conclude that H (T NB) > H(TiUT,) =
H' (T +H'(T2) = h(2)/16 + h(2)/16 = rad(B).

Third Claim. HY(T") < 360.

We prove this by going back to the definition of Hausdorff measure. Given a Lip-
schitz graph I" over an interval / with bound M and an arbitrary § > 0, choosen > 1
so that +/1 + M2 |I|/n < 8. We can clearly cover I' with closed rectangles Ry, R2,
..., R, each of dimensions |I|/n x M|I|/n and so of diameter /1 + M2 |I|/n.
Thus

n
Hy(D) < D Rl =n-v14+M?|I|/n =1+ M?|I|.
m=1

Letting 8 | 0, we have H!'(I') < +/1 + M2 |I|. In our present situation we may take
I to be Us and M to be 71aq by Proposition 8.39. Thus by our choice of «p,

H'T) < V1 + M2T| <1+ {717/8)2 - 10 < 5,/4 + {717 /4}2
< 5vV4 + 1712 < 360.

From the properties of our Besicovitch cover B and these three Claims we
see that

w(KiNG) < Z w(B) < Z 1280 rad(B)
BeBB BeB



8.19 Gamma Functions Associated with £ 273

IA

1280 Y H'(I'N B)
BeB

1280{125 H ()} < 540,000 .

IA

Our choice of §p now finishes off the proof. O

8.19 Gamma Functions Associated with ¢

To prove that K3 has small p-measure we need to introduce and estimate two func-
tions, y (p; r) and y (p; r), associated with our Lipschitz graph. In this section we
shall define both functions and establish that they are comparable. In the next sec-
tion we shall derive a point estimate for the second of these functions; while in the
section thereafter this point estimate will be upped, via comparability, to a global
estimate for the first of these functions which is similar to the estimate obtained in
Proposition 8.10 for B1(z; r). Since what goes without saying frequently goes much
better when actually said, we note that neither the y (p; r) nor the y (p; r) about to
be defined is the analytic capacity of any set!

Recall that in Construction 8.12 we made the convention that U, = (—a, a)
fora > 0.

Definition 8.51 (The Gamma Functions) Given p € Uy C R = Loandr € (0, 1),
note that I (p; r) C Us, the domain of definition of £. Thus, for such a p and such
anr, we may set

y(p;r) = inf{yl(p; r) : 1l is a linear function from Lo = R to R = Lé/i}

where
v (p; V)Zlf Mdr
" J1pir) r
and
7(p:r) =inf{yL(p:r) : Lis aline}
where

P = -
.

1 dist(r +1i 4(t), L
/ ist(t + i £(1) )dt.
I(p;r)

r

The comparability of these two functions that is the goal of this section follows.

Proposition 8.52 For any p € Us and any r € (0,1), y(p;r) < y(p;r) <
V27(pin).
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Proof Given any linear function/ : Lo =R+~ R = Lé /1, let L be the graph of [,
so L = {t+il(t) : t € R}. For convenience we will use ¥ to denote the angle
formed by L and Lg. Then, by elementary geometry, in the triangle with vertices
t+1id(t), t+1il(tr), and the foot of the perpendicular from ¢ + i £(¢) to L, the angle
att + i £(¢) is also ©. It follows that |£(t) — [(t)| = (sec¥) dist(t + i £(¢), L) and
so we have

®) Y (p; 1) = (sec®) 7L (ps ).

Since sec ¥ > 1 always, () immediately implies the first inequality of the proposi-
tion. The second inequality of the proposition will also follow from (x), but not so
immediately.

What does follow from (x) immediately is

(%) y(psr) < V2 inf{fL(p; r): Lisaline with0 <9 < m/4}.
So now consider the case where L has m/4 < ¥ < /2. By Proposition 8.39,
[€(r) — (p)| = Tlagr
for all t € I(p;r). Since tan® > 1, |I(t) — £(p)| < Tlagr only holds for ¢ in
a subinterval of R with length at most 142« r. Moreover, 142agr < r by our
choice of . Thus I(p; r) contains a subinterval I of length r/2 such that either
I[(t) > (p)+Tlagrforallt € I orl(t) < €(p) —Tlagr forall ¢ € 1. Without loss

of generality, suppose the former to be the case. Letting g denote the center of 7, we
then have

() —L(p)|=1(1)—Lt(p) = (£ tan V) (t—q)+l(9)—L(p) = (£tan ) (t—q)+Tlagr

forall # € I. In the above we use the plus sign if / is positively sloped and the minus
sign otherwise. From the last two displayed inequalities we now conclude that

(1) = L] = |I(t) — £(p)| — [€(1) — £(p)| > (£ tanO) (1 — q)

for all ¢ € 1. Denoting the right and left halves of I by /' and I, respectively, and
noting that sin?® > 1/ \/5, we then conclude that

(Htan ) (t — q) dt
r

-L / cos ¥
v (p;r) = (cos®)y' (p;r) >
r JES

_ sin® (r/4)2> 1
T2 2 T 32

It is left to the reader to show that this inequality also holds in the case where L
has ¥ = /2, i.e., where L is a vertical line.
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Consideration of the linear function with slope 0 and y-intercept £(p) and a use
of Proposition 8.39 yield

001 — ¢ 1 p+r71 t —
1€(0) (p)ldt</ Hoolt =Pl 7140,

1
y(p;r) < —f EE— ==
r I(p;r) r r r

From the last two displayed inequalities and our choice of op we obtain

p—r

(kxx) y(p;r) < V2 inf{p%(p:r) : Lisaline with 7/4 < 9 < 7/2}.

The second inequality of the proposition now follows from (x%) and (x x x). O

8.20 A Point Estimate on One of the Gamma Functions

The point estimate on y (p; r) that is the goal of this section follows.
Proposition 8.53 Suppose p € Us and r € (0, 1) are such that D(p) < 20r. Set

N(pir)y={n:L,N0I(p;r) # 0}
Then

B¢ r)

72 (p;r) < Cs(M, &) /
n*l(l(p;40r)) r

e ('1:|)2

neN (p;r)

(5(cir)=20 62 (M.50)) AH(E)

2

Recall that the quantity C5(M, §) was defined back in Section 8.6.

The proof of this proposition will follow upon the heels of a series of lemmas.

Given p € Ug and r € (0, 1) such that D(p) < 20r, there exists a ball B(z;7) €
So such that | p — 7 (2)| +7 < 20r by (b) of Proposition 8.28. A standing assumption
for the rest of this section is that p,r, Z, and ¥ are as in the last sentence!

Lemma 8.54 Suppose ¢ € B(z;20r) N K and L is any line. Then

1 dist(r +i4(1), L 4
_/ ist(t + i £(1) *)dtf—ﬁlL*(g“;r).
I J1(p:ir)nm(Ko) r o

Proof Recall that in Section 2.1 we showed that 7! and £! coincide for linear sets.
From this and Proposition 2.2 (note that orthogonal projection onto a line decreases
distances), we see that for any Borel subset E of R,

L' (ENm(Kop) = HYE N7 (Ko) = H' (m(x ' (E) N Ko)) < H'(w ™' (E) N Ko).



276 8 The Curvature Theorem of David and Léger

To continue we must next relate H! on Ky to n on Kg. To do this we need the
following.

Claim.Forany z € Kpand 0 < r < 1, u(B(z;r)) > (60/4)|B(z; r)|.

Since d(z) = 0 by the Definition of K¢ (8.23), there exists a ball B(w;s) €
So such that |z — w| + s < r/2 by the Definition of d (8.20). Applying (c) of
Corollary 8.18, we see that B(w;r/2) € So and so §(B(w;r/2)) > §p by the
Definitions of Sy and So (8.13 and 8.16). Hence w(B(z; 7)) > w(B(w;r/2)) >
80(r/2) = (80/4)|B(z; r)|, establishing the Claim.

Given 0 < § < 2, by (a) of Besicovitch’s Covering Lemma (5.26) we may
easily obtain a §-cover {B,} of Ky consisting of closed balls centered on K( and
having a controlled overlap of 125. (Do not confuse these balls with the balls B,, of
Construction 8.31!) Applying the Claim to each B,, it is now clear that

H5(Ko) < D IBul < (4/80) Y 1(By) < (4/80)125 u(C).

Letting 8 | 0, we see that 7' (K() < oo. This allows us to apply Lemma 5.14 and
Proposition 5.21 in the next paragraph.

Given 0 < ¢ < 1 and F a compact subset of K, by (b) of Vitali’s Covering
Lemma (5.14) we may easily obtain a countable pairwise disjoint collection { B, } of
closed balls centered on F with radius less than ¢ such that H!(F) < > o |Bul +e.
(Do not confuse these balls with the balls B,, of Construction 8.31 ... or the balls B,
of the last paragraph!) Applying the Claim to each B, it is now clear that

H'(F) < |Bal+& < (4/80) Y u(By) +e
< @4/50)n({z € C: dist(z, F) < &}) + €.

Letting ¢ | 0, we obtain HYF) < (4/80) 0 (F) from the Lower Continuity Property
of Measures [RUD, 1.19(e)]. Proposition 5.21 now allows us to easily extend this
inequality to any Borel subset F' of K.

Setting F = 7 ~!(E) N K in the inequality established in the last paragraph and
combining the result with the inequality established in the first paragraph, we have

LY(E N 7(Ko)) < (4/80) (' (E) N Ko)

for any Borel subset E of R.
‘We have thus verified the formula

4
/ wdﬁlf—/ pomdu
7(Ko) 30 Jx,

for ¢ the characteristic function of any Borel subset £ of R. By the usual approxi-
mation argument involving increasing limits of nonnegative simple functions,
we conclude that this formula holds for all nonnegative Borel functions. Setting



8.20 A Point Estimate on One of the Gamma Functions 277

@(t) = dist(t+i (1), Ls)- Xy(p;r)(t) in this formula, noting that 77 (§) +i £(7 (§)) =
& for & € K, and then dividing by r2, one obtains

1 dist(t +i£(), L
(*)_/ ISt + 1), L)
T JI(p:r)nm (Ko) r

4 (1 dist(&, L)
55—{—/ —*du(é)}-
0 L7 Ja=1U(p;r)NKy r

For any & € 7~ '(I(p;r)) N Ko, we have |7(§) — 7(D)| < |7() — p| +
lp —7(@)| < r +20r = 21r, d(§) = 0 by the Definition of Ky (8.23), and
d(z) <7 < 20r by the Definition of d (8.20). Corollary 8.26 thus applies and tells
us that |£ — z| < 9Cy4 - 21r. Since |z — ¢| < 20r, our choice of kg now yields

(%) T (I (p; 1)) N Ko S B(E; kor).

The proposition now follows from (%), (*x), and the definition of ,Bf* ¢;r). O

Lemma 8.55 Suppose L, is any line. Then for any n,

l/ dist(z +i £(t), L) dr <
1)1

r r

2 3
I C |1 1
1.201.€y so(' ”') Ty { / dist(E,L*)l/3du(§)}
r r B,

EREA ITA

where C1 = C1(M, 8y) and c» = c2(M, &p).
Proof Givent € I, let w, be the foot of the perpendicular from w = ¢ +i £(¢) to
L,. Clearly

dist(t +i €(t), Ly) < |t +1i£(t) — wy| + dist(w,, L,).

Thus the lemma will follow easily from the First and Third of the Claims to follow.
First Claim. |t +i £(t) — w,| < 1,200 Cq &g |1,,].

Appealing to the fact that ¢ + i £,,(t) € Ly, the Construction of £ on Us \ Ky
(8.36), (a) and (d) of Proposition 8.35, and (c) of Proposition 8.33, we see that

|t +i () —wn| < [€(1) = £a(0)] = Z [€m (1) — £ (D] o (1) = 1,200 Cy &0 [ 1],

thus establishing the First Claim.
Second Claim. \w, — z,| < 130|1,].

From the First Claim, Condition (3) for the selection of &g, and our choice of ¢y,
we see that
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[t —w(wn)| < [t +i€(t) —wy| < 1,200C &0 [1n] < [In]/2.
Let z,, be the foot of the perpendicular from z, to L,. By Construction 8.32 we
may apply (a) of Proposition 8.7 and then invoke (ii) of Construction 8.31 to obtain
|7 (zn) — W (@Zu)| < |2n — Zan| = dist(zy,, L) < 21, < 40|1,].

The last two displayed inequalities and (iii) of Construction 8.31 now imply that

|7 (wn) — 7w (Zun)| < |(wy) =t + 1t = pul + | pn — 7 (@)| + |7 (20) — 7 (Znn) |
< nl/2 + [1n]/2 + 20| 1n| +40|1n| = O61|I,].

By Construction 8.32 and our choice of «g, £(L,, Lo) < 7/4. Since both w, and
Znn lie on L, it then follows that

W — Znn| < V21 (Wn) = 7 (@un)| < 90| 1.
Finally,
lwp — Znl < [Wn — Zunl + 12on — 20l < 90]1,| 44011, | = 130]1,],

thus establishing the Second Claim.
Ci (1 3
Third Claim. dist(wy, Ly) < Cy &0 || + — {II_I/ dist(&, Ly)'/? du(g)} )

Let By and B; denote the two balls gotten by applying Lemma 8.5 to the ball
B = B, ...which we may do by Construction 8.32. (Do not confuse these two balls
with the balls By and B; of Construction 8.31!) Set

G;=1{& € BjN B, :dist(§, L,) < (120/c2) €0 1,1}
for j =1, 2. Then

(B N B\ G)) sf ALy
(8,nB,\G; (120/¢2) €0 |1 ]

2

= Wa0jenyealiy] 1B < 9
since ,BIL” (By) < 3gp and r, < 201I,| by Construction 8.32 and (ii) of Construc-
tion 8.31 respectively. It then follows from (b) of Lemma 8.5 and (ii) of Construc-
tion 8.31 that u(G;) = w(B; N B,) — u([Bj N By \ Gj) > carp — (c2/2)ry =
(c2/2)rn = (c2/D) Iyl for j = 1,2.

Now consider any pair of points §; € G and & € G». Let &, be the foot of the
perpendicular from &; to L, for j = 1, 2. Clearly |§; — &| > 10c1r, > 10c1|1,| by
(c) of Lemma 8.5 and (ii) of Construction 8.31. Also
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161 — &l < 1&1 — &l + E1n — E20] + 1820 — 82
< |&1n — &2n] + (240/c2) &0 | 1]
=< |§ln - ";:2n| +c1|1y|

with the very last inequality true by Condition (1) for the selection of gy since
cs = c1c2/10° by Proposition 8.7. Thus |£1, — &, = 9¢1|1,].

Since wy, &1, and &, are all points of L,,, with the last two points being distinct,
we may write w, = s £1,+(1—s) &, forsome s € R. Then w,, —&,, = s (§1,—&2m).-
Moreover, by the Second Claim and (ii) of Construction 8.31,

[wy — &l < |wy — zn| + 120 — &2| + |62 — &24]
< 130 |1y| + rn + (120/c2) &0 | In|
< 150 |I,| + (120/c2) €0 [In] < 153 |I,]

with the very last inequality true by Condition (1) for the selection of &y since
cs = c1¢2/10% < ¢2/10'Y by Proposition 8.7 and Lemma 8.5. It now follows that
Is| = lwp — &2nl/I€1n — §2n| < 17/c1 and so 1 + [s]| < 20/cy.

Letting &, be the foot of the perpendicular from &, to Ly for j = 1,2, we
obtain

(%) dist(wy, Ly) < |wy — [ E1px + (1 = 5) E2pa]|
< Isl1&1n — Ernsl + 11 = 511620 — Ens]
=T+ IslH{I81n — &1l + 181 — Sinsel + 1520 — 20 + 182 — S}
= {20/c1}{(120/c2) €0 ||
+dist(§1, Ly) + (120/c2) €0 [ In] + dist(&2, L)}
= (4,800/cic2) €0 [1n| + (20/cy) dist(§1, Ly)
+(20/cy) dist(§2, L)
=< Cieo|ln] + (Cic2/16) dist(§1, L) + (Crc2/16) dist(§2, L)
with the very last inequality true since C; = 10°/(c;c2) by Proposition 8.7.
Execute the following operations in order on the inequality (x): first, shift the
first and third terms on the right-hand side to the left; second, take cube roots
of both sides; third, integrate both sides with respect to p over all points & €
G1; fourth, utilize the inequality (c2/2)|l,| < w(Gp) on left-hand side; fifth,
replace G| by B, and &; by £ on the right-hand side; sixth, divide both sides by

(c2/2)|1|; seventh and finally take cubes of both sides. Your result should be the
following:
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Cicy .
G dist(&2, Ly)

(xx) dist(wy, Ly) — Cr &0 1] —

S all / dist(&, L)' du(®) ’
_263 |In| B, T o '

Execute the following operations in order on the inequality (%*): first, shift the
third term on the left-hand side to the right and the original single term on the right to
the left; second, take cube roots of both sides; third, integrate both sides with respect
to w over all points & € Ga; fourth, utilize the inequality (c2/2)|1,| < u(G3) on
left-hand side; fifth, replace G, by B, and & by & on the right-hand side; sixth,
divide both sides by (c2/2)|1,|; seventh and finally, take cubes of both sides. Your
result should be the following:

. C 1 . 1/3 3
(x % %) dist(wn, L) — Creo [In] — —5 15— [ dist, L) ° du(&)
26‘2 |In|

Bn

il i/ diste, L' duce) |
_ZC% 7] y Loy 1% .

Bn

With a little rearrangement, the inequality (x x x) establishes the Third Claim and
hence the lemma. ]

Lemma 8.56 Suppose ¢ € B(z;20r) N K and L, is any line. Then

3
> 'I’;'{ 1 /dist@,L*)l”du@} < 10°M2 e (g 7).
= ITA
neN(p:r) "

Proof Givenn € N(p;r), set N(n) = {m € N(p;r) : |Bn| < |By| and B, N
B,, # (J} and define

Nn(§) = Z Xp, (&) =#{m e N(p;r) : & € By, |Bu| <|B,l|, and B,,NB, # ().
meN (n)

First Claim. For any n € N (p; r),f Ny(&) du(§) < 18,800 M |1,,|.

B,
If m € N(n), then by (ii) of Construction 8.31, |I,,| < r, < r, < 20|I,| and
|Zm — Zn| < Fm + rn < 2r, < 40|1,|. Hence, by (iii) of Construction 8.31,

[Pm — Pnl < | pm — (@) + |7 (2m) — 7 (z)| + |7 (20) — pal
=< 20|Im| + |Zm - Zn| + 20|In|
< 20(207,|) + 40[1,| + 20|1,| = 460|I,]

and so I, € 9401, for such m. Since the intervals I, are disjoint by (a) of Proposi-
tion 8.30, we deduce that
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D il <9401,
meN (n)

From (3) of Reduction 8.3, (ii) of Construction 8.31, and the last displayed inequa-
lity it now follows that

[RZCITCERD SICSER S
Bn meN (n) meN (n)

<20M ) |Iy| < 18,800 M |L,],
meN (n)

thus establishing the First Claim.
Second Claim. Z XB, (S)Nn_2(§') < 6,440 for p-ae. &€ € {B, : n €
neN (p:r)
N(p:r)}.

Fix a point & € | J{B, : n € N(p; r)} and a finite positive integer k for which
the collection N[&,k] = {n € N(p;r) : € € B, and N,(§) = k} is nonempty.
Consider any two n, 71 € N[&, k]. Without loss of generality, |B,| < |Bj|. Clearly
then

(%) {m € N'(pir) 1 & € By and |By| < |By|} S {m € N'(pir) : £ € By,
and |B,,| < |B;l|}.

The left-hand set in (x) can also be described as {m € N'(p;r) : & € By, |By| <
|B,|, and B,, N B, # (J} (one automatically has B,, N B, # ¢ for any m such
that & € B,, since we also have £ € B,,). Thus the cardinality of the left-hand set
in (%) is just N,(§) = k. Similarly, the cardinality of the right-hand set in (%) is
just N; (&) = k. Now k is finite! This forces the two sets to actually be identical.
Since 7 is an element of the right-hand set, it is thus also in the left-hand set. In
particular, |B;| < |B,|. We conclude that |B,| = |Bj;|, i.e., r, = rj, for any two
n,n e N&, k).

Now fix n € N[, k] with |I;| maximal and consider any n € N[£, k]. Since B,
and Bj intersect, both containing &, we have |z, — z;;| < r, +r; = 2r; < 40|I;| by
(i) of Construction 8.31. Hence, by (iii) of Construction 8.31,

|pn — Pl < |pn — (z)| + | (zn) — m(zi)| + |7 (27) — pil
<201, + |zn — z| + 201 /5]
< 20|1;| +40|I;| + 20|1;| = 80|I;

and so I,, € 1611 for such n. Since the intervals I, are disjoint by (a) of Proposi-
tion 8.30, we deduce that
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PIAER AN

neNE k|

However by (ii) of Construction 8.31, one also has |I,| > r,,/20 = r;/20 > |I;|/20
for each of these n. Thus

3" Ll = BNIE K - 111/20.
neN[& k]

From the last two displayed inequalities we conclude that #N[£, k] < 3,220.

Note that N, > 1 on B, for each n € N (p;r) (since n € N(n) always) and
so there is no division by zero in each term of the sum that we wish to estimate
in this Claim. Also, N, < oo u-a.e. on B, for each n € N(p;r) by the First
Claim. Thus for the purpose of establishing this Claim we need only consider a
point& € (B, : n € N(p; r)} for which N, (§) < oo forall n € N'(p; r). But for
such a point,

1 1
D X @ONPE =) 5 #NIEK] £3,220) 5 < 6,440,

neN(p:r) k>1 k>1

thus establishing the Second Claim.
Using Holder’s Inequality [RUD, 3.5] with p = 3/2 and the First Claim, we have

f dist(&, L)' du(e)

n

= / Na(€)?3 - dist(€, Ly)'3 Ny(€) 72 dpu(®)
B)l

1/3

2/3
s{ /B Nn@)du@} { fB dist@,L*)Nn(sNdu(s)}

1/3
< {18,800 M |I,|}*/3 {/ dist(g, Ly) Ny (8) 72 dM(S)} :

By

From this and the Second Claim it now follows that

Il [ 1 . :
Y r_2{|1,,|/ dlst(s,L*ﬂ“du@)}

neN (p;r) Bn
< ussoon? Y o [ SEL N 62 aue
neN (p:r) "
— 800 [ BELD Sy 6 v due
r r

neN (p;r)
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1 dist(&, L
< (6,440 x 18,800%) MZ._/ SE L) e
T JUBu:neN (pir)} r
1 dist(&, L
< 1013M2 . _/ 1S (.’;: *) dﬂ(s)
T JU(Bu:neN(pir)) r

To finish we need only show that ( J{B, : n € N(p;r)} N K € B(¢; kor) and
invoke the definition of ﬂIL* <;r).

So suppose £ € B, N K where n € N(p; r). Since n € N (p; r), there exists
apoint ¢ € I, N I(p;r). By (b) of Proposition 8.28, D(¢) < |¢g — 7w ()| + 7 <
lg — pl+ |p — (@) +7 < r+20r = 21r. Then, by Construction 8.29, |I,,| <
(1/8)inf{D(q) : q € I,} < 21r/8 < 3r. Of course by (ii) of Construction 8.31 we
then also have r, < 20|1,| < 60r. Hence, invoking (iii) of Construction 8.31,

7€) — ()| < |7 () — 7 (zw)| + |7 (zn) — pul + |Pn — gl
+lg —pl+1p—7@|+|7(@) — 7))l
<& — zu| + 20| L, | + |I,| + 7+ 20r + |Z — |
<r,+211,| +21r +20r < 164r.

Note too that by the Definition of d (8.20), d(§) < |& — z,| +rn < 2r, < 120r and
d(¢) < |t —z|+7 < 20r +20r = 40r. Corollary 8.26 thus applies and tells us that
€ — ¢| < 9C4 - 164r. Our choice of kg now implies that & € B(¢; kor) and so we
are done. O

Lemma 8.57 For any ¢ € K and any r > 0, there exists a line L, such that

BL(Lr) = Bi(L; ).

Proof Choose lines L, such that ,31L "(&;r) | B1(¢; r). If aline L, does not intersect
B(¢; kor), then a smaller beta number results if one replaces L, by the line between
L, and ¢ that is parallel to L, and tangent to B(¢; kor). We may thus in addition
assume that each L,, intersects B(¢; kor). Associate to each line L, a pair (z,, ¥;,)
where z,, is any point in the intersection of L, with B(¢; kor) and ¥, € [0, )
is the counterclockwise angle L, makes with the real axis, i.e., the angle through
which the real axis must be rotated counterclockwise to end up parallel with L,. By
compactness, we may drop to a subsequence and assume that z,, — z and ¥, — ¢
for some z € B(¢; kor) and ¢ € [0, ]. Let L, be the line through z whose coun-
terclockwise angle with the real axis is . Thinking in terms of vectors in R? now
and letting x denote the cross product, we see that for any point 5, dist(n, L,) =
[(n — zn) X (cos ¥y, sindy,)|| — ||[(n—2z) x (cos ¥, sin )| = dist(n, L,). Applying
Fatou’s Lemma [RUD, 1.28], we now have {*(¢; ) < liminf, o0 B (¢ 1) =
B1(¢; r). Since we clearly have B1(¢;r) < ,BIL" (¢; r), we are done. O

Proof of Proposition 8.53 Since B(z; 7) € Sp and 7 < 20r, we have B(Z; 20r) € S
by (c) of Corollary 8.18 if, on the one hand, 20r < 3. Thus, by the Definitions of
Stotal and Sp (8.13 and 8.16),

(%) W(B(Z; 20r)) > 8o - 20r = 208 7.
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If, on the other hand, 20r > 3, then u(B(z;20r)) = u(K) > 1 by (1) and (2) of
Reduction 8.3 and 208p r < 208y < 1 by our selection of §y. Thus (x) holds for any
re(0,1).

Consider any ¢ € B(z;20r) N K and use Lemma 8.57 to obtain a line L, such
that ,Bf*(g; r) = B1(¢; r). Invoking (a) of Proposition 8.30 and Lemmas 8.54, 8.55,
and 8.56, we have

1 dist(r +i £(2), L
(**)f(p;ns—/ S D, B,
r JI1p;r) r
1 dist(t + i £(2), L
:_/ iSUC+ 0. L)
r I (p;r)Nm(Kop) r
N Z 1/ dist(r +i £(1), Ly) i
nEN(p;r) r I(p:r)Niy r
4 LI\> C
= BEGn+ 1,201 C; g0 Z (' "|>+_21 108 M2 Bl (s )
0 neN (p;r) r )
4 108Mm2cC L1\
=[—+—21 Bi(C:r) +1.201Creg Y ('"') :
8o 5 r
neN(pir)

Execute the following operations in order on the inequality (xx): first, square both
sides; second, utilize the trivial inequality (a + b)? < 2a% + 212 on the right-hand
side; third, integrate both sides with respect to u over all points ¢ € B(z; 20r) N K;;
fourth, divide both sides by w(B(z; 20r)); fifth and finally, use () to eliminate the
single remaining occurrence of w(B(z; 20r)) (it will be in a denominator on the
right-hand side). Your result should be that 72(p: r) is bounded above by

2
1[4 108m2c B )
—+— / = du()
1080 | 8o 5 BG:20r) T

2

1,1\
2(1,201 C;)? §
+2( 1) 9 €0 ( " >

neN (p;r)

Given our specification of C5(M, 8p), to finish we need only show that ¢ €
7Y (I(p; 40r)) and 5(z;r) > 20¢> whenever ¢ € B(Z;20r). The first of these
is easy: [7(§) — pl < [7(§) —7n@D)|+ 7@ —pl = ¢ =2+ 7@ — p| =
20r + 20r = 40r. To prove the second note that by (x) we may apply Lemma 8.5
to B = B(Z; 20r). The result is a ball B(w; s) with w € B(Z; 20r), s = ¢1 20r, and
w(B(w; s)) > c¢220r. (The lemma actually gives us more than this, but this is all
we need.) Note that s < r since ¢; < 10™*. Thus §(w; r) > w(B(w; s))/r > 20 c».
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Finally, [w — ¢| < |w — Z| + |2 — ¢| < 20r +20r = 40r, so w € B(¢; kyr) by our
choice of ka‘. It follows that S(;; r) > §(w; r) > 20 ¢y and so we are done. m]

8.21 A Global Estimate on the Other Gamma Function

|1,
Lemma 8.58 Z / /
- Jo I,

Proof For p € I, NUsg and r € (0, |1,,]], consider the linear function I(t) = £(p) +
¢'(p)(t — p). Then any ¢ € I(p; r) is also in 31, N Us, so by Taylor’s Theorem and
Lemma 8.40,

dr
yi(pir)dp — < 10° C1(M, &) €.
NU4 r

1 ” 2 10" €0 2

[e(t) — 10| < §~Sllp{|Z @l:qe€3,NUs}-(t —p) STQ A t—p)r.
n

Thus

1 o) —1(t 1010 Pt — p\?

y(p;r)s—/ 0 =100, < Clg_o-/ ( p) dt
r I(p;r) r 2 |In| p—r r
1010
=—0C £0 r
3 [ 1]

and so

IA

1020 - 1 [ 1]
TCI(*SOZW‘/O /;rdpdr
n n
1020
=g Cie ) Ihl
n

Since ), |1,] < |Us| = 10, we are done. O

1A , dr
Z y“(pir)dp —
n J0 I,NU4 r

The whole point of this section and the last two is the following.

1
d
Proposition 8.59 / / yA(pir)dp - < Ce(M, 80) &2.
0 Uy r

Recall that the quantity Ce(M, §) was defined back in Section 8.6.

Proof Because of the last lemma we only need to appropriately estimate

1 1
dr dr
Z/ / y(p;r)dp — +/ / yA(pir)ydp —.
i o, rJo Jako r

On the one hand, for (p, r) € {I, N Us} x [|I,], 1), we have D(p) < 20|1,| < 20r
by (c) of Lemma 8.30. On the other hand, for (p,r) € m(Kp) x (0, 1), we have



286 8 The Curvature Theorem of David and Léger
D(p) = 0 < 20r by the Definitions of Ky and D (8.23 and 8.27). Thus each pair

(p, r) being integrated over in any of the integrals in the above displayed expression
satisfies D(p) < 20r and so we only need to appropriately estimate

1
dr
/ / y2(pir)dp —.
0 J{peUs:D(p)<20r} r

By Propositions 8.52 and 8.53, this quantity is less than or equal to 2 C5[(I) + (II)]
where

1 Bi(&:r) dr
o=[| / P s mrangen din@) dp -
0 {peUs:D(p)<20r} ﬂ*l(l(p;40r)) r BEr=20c2) r

and

2
1 2
I d
) :ggf / (' ”') ap L.
0 {peUs:D(p)<20r} r r

Estimating (I) is short and sweet. By Fubini’s Theorem [RUD, 8.8], Proposi-
tion 8.10, (4) of Reduction 8.3, and Condition (4) for the selection of g,

1 2 p. ()40
Bi&;r) dr
D =< /0 [(.:—1 . X{S(;;r)zzocz} |:/n dP:| dpu(c) T

(¢)—40r

neN(p;r)

_so [ [ peina duie)
= 0 Cﬂl(é"r) (8(¢:r)>20¢2} M(;)T

< 80 C3(M,20c2(M, &), ko, ki) ¢* (1)

< 80C3(M,20c2(M, &), ko, ki) ko < &5

Estimating (II) will take a bit more ink. First, note that for p € U4, r €
(D(p)/20,1), and n € N(p; r), we have I, N I (p; r) # @, so there exists a point
q € I, such that |g— p| < r. Thus, by Construction 8.29 and (c) of Proposition 8.28,
we have

1 1 1
o) [nl = 2D(g) = g{D(p) +lg —pl} = §{20r +r} <3r.

Second, note that as a consequence of [, intersecting I (p; r) and (x), I, C I (p; 4r)
for each of our n. Since the intervals [, are disjoint by (a) of Proposition 8.30, we
deduce that ), eN(p:r) |I,,| < 8r. From this and (x), we obtain
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I\ _ 3r
OIS (7) =5 ) =24

neN (p;r) neN (p;r)

Third and finally, 1, C I (p; 4r) implies

(x*xx) p € I(py;4r).

Applying (xx) and then (x) and (x x x) to our expression for (II), we see that

I < 2480/ /
Lo neN (p;r)

n+4r
<24e(2)2|l | /1 /3/

<24sOZ|1 |2 = 57655 Y || < 5.760&]
n

|1 | dr
— X{r>|m/3} Xipel(puiary P —-

with the very last inequality holding since ), |I,| < |Us| = 10. Collecting
all of our estimates together and consulting our specification of Ce¢(M, ), we
are done. |

8.22 Interlude: Calderon’s Formula

This section will make use of the Fourier transform and so we revert to the nota-
tional conventions established in section 4.3. In addition, given an open subset U of
R, we use C°(U), L2°(U), and Ll.(U ) to denote the sets of compactly supported
functions from C*°(U), L®(U), and L' (U), respectively.

A last tool needed to handle K3 is a formula due to Alberto Calderén. The author
has found the original sources difficult to penetrate. What unlocked the result for
him were pages 382-383 of [FRAZ]. Calderén’s formula holds for a number of
function spaces. The version we need, Proposition 8.65 below, holds for the space
of compactly supported Lipschitz functions on the real line. The formula involves an
auxiliary smooth function whose Fourier transform is well behaved. This function
is constructed in the following.

Lemma 8.60 There exists a real-valued, even, smooth function ¢ on R with mean
value zero and support contained in (—1, 1) for which @ is a real-valued, even

function satisfying
o d
[wer =t
0 3

Moreover, for any such function ¢ one has
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00 2 "2
_ lell5 + lle”l
[ seera < Mt T
0
Proof Let ¢ be gotten via Lemma 8.34 witha = —1/10, b = 1/10, and [ = 1/10.
Set

() ={p(x = 1/H) + ¢(—x = 1/H} = {g(x —3/4) + ¢(—x — 3/4)}.

Clearly ¢ is a nonzero, real-valued, even function in C°°(R) with mean value zero
and support contained in (—1, 1). So to prove all but the last assertion of the lemma
it suffices to show that ¢ is a real-valued, even function satisfying

e d
(%) 0 < / PeOrL <.
0 §

Indeed, one then simply normalizes ¢ by dividing it by the square root of the
integral in (x).

Using De Moivre’s formula, the evenness of ¢, and the containment of the sup-
port of ¢ in (—1, 1), one sees that for any £ € R,

o0 . d o0 d
(%) P(E) = / e*’f'cpmJT’_n _ / {cos(&t)—isin(&t)}(p(t)\/Tt_n
1 dt
- /_ cos(En o) =

From this it easily follows that @ is real-valued and even.

If the integral in (x) were 0, then @(&) would have to vanish for almost every
& > 0. But ¢ is even, so we would then have ¢ = 0 almost everywhere. Plancherel’s
Theorem (4.10) would then force ¢ to be the zero function, which it is not. Thus the
integral in (%) is positive.

For any ¢ € R, define

t
(1) :/ o(x) dx.
-1

Using integration by parts once on (xx), one sees that for any & > 0,

P& =

1 1
[cos(ét) D)+ & / sin(£t) D (1) dt:| =£ / sin(ér) (1) d—;
—1 —1

1
N2 N2
with ® (1) = 0 since ¢ has mean value zero. But then |9(§)]| < £ 2 || P|loo/V2m <
2 £ and so
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1 . d%'
[ wer g <2
0 3
Finally, by another appeal to Plancherel’s Theorem (4.10),
o ~ 2 dé o ~ 2 —~12 2
: {p©)} T < 1 @) dé < loly = lely =2

and so the integral in (%) is at most 4 and thus finite.
We now turn to the last assertion of the lemma. Using integration by parts twice
on (xx), one sees that for any & > 0,

P& =

! [sin(sncp(r) L oSN ') /COS(SI) o) dt}l
o2 & & o
B _/1 cos(£1) ¢ (1) dt

I g2 NGz

But then [(§)] < 2 [1¢" oo/ (&> v/27) < ll¢"[loo/&* and s0

2
o115

/1 E{QE)Y dt <

Lastly, since [@(§)] < 2 [@lloo/v27 < [[¢]lo0, We have

1 2
/ tp@)as < 19
0 2

and thus are done. O

Note how in this proof we established the finiteness of the integral in (x) above
for the pre-normalized ¢ by getting an effective upper bound on it, namely 4.
However, we did not establish the positiveness of the integral in (%) for the pre-
normalized ¢ by getting an effective lower bound on it, but rather via a Reductio ad
Absurdum argument. This leads to the lack of an effective upper bound on various
quantities involving the normalized ¢ such as [|@|lco> I|¢” los l|@ll1, and [l ||1. Tt
is because of this that certain conditions on our parameters have been stated, not
with reference to absolute constants, but with reference to these quantities. This is
innocuous but the author wonders if this state of affairs can be avoided without an
unreasonable expenditure of labor.

At this point the author wishes to urge the reader who has not already done so
to convince him- or herself that Lemma 8.60 and Lemma 8.34, which was used to
prove Lemma 8.60, could both have been stated and proved right in Section 8.6
where the first was explicitly and the second was implicitly called upon in fixing the
value of the mysterious eighth parameter 6!
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Stipulation 8.61 For the rest of this chapter, ¢ will denote a fixed function as in the
last lemma. Moreover, given r > 0, we will let ¢, : R — R denote the function
with action x — (1/r)e(x/r). Note that ¢, € C(R) € LP[R) N LE(R) with
lorlloo = ll@lloo/F and ||@r|l1 = ll@ll1- It is at this point convenient to also record
the fact that o, (§) = @(&r).

Recall that the usual convolution of two functions f and g at a point x is
defined by

> d
(f*g)(x)=/ f(x—y)g(y)\/%.

When does this definition make sense? One situation, the usual one but not of inter-
est to us here, is when f and g are elements of L' (R). Then the integral defining
f * g converges absolutely for almost every x in R and the resulting function f * g
is an element of L'(R) with || f = g1 < IIfIh ||g||]/\/E [RUD, 8.14]. Another
situation, the one of real interest to us here, is when f is an element of L°°(R) and
g is an element of L'(R). Then the integral defining f % g converges absolutely
for every x in R and the resulting function f % g is an element of L°°(R) with
If *glloo < I fllccllgll 1/«/5. Once sure that a convolution is well defined, either
almost everywhere or everywhere, many properties of it such as commutativity and
associativity follow immediately from its definition and will be used without com-
ment. One worth mentioning now, to be invoked in the next paragraph, is that if
f and g vanish almost everywhere off the sets X and Y respectively, then f * g
vanishes everywhere off theset X + Y = {x +y:x € Xand y € Y}.

Let us now restrict f to be an element of L2°(R). For any N > 0, let the function
Oy f : R +— R be defined by

N

(Pn f)x) =f (f *@r * @r)(x)
1/N

dr
-

Note that (®y f)(x) has actually just been defined as a triple integral since each of
the two convolutions above hides an integral. This triple integral converges triply
absolutely since from the previous paragraph it easily follows that

N dr InN )
(f 1 lgrl * lorD(x) — = — 1 fllocll@ll] < 00
1/N r b4

for every point x € R. It also easily follows from the previous paragraph that if
[a, b] is an interval off which f vanishes almost everywhere, then

N dr
/ (S 1@r| * lorD(x) — =0
1/N r
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for every point x € R\ [a — 2N, b 4 2N]. Thus flA//N(|f| * |@r| * |@r])(x) dr/r
converges for every x € R and the resulting function of x is an element of L2°(RR).
Of course it then follows that &y f is a well-defined element of L2°(IR). These
comments justify the applications of Fubini’s Theorem [RUD, 8.8] which will be
made in the remainder of this section.

Lemma 8.62 For any f € L (R),
lim [[®yf — fll2=0.
N—o0

Proof Since f and @y f € LP(R) C LY'(R) N L2(R), it suffices, by Plancherel’s
Theorem (4.10), to show that ||[(®y )" — f||% — 0 as N — oo. To this end we
compute the Fourier transform of & f:

N d N d
@y f)E) = / (f % @r % @) (E) = = / feGEOPr=
1/N r 1/N r

n N d

- F® / @enP .

1N r

Using the definitions of @y f and the Fourier transform, one sees that the first equal-
ity is just an application of Fubini’s Theorem [RUD, 8.8]. The second equality is
a use of the well-known (and easily verified) fact that the Fourier transform of a
convolution is the product of the transforms. Finally, the third equality involves the
last fact noted in Stipulation 8.61.

Pressing forward, via the evenness of ¢ and the change of variables s = |&|r, one
sees that

A LN s
(PN f)(§) = f($)[ {p()}” —,
§1/N s

for all £ # O (although not needed, the formula is also true and easily verified
for £ = 0).
The upshot of this all is

o0

. . IEIN d 2
(*) ||(q)Nf)A_f||%=/ 1f @) / PP = -1 ae.
00 [E1/N s

By Lemma 8.60, the integrand of the d&-integral of (%) is bounded by | f|> € L (R).
Moreover, this same d&-integrand converges to 0 as N — oo for all £ # 0 by an
application of the Monotone Convergence Theorem [RUD, 1.26] to the ds-integral
of (x). We may thus invoke Lebesgue’s Dominated Convergence Theorem [ RUD,
1.34] as N — o0 in (%) to obtain our desired conclusion: ||[(®y f)" — f||% — 0. O
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Now let f be a compactly supported Lipschitz function on R with bound M. One
can easily verify that such an f is an element of L2°(R) and that forany g € L 3 R),
f * g is a compactly supported Lipschitz function on R with bound M| g1 /v/27.
From this it follows that ® f is a compactly supported Lipschitz function on R with
bound {InN/m}M ||<p||%. By Lemma 4.15, & f has a derivative almost everywhere
from which @ f can be recovered by integration.

Lemma 8.63 Suppose f be is a Lipschitz function on R with bound M that vanishes
outside the interval [a, b]. Then

(DN f)ll2 < MVb —a.

The point of this lemma is that the estimate gotten on the L? norm of the deriva-
tive does not depend on N'!

Proof Since (®y f) € LE([R) € L'(R) N L*(R), it suffices, by Plancherel’s
Theorem (4.10), to show that ||{(<I>Nf)/}A||§ < M?(b — a). To this end we invoke
Proposition 4.9 and the computation of (@ f)"(¢) from the last proof to see that

X R LlEN gy
{(@nY(E) =i& (PN ) () =i f(&)/ {o)}” —
E1/N 5

st

s .

N
— 7@ f @)
|&1/N

Hence, by Lemma 8.60, Plancherel’s Theorem (4.10), and Lemma 4.15,

o &IV ds1?
|f/<s)|2{/ {a<s>}2—s} d

§I/N S

oo 00 d 2
sf |f’<$)|2{f0 {a(s)ﬁf} d

=f |7 (&)2ds = f If (0)2dx < M*(b—a).

—00

I(@N )3 = /

We are really interested in

o0 dr
(Poo f)(x) 2/0 (f *@r * @r)(x) —

but the absolute convergence of this integral is not immediately apparent — both 0
and oo seem to present problems. For this reason we have dealt with ®y f with
N < oo up till now. (Another technical advantage of ® f with N < 0o as opposed
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to @ f is that the former, unlike the latter, is easily seen to have compact support
and so be an element of LX°(R) C L'(R) N L%(R).) The next lemma disposes of
these absolute convergence problems at 0 and oo and is phrased in more generality
than needed just now with a view to use in the following section.

Lemma 8.64 Suppose a > 0 and x € R. Then

||f||1||§0||oo||(p||1

forany f € L'(R) and
2ra

(a)/ (1S 1 lerl = 1o (x )

a d M 5
©) [ X1 )+ oo & < 20
0 r 2

any Lipschitz function f on R with bound M.

for any Borel subset E of R and

Thus, for any Borel subset E of R, any compactly supported Lipschitz function
f on R, and any point x of R, we have

o0 dr
/0 (Xe 1 % orl) lorD () = < o0,

Proof (a) Clearly

A1 lerllloollerlln _ 1A ller lloc ller I

A

(11 lerl * 1o D(x) =

V27 - 2w
_ A llellocllells 1
2 r

for all » > 0. Thus

oo Ood o
/ (F] % 1or ] * lon ) ) ||f||1||<P|| ||§0||1/ dr _ Il hllgliolielh

2 2 2ra

(b) Since ¢, has mean value zero, f is Lipschitz on R with bound M, and
spt(e;) € [—r, r], we have

I % 0] = ‘/w 10 =90 == ) /m 0:(2)

5/ O =2 — Ol @)

dz
e
dz
Nz
o0
< [ o) =
—0o0

V21
_ Mrled _ Mrlel
2 2T

forallr > O and y € R. Thus
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“Mrlglh llg-lli dr  Mllgliia

V2 o r 2

a dr
/0 (Xe 1 5 orl) el (o) < <

O

With all the necessary pieces assembled, we may proceed to the goal of this
section.

Proposition 8.65 (Compactly Supported Lipschitz Version of Calderén’s
Formula) For any compactly supported Lipschitz function f on R and any point
x of R,

o0 dr
) =f f % or w0 () &
0 r

with the integral converging absolutely in the sense that

*° dr
/ (f *@rl * |orD(x) — < 00.
0 r

Proof Let f have Lipschitz constant M and vanish outside the interval [a, b].
Recall that we denote the integral occurring in the enunciation of the theorem by
(Poo f)(x) — see the paragraph preceding the last lemma. The absolute conver-
gence of the integral defining (P, f)(x) follows from this last lemma. Thus, by
Lebesgue’s Dominated Convergence Theorem [RUD, 1.34],

o) lim (P f)(x) = (oo f)(x)

for all points x € R. Recall that L? convergence implies pointwise almost every-
where convergence of a subsequence [RUD, 3.12]. Thus Lemma 8.62 implies there
exists a subsequence {N,,} and a subset E of R with £' (R \ E) = 0 such that

() lim (D, () = £()
for all points y € E.

Since E is dense in R, given x € R and ¢ > 0, we may choose a point y € E
such that

M|x —y| < /4 and M/b —ay/|y — x| < &/4.

Having fixed y, by (x%) and (x) we may now choose m so large that

If(y) = (@, W] < g/4and [(Py,, [)(x) = (Peo f)(X)] < £/4.

Note that, on the one hand, since f is Lipschitz with constant M, we have
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Lfx) = fO)l = Mlx —yl

while, on the other hand, by Lemma 4.15, Cauchy-Schwarz [ RUD, 3.5], and
Lemma 8.63, we have

y
(@, FI3) — (D, )] = / (D, 1) @) du| < 1@, ) 12V/Ty — x|
< MVE—ayly —xl.

Thus, given the way we have chosen first y and then m, we clearly have

If ) = (Poo )] = |f () = fFODI+ () = (Pw,, /W]
+ (@, H) = (P, )]

+ (PN, HX) = (P /H(X)| < &

and so are done. O

8.23 A Decomposition of £

Construction 8.66 (A Decomposition of €) Recall that our function £ is defined on
the open interval Us (8.36) and is Lipschitz there with bound T1ag (8.39). A routine
Cauchy sequence argument shows that we may define £ at the endpoints £5 of Us
in such a way that the extended { is Lipschitz on the closure of Us with bound T1a.
Define € on [5,00) by having it at first increase or decrease linearly with slope
+71ag until it becomes 0 after which point it is to constantly remain 0. Define £
similarly on (—o0, —5]. For the rest of this chapter we consider £ as so extended.
It is thus a function defined, compactly supported, and Lipschitz on all of R = Lg
with bound 71c.
For any p € Ly, set

o0 dr 1 dr
Li(p) = /1 (£ * @ * @) (p) - + /O {XLp\vs (€ * @)} % @) (p) -

and

1 dr
l(p) = /0 ({Xu, L *x@p)}* @) (p) -

(Do not confuse these two functions with the functions £1 and £y of Construc-
tion 8.32!) By Lemma 8.64, the three integrals involved in the definition of £1 and
£y converge absolutely and so our functions are well defined.
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Moreover by Calderdon’s Formula (8.65), for all points p € Ly we have

L(p) = L1(p) + La(p).

The rest of this section will be taken up with estimating the derivatives of £
and ¢;. To estimate the first and second derivatives of £; we need to introduce and
investigate an auxiliary function. This is done in the following.

Lemma 8.67 For any p € Lo, set

o0 dr
w(p)=/l (wr*wr)(p)T.

Then the integral defining V¥ (p) converges absolutely and the resulting function of
p is smooth on all of Lo with support contained in the interval [—2, 2]. Moreover,

¥l < 2lellillello and ¥l < ¢l l¢lloc.

Proof Since [(gr *@r)(P)| < lrlltll@rlloc/v 2 = ll@lltll@lloc/ (V27 1), the abso-
lute convergence is obvious.
Given p, h € Ly, clearly we have

(*)

I/f(p+h)—1#(p)=/°°/°° or(p+h—q)—o(p—q) @ dq dr
h P . h A

Note that ()" = (¢’),/r. Thus by the Mean Value Theorem,

o (p+h—q)—o-(p—q) ¢ lloo

, or(@)| < 1(@r) llol@r (@) = = o @l-
Also
o o / / o0
llo"ll dg dr _ |l¢'ll ller Nl
/ f (@) o= < T L ar
1 s T 2T V2 J1 r

@' llsollelh /“ﬂ
V21 o

¢ lloo @l
221

Thus we may let # — 0 in (%) and apply Lebesgue’s Dominated Convergence
Theorem [RUD, 1.34] to conclude that  is differentiable at p with the following
formula for the derivative:

/ o ! dr
(0) ¥/ (p) = /1 (@) 0 (p) 5.
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An obvious induction argument using the same sort of reasoning to get from y
to ¥ "1 as we just used to get from ¥ = ¥ © to ¥’ = D now shows that v is
infinitely differentiable with

Wy [ (o™ ar
PO = [ (@) %o (p)
1 r

for every p € Lo and every nonnegative integer 7.

We now turn to showing that spt(yy) € [—2, 2] ... which is not at all obvious.
Solet p ¢ [—2,2] and ¢ > 0. Since |p| > 2 and ¥ is continuous at p, we may
choose and fix a positive integer n such that 2+ 1/n < |p| and sup{|y¥ (p) — ¥ (q)] :
lp —q| < 1/n} < e. Let f;, be any nonnegative Lipschitz function supported on
[—1/n, 1/n] with integral 1, e.g., f,(g) = max{n(l —nlq]), 0}.

Consider the following chain of equalities, immediately after which a justifica-
tion will be given for each of its lines:

o0 d
ozﬂfo (fn*(Pr*(pr)(p)Tr
e dr
o [ Giro o) T
00 0O dr
=/1 / fn(p—q)(wr*rpr)(q)qu

o0 o0 dr
=/ fn(p—q){/1 (‘Pr*ﬁor)(Q)T}dq

/_ falp — ¥ (q) dgq.

[The first line follows from Calderén’s Formula (8.65) since f;,(p) = 0; the second
from the fact that p & [-2 — 1/n,2 4+ 1/n] D spt(f, * ¢r % @) for 0 < r < 1;
the third from the definition of a convolution; the fourth from Fubini’s Theorem
[RUD, 8.8] with the absolute convergence of the double integral a consequence of
(a) of Lemma 8.64; and the last from the definition of .]

Thus

W (p)] = ‘f Fulp — DV (p) dq‘

- ‘/ Folp — DY (p) — ¥ (@)] dq'

1/n
sup{|/(p) — ¥ (@)| - |p —q| < 1/n} y fnlp —q) dq

IA

< €.

Since ¢ > 0 was otherwise arbitrary, we conclude that ¥/ (p) = 0.
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Having shown that spt(y) € [—2, 2], the first line of the proof shows that
2 2 00 dr
wii= [ wetde = [ [ i e Cap

o0
||¢||1||¢|| dr
// 4 < 2ol gl

Since spt(yy') < [—2,2] also and we have a representation (xx) for ¥’ analo-
gous to our definition of v, a similar argument will establish the claimed estimate
on ||yl m

In this last proof we had to justify a differentiation under a double integral. In
what follows we will need to differentiate into a convolution, i.e., differentiate under
a single integral. Justifying this is done in the following.

Lemma 8.68 Suppose that f € L (R) is Lipschitz on R with bound M and that
g € LY(R) . Then f * g has a bounded derivative everywhere on R with (f % g) =

f'xgand [(f *8) oo = Mgl

Note that in this lemma we may take g to be any smooth function with com-
pact support. Also, by the Mean Value Theorem, we may take f to be any smooth
function with compact support (and in this situation M = || f/||o0).

Proof Recall from Lemma 4.15 that f’ exists and is bounded by M L!-a.e. on R.
Thus we need only show that (f * g)’ exists and equals f’ * g everywhere on R.
For any p and #,

(f*8)(p+h) —(f*g)(p) _ * fp+h—q)— fp—q) 2@) dq
h —0 h V27

For any p, ¢, and h,

fp+h—q)— f(p—q)

p < Mlg(q)l € L'(R).

g(q)

Lebesgue’s Dominated Convergence Theorem [RUD, 1.34] now finishes off the
proof. O

Recall that in Construction 8.12 we made the convention that U, = (—a, a)
fora > 0.

Proposition 8.69 The function £, is twice differentiable on U3 with

€1y < 14209l ll@lle a0 and [1€]1luy < T11¢ 11190 to-

Thus £ is Lipschitz on Uz with bound 71{1 + 2 |l¢|l1 |¢llco} ®0-
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Proof We may write £1 = ¢, + £} where

o dr 1 dr
Ly(p) = /1 (£ * @r * @) (p) - and £,(p) = /0 ({XLo\vus (€ @r)} * @) (p) -

Since spt(€p) < {Lo \ Ua} + [—1, 1] = Lo \ Us, it suffices to prove the assertions
of the proposition concerning ¢; for ¢, instead.

By (a) of Lemma 8.64 and Fubini’s Theorem [RUD, 8.8], ¢, = £ % ¥ where
¥ is as in Lemma 8.67. Since £ € L°°(R) is Lipschitz on R with bound 71« by
Construction 8.66 and ¥ € L'(R) by Lemma 8.67, we may apply the last lemma
to conclude that £, is differentiable on IR, that E; = ¢’ % ¢ there, and, with another
invocation of Lemma 8.67, that ||€) |lcc < 7T1aoll¥ll1 < 7T1ao - 2 |l@ll1l1¢llco-

Since convolution is commutative, £, = ¥ x £’. Clearly ¢ € L>°(R) is Lipschitz
on R with bound ||/ || (by the Mean Value Theorem) and ¢ € L°(R) € L'(R),
so we may again apply the last lemma to conclude that €/, is differentiable on R and
that £/ = " x ¢’ there. Invoking Lemma 8.67 one last time, we see that ||£//]|o <
I 1101 oo < @'l lI@lloo - 71ex.

From the Mean Value Theorem and our just proven bound on ¢/, it follows that £
is Lipschitz on U3 with bound 142 ||¢||1||¢]lco @o. The assertion of the proposition
concerning £> now follows from Construction 8.66. O

Rather than the obvious L*° estimate on 6/2 over Uz which would follow from
the last proposition, we turn out to need a more subtle L? estimate on 2, over Us.
For this we require the following.

Lemma 8.70 Suppose U is a bounded open subinterval of R. Then C°(U) is dense
in L>(U).

Proof In a finite measure space uniform convergence implies L? convergence. Thus,
by the coincidence of H! and £! for linear sets (from section 2.1), Proposition 5.22,
and Proposition 5.23, it suffices to show that C2°(U) is uniformly dense in C.(U).
So suppose that f € C.(U).

First, let ¢ denote the function gotten from Lemma 8.34 when ¢ = b = 0 and
[ =1.Setg = /21 §/||@l1. Note that g € C>°(R). Indeed, spt(g) < [—1, 1]. Also,
g > 0on R and ng(y) dy/\/g = 1. In consequence, g € C°(R), spt(g,) S
[—r,rl.g > 0onR, and [ g-(y)dy/+/2m = 1 forany r > 0.

Second, note that spt( f x g,) € U whenever 0 < r < dist(spt(f), R\ U). Thus,
by Lemma 8.68, f x g, = g, * f € C>°(U) for these same r.

Third, note that forany x € Rand r > 0,

o0 d
) — (f % g = / () = fx — MlgrO) JT%
< sup{f(¥) — fGx— )| Iyl < 7).

Thus, taking the supremum over all x € R, we see that for all » > 0,



300 8 The Curvature Theorem of David and Léger

If = (f *8)lloc = 0sc(f, R; 7).

Fourth and last, note that any continuous function compactly supported on R is
uniformly continuous on R. Thus osc(f, R; r) | Oasr | 0 and so we are done. O

Proposition 8.71 /

Us

1 dr
1y (p)* dp < Cmo)f / yi(pir)dp —.
0 Uy r

Recall that the quantity C7(¢) was defined back in Section 8.6.

Proof From Proposition 8.69 and Lemma 4.15, we see that 5’2 exists £l-a.e. on
Us and is bounded there. Let f be any element of C°(Us3). Then, by the Mean
Value Theorem and Proposition 8.69 again, f¢, is Lipschitz on Uz with bound
£ looll€2lloc + 71T + 2ll@ll1 I@lloc ol f lloo- Thus, by Lemma 4.15 again, (f¢2)’
exists £!-a.e. on U3 and f¢; can be recovered from it by integration there. Clearly
(f2) = fty+ f't2 L'-ae. on Us.

In what follows we will have two long chains of in/equalities. Immediately after
each chain, a justification will be given for each of its lines.

2

2
%) ’ / F(p) Ey(p) dp =‘ / F1(p) £2(p) dp
Us Us

2

—/Oof/() /lfoo (P —q) - {Xy, (£ )}()d—qd—r d
1. p 0 7OO<PrP q Uy @r)i\q N p

_/1/00{]00 (g - )f’()d—p}-{X (xer)i(q)d ar
T R s ey = vs (Ex ¢r)i(q) dg —

2

1 poo , dr2
=/0/ lor = @) (Xu, (€ @)} g) dg °

IA

L poo , ) dr
/0/ (ror % F@F dg = <

1 2
x/ / [M] dg T <
0 U, r r

[The first line follows from an integration by parts that is justified by the opening
paragraph of the proof; the second line from the fact that f' = 0 off Us, the defi-
nition of £, the commutativity of convolution, and the definition of convolution;
the third line from Fubini’s Theorem [ RUD, 8.8] and the evenness of ¢, with the
absolute convergence needed to justify Fubini’s Theorem [RUD, 8.8] a consequence
of (b) of Lemma 8.64 and the commutativity of convolution again; the fourth from
the definition of convolution; and the last from the Cauchy—Schwarz Inequality
[RUD, 3.5].]



8.23 A Decomposition of ¢ 301

1 00 R 9, = ) dr
) (I)=/O / @EnP i EFEr e

00 1 d .
-/ {/0 {sra@r)}zT’}U(s)Fds

00 & d —~
:/ { {sg’ﬁ(s)}z—s}lf(gﬂzdf
0 s

—00

_{/ s{a@)}zds}/ TP d
0 —00

el + o112
_ w/ () dp.
Us

A

[The first line follows from Plancherel’s Theorem (4.10), the fact that the Fourier
transform of a convolution is the product of the transforms, the last fact noted
in Stipulation 8.61, and Proposition 4.9; the second from Fubini’s Theorem
[RUD, 8.8]; the third from the change of variables s = |£|r and the evenness of
©; the fourth is clear; and the last from Lemma 8.60, Plancherel’s Theorem (4.10)
again, and the fact that f = 0 off Usz.]

Recall that ¢ is even with mean value zero. From this it easily follows that
(I * ¢:)(g) = 0 for any linear function /, any point ¢ € Uy, and any r € (0, 1).
Hence

‘ (€ * ¢r)(q) ‘ _ ‘ ({€ =1} x or)(q)
r o r

/Oo {¢ —1}(q — plle-(p)l dp

oo r 27

< lolloo 1 [£(2) — L(1)] dt
NGTAN 1(q;r) r

and so, taking the infimum over all linear /, we conclude that

* @ 00
’( *w)(q)'S ol -
r 2

Var

forallg € Usand r € (0, 1). Thus

2 1 d
@) (D) < ”Zﬁ/ f V2q;r)dg L.
JT 0 Uy r

From (%), (F), and (%), we obtain
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§C7(<p){/ If(p)lzdp}:f / yz(q;r)dq—r}
Us 0 Uy r

for any f € CZ°(Uz). By the last lemma, (x*) extends to any f € L2(Us). So
setting f = £ in (x%), performing a division, and changing two gs to ps, we are
done. O

(x%) ‘ / F(p) E5(p) dp
Us

8.24 The Smallness of K3

To show that K3 has small measure it is necessary to introduce a special maximal
function and some other auxiliary notions. Thus the following ...

Definition 8.72 (A Special Maximal Function) Given a function f defined on a
closed subinterval I of Ly, recall from Section 1.5 that the average value of f on I
is given by

1
(= [ s dp.
111 Js
We now define the oscillation of f on I to be

oscy(f) = sup{|f(p) = (f)il:pel}

(The reader should not confuse this with the notion, introduced in Section 3.2, of
the oscillation of a function on a set with a given gauge.)

Given a function f defined on the interval I (pgy; 1) € Lo, define an uncentered
maximal function of the integral average of the scaled pointwise oscillation of f at
po by setting

(Nf)(po)zsup{% W dp :po€ I, a closed interval with|I| < 1}.
1

The mysterious parameter 8y, about which we could say little when we chose it
in Section 8.6, now makes its first substantial appearance. It and the maximal func-
tion just introduced are needed to define a subset Hg, of Ly whose linear Lebesgue
measure will control the p-measure of K3.

Recall that in Construction 8.12 we made the convention that U, = (—a, a)
fora > 0.

Definition 8.73 (A Technical Set) Hyg, = {p € Uz : (N'{2)(p) < 03 oo}

The smallness of K3 will be easily established after the seven lemmas that follow
have been verified!
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Lemma 8.74 For any pg € Lo and any r € (0, 6] such that 1(po; r) N Hy, # 9,
let L(po) be the line that is the graph of the linear function

p = €1 (po)(p — po) + £(po).

(Note that I (po;r) < Usz since I(po; r) intersects Hgy © Uy and |I(po; r)| =
2r < 2600 < 1 by our choice of 6y. Thus Ly is well defined, i.e., E/l (po) exists, by
Proposition 8.69.)

Then

sup{dist(p +i £(p), L(po)) : p € I(po; r)} = Cg(¢) Gpaor-
Recall that the quantity Cg(¢) was defined back in Section 8.6.

Proof For the sake of concision, denote I (pg; r) by I and 71{1 + 2 |l¢|l1[|¢lloc} bY
C. Then, given p € I, it suffices to show that [£(p) — {£] (po)(p — po) + £(po)}| <
{16+/C + (71/2) |9’ 11 1¢]l 00} 60 @t 7. To the end we need the following.

Claim. {osc;(€2)}* < 16C ap [, [€2(p) — (€2)1] dp < 64C 63 o} 1.

We need only focus on the first inequality of the Claim since the second inequa-
lity follows easily from our choice of 8y and the Definitions of the maximal function
N and the set Hy, (8.72 and 8.73). Pick g € I such that [¢2(q) — (€2)] = osc;(£2).
Set /S ={p el :|p—gq| < osc;(£2)/2C ap)}. Since I < Ui, we may apply
Proposition 8.69 to conclude that for any p € J, [€2(p) — £2(q)| < Cop|p — ¢q| <
oscy(£2)/2 and so [£2(p) — (€2) 1] = [£2(q) — {£2) 1| —€2(q) — €2(p)| = oscy(£2) —
oscy(£2)/2 = oscy(£2)/2. Thus

Y4
/Iwz(p) —(eildp > %(”m.

Suppose, on the one hand, oscy(€2)/(2C op) < |I|/2. Then J contains an
interval of length osc;(£2)/(2C «yp), either [¢ — osc;(£2)/(2C «p), ¢] or [q.q +
oscy(£2)/(2C agp)], and so

{oscr (£2))?

flwz(p)— (el dp = n 2

This rearranges to what we want with a factor of 4 to spare.
Suppose, on the other hand, oscy(£2)/(2C «g) > |I|/2. Then J contains an inter-
val of length |7]/2, either [q — |1|/2, q] or [q, q + |I]/2], and so

oscy(£2)
4

f] [€2(p) — (€2)11dp = |7].
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Appealing to the definition of average value and to Proposition 8.69 again,
we have

/Iwz(p)—wz)ndps/']' /wz(p)—ez(p)mpdp

1
s/—/Caoumﬁdp:wouF.
1 1)

From the last two displayed inequalities it follows that

2
|1|2 {/wz(p) <zz>1|dp} <16Cao/|£z(p> (€)1 dp

and so the Claim is proven.
From Construction 8.66, Taylor’s Theorem, the Claim, and Proposition 8.69, we
may now conclude that

le(p) — (€ (po)(p — po) + £(po)}|
< [62(p) — L2(po)| + 1€1(p) — 1€1(po)(p — Po) + £1(po)}]

1€/ 1l
< 2o0scr(€2) + ——=p — pol?

71 |l¢’
=< 16«/Eéoaor+wr2

for any p € I. Since r < 6, the lemma is proven. m]

Lemma 8.75 Suppose z € Kz and L is a line such that ﬂlL(z; h(z)) < 3gy. Then
L(L, Lo) > ap/2.

Proof From the Definition of K3, K>, and K (8.41), we get a point w € K, a num-
ber s € [h(z)/4,3h(z)/4], and a line L, such that z € B(w; s/2), §(w;s) > 28,
ﬂlL*(w;s) < &9, and Z(Ly, Lg) > ag. Clearly |lw — z| < s/2 < (ko/2)s and
,BlL(z; s) < {h(z)/s}z,BlL(z; h(z)) < 42(3gg). We may thus apply (c) of Proposi-
tion 8.7 to conclude that Z(L,, L) < Cj 9. We are now done by Condition (3) for
the selection of &g. m]

Lemma 8.76 Suppose B(z;r) € So, r > 0y, and L is a line such that ,61L(z; r) <
3eg. Then L(L, Lo) < ap/6.

Proof Consider the case r < 1 first. There is a unique nonnegative integer N such
that e~ N*tD < » < ¢V Since r > 6p, it follows that N < In(1/6p). By (c)
of Corollary 8.18, B(z;e™) € So forn = 1,2,..., N. Thus, by the Definitions
of Siota1 and Sy (8.13 and 8.16), we have 8(z;e™") > §p and we may choose
lines L, with ﬂlL "(z;e™™) < 3gq for these n. (Do not confuse these lines with
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the lines L, of Construction 8.32!) Note too that (z;r) > J&g. For our base-
line Ly we have ,BILO(z; e %) < g by Proposition 8.14. Thus ﬂlL”’l(z; e <
{e= =D Jemmy 2 BLln-1(z; e~ (=D))< ¢2(3gg) foreachn = 1,2, ..., N, and, simi-
larly, ,BILN (z;r) < e2(380). We may thus apply (c) of Proposition 8.7 N + 1 times
to conclude that

N
L(L, Lo) < L(L, Ly)+ Y L(Ln, Ly—1) < {1+ N} Ci &9 < {1 +In(1/60)} C1 0.

n=1

We are now done with the case » < 1 by condition (5) for the selection of .

So turn to the case r > 1. By Proposition 8.14, 6(z; 1) > 8o and ﬂlLO(z; 1) < ¢p.
Note that r < 3 since B(z;r) € So. Hence ﬁlL(z; 1) < {r/]}zﬂlL(z; r) < 32(3g).
We may thus apply (c) of Proposition 8.7 to conclude that Z(L, Lg) < Cj&g. We
are now done with the case r > 1 by condition (3) for the selection of &g. O

Definition 8.77 (A Very Good Set) Recalling the set G of Definition 8.48, we define
a new set

(M, do)

G*z{zeG:u(GﬂB(z;r))z[I i

} w(B(z;r)) forallr € (0, 1/2]} .

Lemma 8.78 (The Smallness of K \ G*) (K \ G*) <4 x 1075.

Proof Since K \ G* = {K \ G} U {G \ G*}, by the weaker conclusion of Proposi-
tion 8.49 it suffices to show that 4(G \ G*) < 2 x 107>, Without loss of generality,
G\ G* # (. Foreach 7 € G\ G*, there exists a nontrivial closed ball B, centered at
z and of radius at most 1/2 such that £ (G N B;) < {1 — c2/(2M)}iu(B;). Applying
(a) of Besicovitch’s Covering Lemma (5.26) to the collection {B, : z € G \ G*},
we extract a subcollection B which still covers G \ G* but, in addition, now has a
controlled overlap of at most 125. Note that for any B € B we have (G N B) <
{2M/co}u((K \ G) N B). Thus

N 2M 250M
WG\G) <Y u(GNB) < == u(K\G)NB) < =——uK\G).
(6 2
BeB BeBB
By the stronger conclusion of Proposition 8.49 we are done. O

Lemma 8.79 If z € K3 N G*, then h(z) € (0, 6p) and I ((z); h(z)) € U \ Hpg,.

Proof By the Definition of K3 and K (8.41 and 8.23) and (b) of Proposition 8.21,
h(z) > 0. Then by (b) of Corollary 8.18, B(z, h(z)) € Sp. From the Definitions of

Stotal and Sp (8.13 and 8.16), there is a line Lj(;) such that ﬂf““ (z, h(2)) < 3eo.
Lemmas 8.75 and 8.76 now force h(z) < 0.
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Then by (b) of Corollary 8.18, B(z, 6p) € So. From the Definitions of Sy, and

L
So (8.13 and 8.16), there is a line Lg, such that 8, % (z, 6p) < 3ep.
At this point we need the following.

Claim. Suppose r € [h(z), 6p] is such that /(7 (z), r) N Hg, # ¥ and L is a line
such that BF(z; 1)) < 3eo. Then Z(L, L(7(2))) < ato/6.

To see this first consider any ¢ € G N B(z; r). On the one hand, from the Defini-
tion of G (8.48) and (a) and (b) of Proposition 8.21 it follows that

1 —{m () +i LGN} =0 d(§) < Veold (D) +H¢ —zl} < Veolh(D)+r} < 2/eor.
On the other hand, from Lemma 8.74 it follows that dist(7(¢) +i £((¢)), L(7(2)))
< Cg B g r. Hence dist(¢, L((z))) < {2./€0 + Cg by o}r < 2Cg 6y ap r by con-

dition (6) for the selection of gg. Since ¢ € G N B(z; h(z)) was otherwise arbitrary,
we have shown

(%) sup{dist(¢, L((2))) : ¢ € GNB(z;r)} =2Cg6papr-

Next note that §(z; ) > 8o due to (b) of Corollary 8.18 and the Definitions of
Stotal and So (8.13 and 8.16). Thus we may get two balls By and B, by applying
Lemma 8.5 to the ball B = B(z; r). (Do not confuse these two balls with the balls
B and B; of Construction 8.31!) Set

Gj={¢ € B(z;r)NB; : dist(¢, L) < (6&9/c2)r}

for j =1, 2. Then

W(B@r)NBj\G)) < / dist(¢, L)

cor I}
du(©) < —Bir) < or
BnnB\G; (0€0/c2)r €0 2

and so u(G;) = w(B(z; r)NB;)—u(B(z; r)NBj\G;) > cor —(c2/2)r = (c2/2)r.
It now follows from (3) of Reduction 8.3 that

w(Gj) > {c2/ M)} (B(z; r)).
Moreover, since z € G*,
n(G N B(z;r)) = {1 — 2/ M)} (B(z; r)).
Hence

w(G;NGNB(z;r) = p(Gj) + u(GNB(z;r) —u(G; U{G N B(z;r)})
> u(B(z;r) — (G U{GNB(z; ) = 0.
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We may thus choose z; € G; N G N B(z;r) for j = 1,2. Note that |z — z2| >
dist(By, By) > 10c;r. Let L, denote the line containing z; and z5.

If L is parallel to L, then we trivially have Z(L, L) < ag/12. So we may as
well assume L and L, have an intersection point w. Then |w — z;| > S5cir for
some j. Since this z; is in G, by the way G ; was defined we then have

dist(z . L 6 2
L Ly < Zsini(L, Ly = 28 D) _ 7 (Geo/ea)r 260
2 2w -zl 2 5cyr c1c;
_ 2C1 €0 < Ol_()
105 12

by the specification of C; in Proposition 8.7 and condition (3) for the selection
of gp.

Similarly, if L(s(z)) is parallel to L., then we trivially have Z(L (7 (z)), Lyx) <
ap/12. So we may as well assume L(7(z)) and L, have an intersection point w.
Then |w — zj| > 5cr for some j. Since this z; isin G N B(z; r), by (x) we then
have

7 dist(z;, L(7w(2))) - 7w 2Cg6pagr
2 lw — z;] -2 Scir

L(L(T(2). Ly) < %sinaun(z)), Ly =

_ Csboag o
- cq — 12

by our choice of 6.

With the last two paragraphs the Claim has been established.

Suppose that we had I (w(z), h(z)) N Hg, # Y. We could then apply the Claim
twice, once to r = h(z) with L = L) and again to r = 6y with L = Lg,,
to conclude that Z(Ly(;), L(n(z))) < ap/6 and Z(Lg,, L(7(2))) < ap/6. But by
Lemma 8.76 with r = 6p and L = Lg,, £(Lg,, Lo) < ao/6. Adding these three
inequalities up, we would then have Z(Ly (), Lo) < ap/2. This conclusion contra-
dicts Lemma 8.75 with L = Lj,(;) and so I (7 (z), h(z)) N Hy, = 9.

The point 7(z) is in Uy2 by Construction 8.12. The number /(z) has been
shown to be at most 8y and so at most 1/2 by our choice of 6y. Thus it is clear
that I (7 (z); h(z)) is contained in U; and so we are done. O

Lemma 8.80 11(K3 N G*) < 2,001 M L' (U, \ Hy,).

Proof Without loss of generality, (K3 N G*) # @. By the Definition of K3 and K
(8.41 and 8.23) and (b) of Proposition 8.21, 4(z) > 0 for each z € K3 N G*. Apply-
ing (b) of Besicovitch’s Covering Lemma (5.26) to the collection {B(z; 2h(z)) :
z € K3NG*}, we extract countable subcollections By, B, ... Boo that collectively
cover K3NG* with each subcollection consisting of pairwise disjoint balls. For each
n,setZ, = {I(7(2); h(z)) : B(n(2);2h(2)) € B,}.

Claim. For each n, the collection Z, consists of pairwise disjoint intervals.
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To see this suppose that B(z; 2h(z)) and B(w; 2h(w)) are distinct, and thus dis-
joint, elements of B3,,. Using this disjointness, the Definitions of G and G* (8.48 and
8.77), Proposition 8.39, and (b) of Proposition 8.21, we see that

2h(z) + 2h(w) < |z — w
<lz—{n@ +i @)} + [{7(2) +it(m(2)}
—{m(w) + i N} + Hrw(w) + i € (w))} — w]
< Veod (@) +Im(2) — r(w)| + [€(7(2)) — L (w))| + /o d(w)
< JVeoh(2) + {1 + Tl ap}|m(z) — w(w)| + /20 h(w).

Upon rearrangement we obtain

|7 (z) — m(w)| > 2_—\/8_0”1(2) +h(w)} > h(z) + h(w)
1+ 71 ag

with the last inequality holding by condition (1) for the selection of &y and our
choice of ag. Thus I (7w (2); h(z)) and I (w (w); h(w)) are disjoint and the Claim has
been established.

From the covering property of our subcollections B,, (3) of Reduction 8.3,
the obvious fact that |B((2); 2h(2))|/2 = |1 (7 (2); h(z))|, Lemma 8.79, and the
Claim, we have

2001 2001
WK3NGH <) Y wB <) > MBI/2
n=1 BeB, n=1 BeB3,
2001
- M Z Z [I] <2,001M LY(Us \ Hgy)
n=1 I€Z,
and so are done. o
4,000
Lemma 881 £'(Us \ Hy) < =3 [ 163000 dpo.
Oy s Ju
00 3

Proof From the Definition of Hg, (8.73) it clearly follows that
1
) L'\ Ha) = [ (Ve (o) dpo
O oy Jus

For any pg € Us, let I be a closed interval containing pg with |/| < 1. Note that
I € I(po; |1]) € Usz. From Proposition 8.69 and Lemma 4.15, we see that K’z exists
L'-ae. on Us and that ¢5 can be recovered from it by integration there. Using the
definition of average value, it then follows that
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1 [€2(p) — (€2)1] 1 // o
Tl T P = t(p) — ()| dpd
|1|/, 1] p= 3 ), 1| 2(p) — L2(p)|dp dp

TINATA
VIR RIar
1

f é(q)dq’dﬁdp
P
E_

1 J1(pos 11y

1€5(q)] dq.

Thus, defining

2 (p) when p € Us

f(p) =
0 when p e Lo\ Us

309

and using M f as shorthand for M 1 (| f| dL"), the maximal function of | f|dL!
with respect to £! as defined just before Proposition 5.27, we see that for every

po € Ua,

N€2)(po) =2 sup ————r
2)4P0 0<r21 LY (po: 1) J1(posr)

151 dL" < 2(M f)(po).

Our M f is the usual Hardy-Littlewood maximal function as defined on page
138 in [RUD]. Hence, invoking the proof of [RUD, 8.18] and Proposition 5.27 (see

the Remark to follow), we obtain

(x%) | NE€)*(po)dpo <4 | (MF)*(po) dpo
Us Ly
< 48 x 125) /L £ (p0) 2 dpo
0

— 4,000 / 1€5(po) P dpo.
Us

Because of (x) and (x%), we are done.

O

Remark. The proof of [RUD, 8.18] shows that for all measurable functions f we

have
/(Mf)2 dc' < SAf P dc!
R R

provided A is a constant such that

LUMS > 1) < ?me ac!
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for all measurable functions f and all positive numbers 7. Our invocation of Propo-
sition 5.27 above allowed us to set A = 125. But this use of Proposition 5.27,
whose proof relies on the difficult Besicovitch Covering Lemma (5.26), can be
avoided by using [RUD, 7.4], whose proof relies on an almost trivial covering lemma
[RUD,7.3]. If we do this, we may then set A = 3!

We have now assembled all the machinery needed to show that K3 is small.

Proposition 8.82 (The Smallness of K3) ©(K3) <5 x 105,

Proof Since K3 C {K \ G*} U {K3 N G*}, by Proposition 8.78 it suffices to show
that (K3 N G*) < 107, Stringing Lemma 8.80, Lemma 8.81, Proposition 8.71,
and Proposition 8.59 together, we see that

Co C7 2

(K3 N G*) < 8,004,000 M o1t
00

By condition (7) for the selection of gy, we are done. O

To recapitulate: In Construction 8.36 we finished the definition of a function ¢
which was later shown to be Lipschitz in Proposition 8.39. The beginning of the
definition of ¢ in Construction 8.25 makes it clear that the graph of £ contains a
subset K of the support K of our measure. Propositions 8.42, 8.43, 8.50, and 8.82
make it clear that the total measure of K \ K is at most 10~. Since our measure
has total mass greater than 1, we have produced a Lipschitz graph covering at least
99.99% of the mass of our measure. Thus we have established Reduction 8.3 and so
David and Léger’s curvature theorem (8.1). With this, the raison d’étre of the book,
to prove Vitushkin’s conjecture for removable sets, is completed!



Postscript: Tolsa’s Theorem

The author hopes to have convinced the reader who has persisted to this point that
Vitushkin’s Conjecture is true. But Vitushkin’s Conjecture arose as a proper part of
Painlevé’s Problem and is certainly not all of it. What is left of Painlevé’s Problem
is the task of determining the removability of those compact subsets K of C for
which dimy(K) = 1 but H!(K) = oco. Can we extend our affirmative resolution
of Vitushkin’s Conjecture to any of these sets? The answer, taking as given all the
difficult work that we have done up till now, is a cheap “yes.” One only needs to
combine Proposition 1.7 with Vitushkin’s Conjecture Resolved (6.5) to obtain the
following.

Theorem P.1 Suppose K is a compact subset of C that can be written as a count-
able union of compact sets K, such that H'(K,) < oo for each n. Then K is
nonremovable if and only if H' (K N T) > 0 for some rectifiable curve T".

Let us use the phrase Vitushkin’s o -Finite Conjecture for the assertion that any
compact subset of the complex plane which is o -finite for linear Hausdorff measure
is nonremovable if and only if it hits some rectifiable curve in a set of positive
linear Hausdorff measure. An overly hasty reader might jump to the conclusion
that we have just affirmatively resolved Vitushkin’s o -Finite Conjecture. Not quite!
Recall that a set is o-finite for a measure if it can be written as a countable union
of measurable sets that are assigned finite mass by the measure. Using the Inner
Regularity of H! for Some Sets (5.21), we see that a compact subset K of C that is
o -finite for ! is one that can be written as a countable union of compact sets K,
such that H! (K,) < oo for each n ...and a Borel set E such that H! (E) =0.So
the possible presence of this 7{!-null set E results in an annoying gap here between
what we can prove and what we would like to prove!

Changing gears a bit, we now wish to describe and discuss a conjecture attributed
to Mark Melnikov in [MATS] and [MAT6]. Melnikov’s Conjecture states that a
compact subset of the complex plane is nonremovable if and only if it supports a
nontrivial positive Borel measure with finite Melnikov curvature and linear growth.
Note that the backward implication of this conjecture is a simple consequence of
Melnikov’s Lower Capacity Estimate (4.3), so that the status of the forward impli-
cation is what is of interest here. Recall that we have had two natural conjectured
answers to Painlevé’s Problem before and that each was slain by a counterexample

J.J. Dudziak, Vitushkin’s Conjecture for Removable Sets, Universitext, 311
DOI 10.1007/978-1-4419-6709-1, © Springer Science+Business Media, LLC 2010
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(Sections 2.4 and 4.7). This conjecture will not share their fate; it will be shown to
be true with the aid of a profound and difficult result about analytic capacity due to
Xavier Tolsa!

Is this affirmative resolution of Melnikov’s Conjecture a complete solution to
Painlevé’s Problem? It clearly represents great progress on Painlevé’s Problem and
certainly gives a criterion for removability that does not involve analytic function
theory. However, a complete solution should be a purely “geometric” criterion. Is
Melnikov’s criterion purely “geometric”? The answer to this question probably dif-
fers from mathematician to mathematician. For what it is worth, the author’s judge-
ment here is negative. Although he is willing to declare the notion of a rectifiable
curve and the notion of Hausdorff measure . ..even generalized Hausdorff measure
(see the last paragraph of Chapter 4) ...as purely “geometric,” he is not willing
to so classify the notion of an arbitrary measure with linear growth. Thus, in his
view, one has left the land of the purely “geometric” when one considers criteria
couched in terms of such measures and their Melnikov curvatures. However, even if
one differs on this point with the author, one must admit that Melnikov’s character-
ization of removable sets is not very easy to use ... Chapter 8 is surely testimony to
that.

On the positive side, we shall see that Melnikov’s characterization of removable
sets leads to an affirmative resolution of Vitushkin’s o -Finite Conjecture — thus get-
ting rid of that annoying gap mentioned a few paragraphs ago.

Strictly speaking, Tolsa’s theorem is outside of the self-imposed scope of this
book — the presentation of a complete self-contained proof of Vitushkin’s Con-
jecture. Also, the inclusion of a proof of this theorem would be a very long and
difficult addition to an already very long and difficult book. However, as indicated
above, Tolsa’s theorem definitely sheds light on that part of Painlevé’s Problem not
covered by Vitushkin’s Conjecture, so it would be inappropriate to say nothing about
it at all. As a compromise, the author has thus decided to append this postscript, the
rest of which will proceed as follows: first, Tolsa’s theorem will be stated but not
proved; second, Tolsa’s theorem will be shown to imply the reversibility of Mel-
nikov’s Lower Capacity Estimate (4.3); third, this reversibility will be shown to
imply Melnikov’s Conjecture; and fourth, Melnikov’s Conjecture will be shown to
imply Vitushkin’s o -Finite Conjecture. The reader wishing to see a proof of Tolsa’s
theorem should consult the original sources: [TOL3], with [TOL1] and [TOL2]
being preparatory to it, or [TOL4].

We note that Tolsa’s theorem has many more consequences than just the ones of
interest to us here, the most notable being the establishment of the subadditivity of
analytic capacity, a very old open problem from rational approximation theory (see
[VIT2]).

To state Tolsa’s theorem we first need to make some observations about Cauchy
transforms and introduce a new capacity.

Let p be a finite positive Borel measure on C. By Fubini’s Theorem [RUD, 8.8]
and Lemma 6.8, for any R > 0 we have
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1 1
f / () dL2(z) = / / 4L () du
BO:R) JC ¢ — 2| cJBo:R) 1¢ — 2

<27 R u(C) < oo.

We conclude that the integral defining j1(z), the Cauchy transform of u at z, con-
verges absolutely for £%-a.e. z € C.
For any compact subset K of C, define

v+ (K) = sup{u(K) : p € M, (K) is such that || < 1 £?-a.e. on C}

where M (K) denotes the set of finite positive Borel measures supported on K
(note that all these measures are regular by [RUD, 2.18]). Since /& is continuous on
C* \'spt(w), [lillc\spte) < litlloo (the L% norm here is with respect to L£?, planar
Lebesgue measure). Also, i’ (00) = —u(K). Thus we always have y4 (K) < y(K).
Tolsa’s theorem reverses this modulo a constant!

Theorem P.2 (Tolsa) There exists an absolute constant C > 0 such that
7(K) < Cyy(K)

for any compact subset K of C.

We will now use Tolsa’s theorem to reverse Melnikov’s Lower Capacity Estimate
(4.3). To do so however, two preparatory lemmas are needed.

Lemma P.3 Suppose K is a compact subset of C and u € M4 (K) is such that
|l <1 L%-a.e. on C. Then w has linear growth with bound 1.

Proof Consider any closed ball B(zp; R) and any number ¢ > 0.
2
Claim. / |(z0 + re?)| do < 27 for L1-ae.r € [R, R + ¢).
0

To see this, given 8§ > 0, set Es = {r € [R,R +¢) : foz” |2(zo + re'?)| do >
27(1 4 8)} and E(; ={zo+re'? :r € Esand 6 € [0, 27)}. It suffices to show that
L'(Es) = 0. Invoking polar coordinates, our hypothesis on i, and polar coordinates
once again, we have

2
27(1 + 8) rdr<// lf(z0 + re'?)| do rdr =/ |a| dC?
Es Es

2
f / dr? / / dordr = 2n / rdr.
Es Es Es

Since [ Es rdr is clearly finite and nonnegative, this inequality forces us to conclude
that f Es rdr must be 0. Thus L1 (Ej) = 0, establishing the Claim.

Clearly (9 B(zo; p)) > 0 for at most countably many p > 0. This fact and the
Claim allow us to choose p € [R, R + ¢) such that
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2
(%) n(dB(z0; p)) = 0 and (**)/ |A(zo + pe'®)| do < 2.
0

Let C denote the counterclockwise circular boundary of B(zo; p). Then for u-a.e.
ceC,

1 1

2ri Joz—¢

dz = XB(zp;p)(§)

by (x) and [RUD, 10.11]. From this, Fubini’s Theorem [RUD, 8.8], and (»x), we
see that

1 1
n(B(zo; R)) = u(B(z0; p)) = ‘/ {Z_m/C - dZ}dM(C)‘

—1 . 1 .
—/ w(z)dz| < —f |1 (2)| dz]
2ri Jo 27 Jco

1 [ .
E/ lii(zo 4+ pe'®) pdd < p < R+e.
0

Since ¢ > 0 was otherwise arbitrary, we conclude that u(B(zo; R)) < R and so are
done. O

The next lemma’s proof essentially just recycles three arguments from Chapter 6.

Lemma P4 Suppose K is a compact subset of C and u € M (K) is such that
Il <1 L%-a.e. on C. Then c*(w) < 864 u(K).

Proof Because of the last lemma, if one takes the proofs of Propositions 6.9 and
6.11 and replaces all occurrences of h d'H }( and M by du and 1, respectively, then,
with a few minor changes in justifications at some points, one will have an argument
showing that

<12

/ ko (. 2) dp(©)
C\B(z;¢)

for every z € C, ¢ > 0, and Lip(1)-function ®. Setting & = A where A > 0, we
have

<12

‘ / ko (6, 2) din(©)
C\B(z;¢)

forevery z € C,e > 0,and A > 0.

For each z € C and A > 0, the function ¢ € C — k,(¢,z) € Cisin L*°(u) by
(d) of Proposition 6.10. We may thus invoke Lebesgue’s Dominated Convergence
Theorem [RUD, 1.34] to let ¢ | 0 and conclude that
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<12

V k(65 2) din(©)
C

for every z € C and A > 0. Clearly then

2
du(¢) < 12°u(C)

2 —
I Xl = [ ‘ [ b2 dce)

for every A > 0.

This last inequality is just (x) in the proof of Proposition 6.15 with & = 0,
U =, and N = 12. Repeating the reasoning of the proof of Proposition 6.15 from
(») onward, we conclude that

() = f / [C 3 (&on, &) du(g) du(n) du(E) < 6(12%)u(C).

Since 6(12%) = 864 and 1 is supported on K, we are done. O

Given two nonnegative quantities Q1(K) and Q;(K) defined for all compact
subsets K of C, we say that Q1(K) and Q»(K) are comparable, and write Q1(K) =
0>(K), if there exists an absolute constant C > 1 such that C~! 01(K) <
02(K) < C Q1(K) for every compact subset K of C.

Theorem P.5 (Reversibility of Melnikov’s Lower Capacity Estimate)

M p*(K)
M? (K + ()

y(K) =< sup { : ;€ My (K) has linear growth with bound M} .

Proof Let K be a compact subset of C.
By Tolsa’s Theorem (P.2), y (K) < C y4+(K) for some absolute constant C.
Elementary algebra shows that if ¢*(u) < 864 u(K), then w(K) <

865 /,LZ(K)/{/,L(K) +c? (w)}. Thus the definition of Y4 (K) and the last lemma show
that

12 (K)

V+(K) =863 sup {;M

‘€ My (K) has linear growth with bound 1 } .

Obviously this last supremum is dominated by the supremum in the theorem’s
enunciation.
Finally, by Melnikov’s Lower Capacity Estimate (4.3),

M p*(K)
TP { M2 1K) + 2 (0)
< 375,000 y (K).

i € M4 (K) has linear growth with bound M }

Clearly we are done. O
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The following result is more in the nature of a corollary to the last theorem, but
we label it a theorem due to its importance.

Theorem P.6 (Melnikov’s Conjecture Resolved) A compact subset of the complex
plane is nonremovable if and only if it supports a nontrivial positive Borel measure
with finite Melnikov curvature and linear growth.

Returning to the concern of the first few paragraphs of this postscript, the con-
cluding result of this book is the following.

Theorem P.7 (Vitushkin’s ¢ -Finite Conjecture Resolved) Suppose K is a com-
pact subset of C that is o-finite for H'. Then K is nonremovable if and only if
HY(K NT) > 0 for some rectifiable curve T.

Proof As noted in the paragraph after Theorem P.1, K = |J,, K, U E where each
K, is a compact set with H'(K,) < oo and E is a Borel set with H! (E) = 0.

Suppose that K is nonremovable. Then by the hard half of Melnikov’s Conjec-
ture Resolved (P.6), K supports a nontrivial positive Borel measure p with finite
Melnikov curvature and linear growth. Denote the linear growth bound of by M
and let ¢ > 0. From the definition of Hausdorff measure and the fact that any set can
be contained in a ball whose radius is the diameter of the set, we obtain a countable
collection of balls {B,} which cover E such that ), rad(B,) < ¢/M. Clearly then
w(E) <3, u(By) < MY, rad(B,) < e. Since ¢ > 0 is otherwise arbitrary, we
must have w(E) = 0. But then £ (K,) > 0 for some n and so for this n, u restricted
to K, is a nontrivial positive Borel measure supported on K, with finite Melnikov
curvature and linear growth. Invoking Melnikov’s Lower Capacity Estimate (4.3),
we conclude that K, is nonremovable. Since H!(K,) < oo, Vitushkin’s Conjecture
Resolved (6.5) now implies that H! (K NT) > H!(K,NT) > 0 for some rectifiable
curve I'. This establishes the forward implication.

The backward implication follows trivially from the Denjoy Conjecture Resolved
(4.27) and does not need the o -finiteness assumption at all. O

What is left of Painlevé’s Problem now is the task of determining the removabil-
ity of those compact subsets of the complex plane that are non-o -finite for linear
Hausdorff measure but have Hausdorff dimension one. Of course Melnikov’s Con-
jecture Resolved (P.6) gives us an answer of sorts, but more “geometric”, or at least
more tractable, criteria are wanted. The paper [MAT4] provides a good example of
what is meant here. The existence of a necessary and sufficient “geometric” criterion
for all the remaining sets seems doubtful.



Bibliography

[AHL]
[BESI]
[BES2]
[BES3]
[BES4]
[CAL]
[CHRIST]
[DAV1]

[DAV2]

[DAV3]
[DM]

[DS1]

[DS2]

[DEN]
[FALC]
[FISH]
[FRAZ]

[FROST]

L. Ahlfors, Bounded analytic functions, Duke Math. J., Vol. 14 (1947), 1-11.
(Section 1.2)

A. S. Besicovitch, On the fundamental geometrical properties of linearly measurable
plane sets of points, Math. Ann., Vol. 98 (1927), 422-464. (Section 6.6)

A. S. Besicovitch, On the fundamental geometrical properties of linearly measurable
plane sets of points 1I, Math. Ann., Vol. 115 (1938), 296-329. (Section 6.6)

A. S. Besicovitch, On the fundamental geometrical properties of linearly measurable
plane sets of points 111, Math. Ann., Vol. 116 (1939), 349-357. (Section 6.6)

A. S. Besicovitch, On approximation in measure to Borel sets by F-sets, J. London
Math. Soc., Vol. 29 (1954), 382-383. (Section 5.4)

A. P. Calderdn, Cauchy integrals on Lipschitz curves and related operators, Proc.
Nat. Acad. Sci. USA, Vol. 74 (1977), 1324-1327. (Section 3.1)

M. Christ, A T (b) theorem with remarks on analytic capacity and the Cauchy inte-
gral, Collog. Math., Vol. 60/61 (1990), 601-628. (Section 6.5)

G. David, Unrectifiable I-sets have vanishing analytic capacity, Rev. Mat.
Iberoamericana, Vol. 14 (1998), 369-479. (Section 6.5)

G. David, Analytic Capacity, Cauchy Kernel, Menger Curvature, and Rectifiability in
Harmonic Analysis and Partial Differential Equations, University of Chicago Press
(1999), 183-197. (Preface)

G. David, Analytic capacity, Calderon-Zygmund operators, and rectifiability, Publ.
Mat., Vol. 43 (1999), 3-25. (Preface)

G. David and P. Mattila, Removable sets for Lipschitz harmonic functions in the
plane, Rev. Mat. Iberoamericana, Vol. 16 (2000), 137-215. (Section 6.5)

G. David and S. Semmes, Singular integrals and rectifiable sets in R": Au dela des
Graphes Lipschitziens, SMF No. 193 in Astérisque, Vol. 193 (1991). (Sections 8.3
and 8.8)

G. David and S. Semmes, Analysis of and on uniformly rectifiable sets, Mathe-
matical Surveys and Monographs, Vol. 38, American Mathematical Society (1993).
(Sections 8.3 and 8.8)

A. Denjoy, Sur les fonctions analytiques uniformes a singularités discontinues, C. R.
Acad. Sci. Paris, Vol. 149 (1909), 258-260. (Section 3.1)

K. J. Falconer, The Geometry of Fractal Sets, Cambridge University Press (1985).
(Preface and Sections 2.1, 4.7,5.1,5.2,5.3, 6.5, and 6.6)

S. Fisher, On Schwarz’s lemma and inner functions, Trans. Amer. Math. Soc., Vol.
138 (1969), 229-240. (Section 1.2)

M. W. Frazier, An Introduction to Wavelets Through Linear Algebra, Springer-Verlag
(2001). (Section 8.22)

O. Frostman, Potential d’équilibre et capacité des ensembles avec quelques appli-
cations a la théorie des fonctions, Meddel. Lunds. Univ. Mat. Sem., Vol. 3 (1935),
1-118. (Section 2.3)

317



318

[GAMI]
[GAM2]

[GS]
[GARI1]
[GAR2]

[JONI1]

[JON2]
[IMI1]
[IM2]
[KK]
[LEG]
[MARSH]
[MARST]
[MATI]
[MAT2]
[MAT3]
[MATA4]
[MATS]
[MAT6]
[MMV]
[McM]
[MEL]

MV]

[MUR]
[NT]

[NTV]

Bibliography

T. W. Gamelin, Uniform Algebras, Prentice-Hall (1969). (Sections 1.2 and 3.3)

T. W. Gamelin, Lectures on H*° (D), Notas de Mathematica Universidad Nacional
de La Plata, Argentina, No. 21 (1972). (Section 3.1)

P. R. Garabedian and M. Schiffer, On existence theorems of potential theory and
conformal mapping, Ann. of Math., Vol. 52 (1950), 164—-187. (Section 3.1)

J. Garnett, Positive length but zero analytic capacity, Proc. Amer. Math. Soc., Vol.
21 (1970), 696-699. (Section 2.4)

J. Garnett, Analytic capacity and measure, Lecture Notes in Math., Vol. 297,
Springer-Verlag (1972). (Preface and Sections 1.2, 2.4, and 3.1)

P. W. Jones, Square functions, Cauchy integrals, analytic capacity, and harmonic
measure, Lecture Notes in Math., Vol. 1384, Springer-Verlag (1989), 24-68.
(Section 2.4)

P. W. Jones, Rectifiable sets and the traveling salesman problem, Invent. Math., Vol.
102 (1990), 1-15. (Section 8.3)

P. W. Jones and T. Murai, Positive analytic capacity but zero Buffon needle probabil-
ity, Pacific J. Math., Vol. 133 (1988), 99—114. (Section 6.6)

H. Joyce and P. Morters, A set with finite curvature and projections of zero length, J.
Math. Anal. and Appl., Vol. 247 (2000), 126—135. (Section 4.7)

R. Kannan and C. K. Krueger, Advanced Analysis on the Real Line, Springer-Verlag
(1996). (Section 2.1)

J. C. Léger, Menger curvature and rectifiability, Ann. of Math., Vol. 149 (1999),
831-869. (Sections 6.5 and 8.1)

D. E. Marshall, Removable sets for bounded analytic functions, Lecture Notes in
Math., Vol. 1574, Springer-Verlag (1994), 141-144. (Preface and Section 3.1)

J. M. Marstrand, Some fundamental geometrical properties of plane sets of fractional
dimensions, Proc. London Math. Soc. (3), Vol. 4 (1954), 257-302. (Section 6.6)

P. Mattila, A class of sets with positive length and zero analytic capacity, Ann. Acad.
Sci. Fenn. Ser. A I Math., Vol. 10 (1985), 387-395. (Section 2.4)

P. Mattila, Smooth maps, null-sets for integralgeometric measure and analytic capac-
ity, Ann. of Math., Vol. 123 (1986), 303-309. (Section 6.6)

P. Mattila, Geometry of Sets and Measures in Euclidean Spaces, Cambridge Univer-
sity Press (1995). (Preface and Sections 4.7 and 5.5)

P. Mattila, On the analytic capacity and curvature of some Cantor sets with non-
o -finite length, Publ. Mat., Vol. 40 (1996), 195-204. (Section 4.7 and Postscript)

P. Mattila, Singular integrals, analytic capacity and rectifiability, J. Fourier Anal.
Appl., Vol. 3 (1997), 797-812. (Preface and Postscript)

P. Mattila, Rectifiability, analytic capacity, and singular integrals, Proc. of the ICM,
Doc. Math., Extra Vol. II (1998), 657-664. (Preface and Postscript)

P. Mattila, M. Melnikov, and J. Verdera, The Cauchy integral, analytic capacity, and
uniform rectifiability, Ann. of Math., Vol. 144 (1996), 127-136. (Section 6.5)

T. J. McMinn, Linear measures of some sets of the Cantor type, Proc. Cambridge
Philos. Soc., Vol. 53 (1957), 312-317. (Sections 2.1 and 2.4)

M. Melnikov, Analytic capacity: discrete approach and curvature of measure,
Sbornik Mathematics, Vol 186 (1995), 827-846. (Sections 3.1, 4.2, and 6.5)

M. Melnikov and J. Verdera, A geometric proof of the L* boundedness of the Cauchy
integral on Lipschitz graphs, Internat. Math. Res. Notices, Vol. 7 (1995), 325-331.
(Sections 3.1 and 4.2)

T. Murai, Construction of H' functions concerning the estimate of analytic capacity,
Bull. London Math. Soc., Vol. 19 (1986), 154—160. (Section 2.4)

F. Nazarov and S. Treil, The hunt for a Bellman function, Algebra i Analiz, Vol. 8
(1996), 32-162. (Section 7.6)

F. Nazarov, S. Treil, and A. Volberg, The Tb-theorem on non-homogeneous
spaces that proves a conjecture of Vitushkin, Preprint No. 519, Center de Recerca
Matematica, Barcelona, 2002. (Sections 6.5 and 7.1)



Bibliography 319

[PAIN] P. Painlevé, Sur les lignes singuliéres des fonctions analytiques, Annales de la Faculté
des Sciences de Toulouse (1888). (Preface and Section 2.2)

[PAJ1] H. Pajot, Sous-ensembles de courbes Ahlfors-réguliéres et nombres de Jones, Publ.
Mat., Vol. 40 (1996), 497-526. (Section 8.3)

[PAJ2] H. Pajot, Analytic capacity, rectifiability, menger curvature and the Cauchy integral,
Lecture Notes in Math., Vol. 1799, Springer-Verlag (2002). (Preface)

[PAJ3] H. Pajot, Capacité analytique et le probleme de Painlevé, Séminaire Bourbaki,

Astérisque, Vol. 299 (2005), 301-328. (Preface)
[POM] Ch. Pommerenke, Uber die analytische Kapazitdt, Archiv der Math., Vol. 11 (1960),
270-277. (Section 1.2)

[ROG] C. A. Rogers, Hausdorff Measures, Cambridge University Press (1970). (Preface and
Section 4.7)

[RUD] W. Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill Book Company
(1987). (Preface and Many Sections)

[TOL1] X. Tolsa, L2-boundedness of the Cauchy integral operator for continuous measures,

Duke Math. J., Vol. 98 (1999), 269-304. (Postscript)

[TOL2] X. Tolsa, On the analytic capacity y+, Indiana Math. J., Vol. 51 (2002), 317-343.
(Postscript)

[TOL3] X. Tolsa, Painlevé’s problem and the semiadditivity of analytic capacity, Acta Math.,
Vol. 190 (2003), 105-149. (Postscript)

[TOL4] X. Tolsa, Painlevé’s problem and analytic capacity, Lecture notes of a minicourse
given at El Escorial (2004), 1-28. (Preface and Postscript)

[TOLS] X. Tolsa, Finite curvature of arc length measure implies rectifiability: a new proof,
Indiana Math. J., Vol. 54 (2005), 1075-1105. (Section 6.5)

[VER] J. Verdera, Removability, capacity, and approximation, Complex Potential Theory
NATO ASI Series, Kluwer Academic Publishers (1994), 419-473. (Preface)

[VIT1] A. G. Vitushkin, Example of a set of positive length but zero analytic capacity, Dokl.
Akad. Nauk. SSSR, Vol. 127 (1959), 246-249 (Russian). (Section 2.4)

[VIT2] A. G. Vitushkin, Analytic capacity of sets and problems in approximation theory,
Russian Math. Surveys, Vol. 22 (1967), 139-200. (Sections 1.2, 6.6, and Postscript)

[YB] I. M. Yaglom and V. G. Boltyanski, Convex Figures, Holt, Rinehart and Winston

(1961). (Section 1.2)
[ZALC] L. Zalcman, Analytic capacity and rational approximation, Lecture Notes in Math.,
Vol. 50, Springer-Verlag (1968). (Section 1.2)






Symbol Glossary and List

What follows is a symbol glossary for some basic notions that are not defined or
explained in the text — the author believes most of the associated notation to be
either fairly standard or rather obvious, but in many cases what goes without saying
goes much better when actually said! After that we have a symbol list for some basic
and technical notions that are defined or explained, sometimes rather casually, in the
text. Notation which is used in only one section of the book is not listed here. Thus,
for example, most of the notation from Section 2.4 is not in the symbol list.

Symbol Glossary

#E denotes the cardinality of a set E (with #E = oo when E is infinite).

X denotes the characteristic function of a set E.

Rez, Imz, |z|, and Z denote the real part, imaginary part, absolute value, and
complex conjugate of a complex number z, respectively.

[a, b], (a, b), [a, b), and (a, b] denote the closed, open, and two half-open inter-
vals with endpoints a and b, respectively.

B(z; r) denotes the closed ball in C with center z and radius r.

aeE+B={ax+pB:x€E}

E+F={x+y:xeFEandye€ F}.

dist(x, E) = inf{dist(x, y) : y € E}.

dist(E, F) = inf{dist(x, y) : x € Eand y € F}.

int E, cl E, and dE denote the interior, closure, and boundary of subset E of a
topological space respectively.

I flloo denotes either the supremum norm of a function f with respect to an
understood set or the essential supremum norm of f with respect to an understood
measure (we rely upon context to determine which is meant).

Given a measure ., we denote the total variation of u by |u|. Given measures
and v, © < v means that |p| is absolutely continuous with respect to |[v| and u L v
means that |u| and |v| are mutually singular.
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Symbol List

Notation
C

H*>® (V)
C*

R

f(00)
1'(00)
y(K)

|E|

LY(E)

L2(E)

(z)

Hy(E)

HE(E)

dimy (E)

Hao (K)
rad(B)

M5, (K)

n(l; z)

Q)

Bj = B(cj:;rj)
K= U?’:l Bj
U=C"\K
T =08,
I'= U;V=1 I'j
A =int K

Za

C(X)
AU)
Ao(U)
a(K)
Hge(U)

Section (Page)
1.1 (1)
1.1 (1)
1.1(1)
1.1 (3)
1.1 (4)
1.1(5)
1.2 (9)
1.2 (10)
1.2 (13)
1.2 (14)
1.2 (15)
1.2 (16)
2.1 (19)
2.1(19)
2.1 (20)
2.2 (24)
2.3 (26)
2.3 (26)
2.4 (31)
2.4 (32)
3.1 (40)
3.1 (40)
3.1 (40)
3.1 (40)
3.1 (40)
3.1 (40)
3.1 (40)
3.1 (40)
3.1 (40)
3.1 (40)
3.1 (40)
3.1 (40)
3.1 (40)

Symbol Glossary and List
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Y (K)
az(K)

D

osc(f, E; ¢)
spt(f)
spt(u)
L)
L)
£

fa(2)

T

dm

w L A(D)
v

¥ (2)

U ()

Z(g; E)
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